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CHl/GNG I 

»ll ClfOMG VE 
Tll i\G VA MAT I'll VM. 

CHU DE 1 

M a dAu vt HINH HOC KH6NG GIAN 

I. KIEN THLTC CO BAN 

Mon liinh hot khong gian lii mon hoc nghicn ct'ni cac tinh chat cua cac hinh nam 
trong khong gian. 

Hinh hoc khong gian c6 cac doi tirong cot ban la "them", "dating lining " vi "mat 
pln'ing ", 

1. QUANHfiTHUOC 

a. Vdi mdt dic'm A vi mot dirdng thing d cd the xay ra hai trirdng hop: 

■ Didm A llindt dirdng thing d, ki hieu a e d. 

■ Die-m A khong thnoe dirdng thing d, ki hieu a V. d. 

b. Vdi mot difem A va mot m;)t phing a cd the x;iy ra hai trudng hop: 

■ Diem A ihnoc mit phang a, ki hieu a e a. 

■ Didm A khong lliiuic mat phang a, ki hieu a e a. 

2. cActi£nd£ 

Tien de I: Co mdt va chi mot mat pining <li <p«i Ini diem khong lining hang 
cho tn(dc. 

Tien de 2: Neil mot dating lining di epui liai them plain hie! cua mol mat phang 
ihi moi diem i lia dating lining den think unit pining do. 

Tien de 3: Neil hai nidi pining cd mol diem t illing tlii cluing con cd mol diem 
(hung klidc nlira. 

Tien de 4: Cd it nliai bon diem khong dong pining 

3. nhCTng k£t qua MO DAU 

Hinh li I Neil hai mat phang plain biet cd nidi diem cluing llii cluing cd mol dating 
lining i hung day nluii i a clnia nil < d eat diem cluing t ini hai nun phang do. 

Khi do. duong thing cluing diroc goi lii giao liiyeii cua hai mat phiing. 

Hinh li 2: Cd nidi va chi nidi mat pining di tpia mot dating lining va mol diem mini 
ngodi dating lining dd. 

Hinh It 3 Cd mdl va chi mot unit pining di r/na hai dating lining cat nlian 

4. VITRITUONG D(5l CUA DUCJNG THANG VA MAT PHANG 

Cho dudng thing a va mat piling a. Can cu vao so diem chung cua dudng thing 
va mat phing ta cd ba trirdng hop sau: 

a. Dirdng thing a vii mat piling a khdng cd ditSm chung, tut li: 

ana = 0oa// a. 

b. Dudng thing a va mat phing a chi co mdt didm chung, tuc la: 

a r> a = | A | o a eit a tai A. 
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c. Duong thang a va mat phiing aco 2 diem chung plum biet. lire la: 
ana=|A.B|oac a. 



ana = 0 o a//a ana = {A| cr> a call « anot = | A, B) < > ac u 


5. VITRITCCJNGD 6 ICUAHAIMATPHANG 

Cho 2 mat phing a va p. Can ci'r vao so duong thiing chung ciia 2 mat pluing ta 
co ba truong hop sau: 

a. Hai mat phiing a va p khong co duong thiing chung. tire la: 

anp = 0oa//p. 

b. Hai mat pluing a va p chi co mot during thang chung. tuc la: 

a n p = a <=> a ciit p. 

c. Hai mat phang a va P co 2 duong thang chung phan biet. tuc la: 


an|l=|a,b)oasp. 



6. VITRI Tl/ONG D6l CUA HAI DlTCJNG ThAnG 

Cho 2 du6ng thang a va b. Can cu vao sir d6ng phang va so diem chung ciia 1 
duong thing ta co bon trircmg hop sau: 

a. Hai dating thang song song: ciing nam trong mot mat phang va khong co 
diem chung, tuc la: 

I a c a a b c a 

a // b <=> \ 

!anb = <(> 

b. Hai dating thang rat nhau: chi co mol diem chung 

a cat b <=> a n b = \ 11. 

c. Hai du6ng thing trung nhau: co hai diem chung phan biet. 

anb=(A, B|<=>asb. 

d. Hai du6ng thiing cheo nhau: khdng citng thupc mot mat phang. 

a cheo b o a, b khong dong phang.. 



7. cAch xAc dinh DirdNG thAng va mAt phAng 

7.1. Cach xae djnh ductng thang 

Co ba each xae dinh mot duong thing: 

Cdrh I Biet hai di6m phan biet A, B cua dtrcvng thing. Kf hieu (AB). 
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Ctirh 2 Biel mol diem eu.i diron j lining ■ .1 piaffing cua dirdng lining do. 

Ctirh Biel hai mat pining plum biei time dura dirdng lining can lim. 

7 . 2 . C.ich xac dinh mat ph3n" 

Co bon c;ieh x.ic dinh mol m.ii ph.ing: 

Ciit h I Biel 3 diem A. B. C kite mg lining hang ciia mal pining, ki hieu (A11C ’) . 

Ctirh 2 Bid 1 diem \ va mol dirdng lining d khong chua A eha mal phang. ki 
hieu (A. dk 

Ciit h Biel 2 dirdng lhang t.ii nliau a. b ctia mal phang. ki hieu (a. b). 

Ctit li 4 Biel 2 dirdng lining song song a. b ciia mal pining, ki hieu (a. b). 

ii. ( u dam; row i.if.n oi \n 

Bai loan I: Sir dung cac lien de \el 
null phang. 

nil «»\<; phaimiu n<; 

I De biei khi niio mol diem ihuot mol mal phang, la cd cac kei qu«i sau: 

■ Ciiii sir a l;i mal pining x:ic dinh boi ba diem A. B. C ihi khi do A, B. C 
dcii Ihuoc a. 

■ Neu dirdng lining a dura irong mat phang a. Ihi khi do diem M ihuoc a 
ddi ihuoc a. 

2. De chimg minh dirdng lining a mini Irong mat phang a la di chirng minh Ion 
tai hai diem phan biei A, B Ihuoc a va ihuoc a. 

* Ncii null phiing a cd dinh ihi la killing dinh dupe lliem rang " Difc'fiig tilting 
a mini Irong mot unit pining t o dinli u ". 

■ Ncii hai diemi A, B cd dinh Ihi la kliang dinh dupe lliem rang " Mot pining 
a clnfti nipt dirdng tilting to dinh a 

3. Dd chirng minh hai dirdng lining a. h cheo nhau, la thudng su dung phitong 
plnip chirng minh phiin chirng. cu ihc: 

■ Gi.i sir a. b khong cheo nliau. lire lii cd mol mat pining u chua cii a va b. 

■ Sny ra mot kei Ilian vo l\ (Inii vdi giii ihiei hoiic triii vdi cac lien dt ; . cac 
dinh 10. 

■ Kei lu;)n riing hai dirdng lining a. h cheo nhau. 

Vi d|j L Chirng minh rang neu ba dirdng lining phiin bid cat nhau King doi mol 
Ihi cluing dong quy hoiic ciing mim irong nidi mill phiing. 

Gitii 

V<Vi ba dudug lining phiin bid a. b. c. Ciiii sir: 

a ' b = |A|,hnc= IBJ.c 1 a= |C|. 

Xel hai trudng hop: 

Truong hop I: Ba diem A. B. C la ha ditim phiin hid. 

Do a. b. c phiin bid non A. B. C lit ba diem khong Ihdng hang. Vfty chung xiic 
dinh mot mat pining (ABC). Taco: 

■ Dirdng lining a cd hai diem A. C Ihuot < ABC), non a e (ABC). 

■ Tiffing nr b c-(ABC) vat ■ (ABC) 

V;)y. ha dirdng lining a. b, t tiing tlmoc mdl mal phiing (ABC). 

TrUing hop 2: Hai irong ba diem A. B. C trims nhau. giii sir A = B. 


vi in urong ddi cua diem, dirdng lining va 
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Neu A * C Ihi a 5 c, mAu thuSn. 

Do do, la phai co: 

AsCoAsB^Coa, b, c dong qiiy. 

VAy, ba dircmg thang a, b, c dong quy. 

Vi' du 2: Trong mat phang a, cho goc xOy. A la di£m ngoai a. M, N la hai 
difim di d6ng lAn luot trfin Ox, Oy. 

1. Gia sti OM = ON. Chung minh rang trung tuy£n AP cua AAMN luon nAm 
irong m6t mat phang co djnh. 

2. Goi d la dircmg thang co djnh qua A va cat a tai m6t di6m khong thudc Ox, 
Oy. MN di dong nhung ludn cat d. 

a. Chung minh rang MN lu6n di qua mot di6m co djnh. 

b. Goi B la di€m c6 djnh trdn d, B * A va kh6ng thuoc a. AM va BN cat 
nhau tai Q. Chdng minh rang 0 thudc d6ng thcri hai mat phdng cd djnh. 
Suy ra Q thuoc mot duong thang co djnh. 

Giai 


I. Tac6: 



OM = ON => P thudc Oz la tia phAn giac cua goc xOy - c6 djnh. 

VAy, trung tuyen AP n4m trong mat phAng co djnh (A, Oz). 

2. Gia sOfd n a = [PJ - cd'djnh. 

a. Tacongay: (d)\ 

d rt MN = )P} co djnh. 

VAy, duong thang MN ludn di qua diem c 6 djnh P. 

b. Ta co: 

■ QeBNc(B,Oy)- c6' djnh 

=> Q e (B, Oy) - c6‘ djnh. 

■ Q e AM c (A, Ox) - c6' djnh Ok 

=> Q e (A, Ox) - c6 djnh. 

VAy, diem Q thuoc dudng thang c 6 djnh A 
la giao tuyfi'n cua hai mat phang c 6 djnh 
(A, Ox) vA(B.Oy). 

Vt du 3: Trong mat phang a, cho hai nira duong thang song song Ax, By. M va 
N la hai di£m (An luot thuoc Ax va By: M * A va N * B. O la diem co djnh khdng 
thuoc a. 

a. Chung minh rang OA va MN cheo nhau. 

b. M, N di dong, chung to rAng duong thang OI n6i O vcVi trung di^m I cua 
MN nAm trong mat phang c6' djnh. 

c. M. N di d6ng nhung AM + BN co gia trj khong doi. Chung minh rAng mat 
phAng (OMN) lu6n chua mot duong thang co djnh. 

Giai 

a. Ta di chung minh bang phan chung. 

ThAt vay, gia sir OA vA MN khong cheo 
nhau lire chung cung nAm trong mot mat 
phAng, Mat phang nay chua ba diem A, M, 

N khong ihAng hang, do chi'nh la mat phang 
a, suy ra: 
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O e a, Irai vdi giii thiet 
VAy, ©A va MN chco nh:m 
Goi C la trung diem AB. nhan \ct rang: 

ABNM la hinh thang 

I c Cz la dudng irung hinh ciia ABNM codinh 
Vay, OI nim trong mat pining to djnh (O. Cz). 

Xei hinh thang ABNM, ta cd: 


Cl = - (AM + BN) - khong doi => I co djnh. 
Vay, mat phang (OMN) chifa dudng thang 01 co dinh. 


BAI TAP f)£. NGHI 

Bai tap 1: Cho duemg thang a nim trong mat phing a va mdt dudng thing b cit a 
tai diPm O. Chung minh ring neu diem O khong thuoc a thi a va b cheo nhau. 

Bai tap 2: Cho hai dudng thang chco nhau a, b. TrPn a liy hai dicim phan bict A, 
B; trPn b lA'y hai diem phan biet C, D. 

a. Chung minh ring AC va BO chco nhau. 

b. M la mdt diem tren canh AC, N la mdt diem tren canh BD. MN co the song 
song vdi AB hoac CD dupe khong ? 

c. O la diem tren MN. Chung minh ring AO cit CN, va BO cit DM. 


[ Bai toan 2: Tim giao t uyen ciia h ai mat phang. 


PlllONG PHAPt HI NG 

De tim giao tuyPn cua hai mat phang, ta thue hien theo cac 

Bifac I Tim hai diem chung cua hai mat phang. 

Bifac 2: Dudng thing qua 2 diem chung do la giao tuyeii. 

Chu y: DP tim didm chung cua hai mat piling ta thudng 
tim hai dudng thing dong phang Ian lupt nim trong hai 
mil phing do. Giao diPm. neu cd. cua hai dudng thing 
na> chrnh la diPm chung cua hai mat phing. 
yi dyt 1: Trong mat phang a. cho tu giac ABCD co AB cit CD tai E, AC cat BD 
tai F. S la mot diPm khdng thuoc u. 

a. Tun giao tuyencua (SAB) va (SCD). 

b. Tun giao tuyp'n ciia (SAC) va (SBD). 

c. Tim giao tuyen ciia (SHI ) vdi cac mat piling (SAD) va (SBC). 



Giai 

Ta cd ngay S la die’m chung ciia (SAB) va (SCD). 

Mat khiic: 

EeABc (SAB) > I- e (SAB). 

I: 6 CD c: (SCD) _>!■ e (SCD). 

Vay. ta dupe SF. = (SAB) i SCD). 

Tuong tu cAu a), ta dupe SF' = (SAC) n (SBD). ^ 

Giii su EF cat AD va BC thco thu tu tai M, N. Khi do: [)' 



■ (SEF) va (SAD) cd hai diem chung la S va M nen cd giao tuyen la SM. 
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■ (SEF) vii (SBC) e6 hai diem chuiig lit S va N non to giao tuyen la SN. 

Chu y: Trong can c) cluing la da sir dung y lining irong plum chu y ciia hai loan 2 
dc thuc hicn tim diem cluing llur hai, cu the: 

■ Trong mat phiing (SEF) la chon duong lining EE. 

■ Trong mat phdng (SBC) ta chon duong lining BC. 

■ Ta co EF va BC ciing nam trong mai phiing (ABCD) va EF n BC = {N |. 

■ Do do N la diem cluing cua hai mat phiing (SEF) va (SBC). 

Doi vdi vi du treri, dieu nay nil true quail va thay ngay dime. Tuy nhicn. mot v.ii 
hai toan cac cm hoc sinh can hieu duoc ban chat cua \an dc mdi co duqc lira chon 
ihi'ch hop. 

Vi du 2: Trong mat phiing a. cho hinh binh luinh A BCD lam O, S la mot diem 
khong thuoc a. Goi M. N, P Ian lupt la irung diem cua BC. CD. SO. Tim giao tuyen cua 
mat phiing (MNP) vdi c.ic mai phiing (SAB), (SAD), (SBC) va (SCD). 

Giai 

Dirimg thing MN ciil AB. AD va AC tai M,, N, va O,. Khi do: 

■ Ndi O.P cat SA tai P,. 

■ Noi M,P, cat SB tai M : . 

■ Ndi NjP| cat SD tai N : . 

Vay, ta duoc: 

(MNP) n (SAB) = P,M .. 

(MNP) o (SAD) = P,N . 

(MNP) n (SBC) = MM.. 

(MNP) n (SCD) = NN,. 

BAI TAP Df: NGHI 

Bai tap 1: Trong mat phiing a, cho AABC, D la mol diem khong lhuoc a. Gqi I, .1 liin 
lirol lii (rung diem cua AC va BC.-K lit diem Iren c.mh BD sao cho KD < KB. Tim giao 
luycn cua mat phiing (IJK) vdi cac mai pli.mg (ACD) va (ABD). 

Bai tap 2: Trong milt piling a, cho AABC. D hi mol diem khong lhuoc a. M la mol 
diem ben trong AABD, N la mot diem ben irong \ ACD. 

a. Tim giao luyeii cua (AMN) va (BCD). 

b. Tim giao tuyen ciia (DMN) vii (ABC). 

Bai tap 3: Trong mat phiing a. cho \ABC. D la mol diem khong lhuoc «. () lii diem 
ben trong ABCD, M la didm trdn AO. 

a. Tim giao tuydn cua (MCD) vdi cac nuil phiing (ABC) vii (ABD). 

b. I. J lii hai didm Iren BC va BD. Tim giao tnyeii cti:* (IJM) vii (ACD). 

Bai tap 4: Trong mill phiing a, cho liinh binh himh ABCD tarn O. S lii mol diem 
khong thuoc a. M, N liin lirot la trung diem cua SB. SD. P lii diem Iren SC vii SP"> 
PC. Tim giao tuyen cua (MNP) vdi ciic mat pining (SAB), (SAD), (SAC) vii 
(ABCD). 


S 



Bai toiin 3: 


Chung minh ba didm thang himg. 
Ba dudng lhang ddng quy. _ 
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mi (i\<. i*n\i»cin v; 

I Do chi'rng minh 3 diem ili.n,- lung. ta cluing 
minh cluing ciing ilmoc h.ii m a pining phan biel. 

Khi do ohiing ilmoc giao mur en;i hai unit 
pining do. 

2. Do cluing minh 3 dudiig ihitne dong quy, la 
cluing minh giao diem cua lui throng lhang nay 
la diem cluing cua hai unit pining ina giao luyeii 
la duong lining tlii’r ha. 

\j dn I; Clio mal pining a va ha diem A. B. C khong thfing hang <V ngoai a. Ciia 
sircac dtrting lining BC. C.\. AB Ian iirm cal r< lai I), F. I . Chiing minh ba diem D, 
F. F lining hang. 

(iiui 

Tnroc lien, fa thay ngay ba diem I). I-.. I ilmoc mat pining a c 
Mat khac. ta co:: 

D c BC - (ABO > D i AIK.. 

I: c CA c_ (ABO > K c (ABC- 
Fr AB c: (ABC) -> F (ABC.. 

Vay. la diroc: 

(ABC) n a = | D. FI. F | > D. I . F lining hang. 

Vi du 2: Trong mat phang a. cho \BCI). A l.i mot diem khong ihuoc a. Gpi F, F. 
C! bin Unit la 3 diem lien 3 canh AB. AC. Bl) saocho FI- cat BC lai I. KG cit AL) lai 
II C’lning minh Cl). ICi. IIF dong qm 
(iitii 

Cioi O la giao diem cua IIF va ICi l.i cd 
<) III (ACD) . >()■ (AC‘I). 

C) IGc (BCD) ->0 (BCD). 

Suy i a: 

O (ACD) .'i(BCD) = Cl). 

V;iy. ba dining lining CD. ICI. Ill dong quy lai O. 

BAI TAB Milll 

Bai tap I: Clio Inti diem A va B 11 , 1 m imng mat phiing u va mot diem O mini ngoai 
Fay M. N theo tin}nr lliuoc ().\ \i OB. vdi M * O. M * A. N * O, N * A. Gia sir 
MN edit a lai C. Chl'mg minh rang ha diem A. B. C lining Ining. 

Bai tap 2: Clio unit pining « \a 2 diem A, B co djnh d ngoai a. M la diem di dong 
irung khong gian sao cho MA. MB cat it lai A.. B. Chi'rng minh A,B, Iu6n di qua 
mol diem cd djnh. 

Bai tap 3: Trong mat phiing </. cho VABC. D la mpi diem khong lliuoc «. Qua C 
dung mal pining y cat AB, Bl) tai B R . qua B dung mat pining (1 cal AC, CD lai C,, 
C. BB . CC, cat nlnui tai O : BB . (C. cal nhau tai O,. Gia sir 0,0. kdo dai cat SA 
lai 1. 

a. Chi'rng minh AO.. DC) . BC dong quy. 

b. Chiing minh I. B . B va I. C . C. lining hang. 





I 1 



Bai tap 4: Trong mat phing a. cho nr giac ABCD, S la mot didm khong thubc a. Goi 
I, J la hai did’m c6 dinh tren SA va SC v6i SI > IA va SJ < JC. Mot mat phing P 
quay quanh IJ cAt SB tai M. SD tai N. 

a. Chung minh rang IJ, MN va SO d6ng quy; (O la giao diem cua AC va BD). 
Suy ra each dung diem N khi bict diem M. 

b. ADcAt BC tai E. IN cat MJ tai F. Chung minh S, E. F thing hang. 

c. IN cat AD tai P, MJ cat BC tai Q. Chung minh ring PQ luon di qua m6t 
diem c6 dinh khi a di dong. 


Bai loan 4: Tim giao didm cua duemg thing va mat phAng. 


PHliONt; PIIAPCHt'Nt; 

Cho duftng thing a vA mAt phing ct. gia su a cit a. DC fun giao diem A cua a va 
a, ta lua chon mot trong hai hudng sau: 

Huong 1: Neu trong mAt phing a co sAn mdt duong thing c cAt a tai didm A 
nao do thi A chinh la giao didm cua a va a. 

Huong 2: Thuc hiCn theo cac buoc. 

I: Chon mAt phing phu P chua a jp “ 

sao cho giao tuydn c cua a va p /~ / —7 
dd xac djnh. -N / 

Bifctt 2: Trong p, ducmg thing c cit a tai ^~^ - ' 

diem A nao do thi A la giao 
diem cua a va a. 

Vi du 1; Cho bon diem A. B, C, D khdng dong phing. Goi M, N Ian lirot lit 
trong diem cua AC va BC. Tren BD lAy diem P sao cho BP = 2PD. 

a. Tim giao diem cua duong thing CD 
vdi mAt phing (MNP). 

b. Tim giao luyeii cua hai mAt phing /I 

(MNP) va(ACD). 1 

Gidi /1 1 

a. Tirgia thiCt vd diem N va Pta goi: Yl I 

Q = CD nNPc (MNP) I 

=> Q = CDn (MNP). 

b. Ta cd ngay: 

(MNP)n(ACD) = MO 

Vi du 2: Trong mat phing a, cho tu giac ABCD. S la m6t diCni khong thude a. M 
la didm trCn canh SC. 

a. Tim giao diCm cua AM va (SBD). 

b. Goi N lit mdt didm tren canh BC. tim giao diem cua SD va (AMN). 

Gidi 

a. Chon mat phing phu (SAC) chtfa AM. 
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Goi O la giao diem cua AC va HD suy ra: 

(SAC) n (SBD) = SO. 

Trong mat phang (SAC), ta to: 

SO n AM = O, AM (SBD) = O 
h. Chon mat phiing phu (SBD) chua SD. 

Goi N, la giao diem cua AN va BD. suy ra: 

(SBD) r> (AMN) = N,0 . 

Trong mat phiing (SBD). ta co: 

N ,0, n SD = D ; => SD n ■ AMN) = D : 

BAI TAP f)E NGHI 

Bai lap 1: Cho bon diem A. B. C, D khong dong phdng. Tren AC va AD Kin ltrot 
Id'y cac diem M, N sao cho MN khong song song voi CD. Goi O la mpt diem h£n 
trong \BCD. 

a. Tim giao tuyen cua (OMN) v.i iBCD). 

b. Tun giao di^m cua BC va BD uVi (OMN). 

Bai tap 2: Cho bon diem A, B. C. D khong dong pliang. Tren AC va AD Ian lircrt 
lay cac diem M, N. Goi O la mot diem hen trong ABCD. 

a. Tim giao diem cua MN va (ABO). 

b. Tim giao diem cua AO va (BMN). 

Bai tap 3: Cho bon diem A, B. C. D khong dong phang. Lay I, J Ian lupt la hai 
diem ben trong AABC va AABD. M la diem tuy y tren CD. Tim giao diem cua IJ va 
(ABM). 

Bai tap 4: Trong mat phdng a. cho hinh lhang ABCD day Idn AB. S la mot dieim 
khong thuoc a. Goi I, J, K theo thir tu la ha dit*m thuoc SA. AB, BC. 

a. Tim giao did'm ciia IK va (SBD) 

b. Tim giao diem cua (IJK) voi SD va SC. 

[ Bai toan 5: Ba i loan tlir ng hinh _ 

PHI ()N«; PH API III NG 

Tlnrc hicn theo bon buoc: 
litf<ic I: Plum licit, 
lltfo'c 2: Ci'n h thfii}>. 
liihti .1. Clu'flifi iniiih. 

It ton 4: Bicii Iiiuii. 

Vi du 1: Cho hai duong thdng a. b cheo nhau va mot diem M khong thuoc hai 
dirong thang do. Hay dimg m6t duong thdng qua M cat ca hai a, b. 

Ciidi 

a. P/itin tide. Gia sii dung dupe duong thdng d qua M cdt a, b theo thu tu tai A va 
B. khi do: 

M, A thuoc d, nen d c- (M, a) 

M, B thupc d. nen d 6 (M, b). 

Suy ra d = (M, a) n (M. b) 

b. Ctii li tlifn g: Ta Idn luot thuc hien: 
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■ Dung mat phang (M. a). 

■ Dung mat phang (M. h). 

■ Xac dinh giao tuycn d cua hai mat phang (M. a) va (M. h). 

Khi do d la ductng thang can dung. 

c. Cln'nifi mini): Ta thay: 

d = (M. a) r> (M, b), lien d di qua M. 

d, a thudc (M, a), n£n chung co the cal nhau tai A. 

d. b thudc < M, b), nfcn chung co the cal nhau tai B. 

Vily, d di qua M co the cat ca a va b. 

d. Bicn Iiitin: Nhan thtfy: 

■ Neu d cal a va d cat b. ta co ngihiem duy nhat. 

■ Neu d // a hoac d // b. bai loan vo nghiem. 

BA I IAPDf: NC.HI 

Bai tap I: Cho bon di6m A. B, C. D khdng ddng phang. O la diem hen irong 
ABCD, M la dic’m tren AB. 

a. Hay dung dudng thang qua M cat AO va CD 

b. N la diem Iren BC va ON khdng song song vtVi BD. Dimg dudng thing qua 
N ciit AO va DM. 

Bai tap 2: Chung mint) ring co vo so clirtmg thing cat cti 3 dudng thang cho truck' 
dpi mot cheo nhau. 

I Bai loan 6: (Bai loan </ny licit)'. Tim lap hop giao diem cua hai dudng thiing I 
ill dpng^ — __[ 

Plll ONt; PIIAPC’HtiNti 

Goi M la giao diem hai throng thiing di dong d,. cl.. De tim U)p hop cac diem M 
ta thuc hien iheo cac buck sau: 

Bitiic I: Plum liman: Tim hai mat piling co dinh Ian lupt chua d, vii d.. M di 
ddng tr6n giao tuyfi'n c6‘ dinh d cua hai mill phiing do. 

Butte 2 Gicri him (neu co) dupe tAp d. 

Bum 3 Phan duo: Goi M la diem hat ky tren d. ta di chung minh M la giao 
difc'm cua hai dirdng thing d, vi d.. 

Bum 4: Ke) Inan. 

Chit y: Neu d di dong nhtmg ludn di qua diem co dinh A va cat dudng thiing co 
dinh a khdng qua A thi d thuoc mitt phing co d|nh (A. a). 

Vi dp I: Trong mat phiing a, cho tir giitc ABCD co AB va CD khdng song song. 
S la mot diem khdng thuoc a. M la diem di dong trdn canh SB. Mat phing (ADM) 


ciit SC tai N. Tim tap hop giao diem cua AM va DN. 

Giai /f'xN. 

Plum llnnin: Ta co: juiIIF'\ s \ 

AM c (SAB) - co djnh. 

Mat khac, vi DN di qua die’m co djnh D vii I 1 

ciit dudng thiing co dinh SC nen: \ I 1 

DN c (SCD) -cddjnh. B\ 
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Gia sir ABcdl CD lai O. ta cb ng.p 
(SAB) n (SOD) = SO 

Vay. lap hop giao diem P cua \\1 va dinh nghTa ihuoc throng thing SO. 
(lioi him: Klii M di chuyen lien e.mh SB ihi I’ di chuyen Iren doan SO 
rh.in iltio: Goi P la diem bat k\ iu.ii SO. 


■ Ndi APc.il SB lai M. 

■ Ndi DP eiil SC lai N. N la clan diem cua mal phing (ADM) vdi S(’ va P 
chhih la giao diem cua AVI \.i DN. 

A i7 hitin: Vay lap hapciie diem I* la doan SO 

Vl dU-^ I Trong mal phiing a, eho m giae ABCD, AB va CD kco dai cat nhan lai 
E. AD va BC keo dai cal nlniu lai I- \a AD < DP. S la mol diem khdng thudc a. Goi 
I. I liin hart la irung diem cua SA. SB. a la mat phiing di dong qua IJ. <x cdt SC, SD 
Lin Inert lai M. N. 

a. Chung minh rang IJ. MN. SI: dong quy. 
h. M chuyen dong Iren ph;in nao eiia canh SC ? 

c. Tim tap h«tp giao diem cua IM va JN. 

d. Tim tdp hop giao diem cua IN va JM. 

Gidi 


a. Goi K = IJ r\ MN, la co: 

K e IJ cr (SAB) K c (SAB). 

KeMNr: (SCD) => K € (SCD). 

Do do K e SE = (SAB) n (SCD). 

Vfty, ba dirang thing IJ. MN. SE dong quy lai K. 

b. Ndi KD cit SC lai M,,. \'i N chav Iren canh 
SD ncn tia KMN quel ge>c SKD . do do M chay lit , 

S den M (1 vi khi do a mdi cSl canh SC. SD. 

c. Goi P = IM r\ JN. Ta di tim lap hop diem P. 

Plniit thiuiii: Ta co: 

P <: IM c (SAC) P c (SAC). 

Pc JN c (SBD) P e (SBD). 

Do do: 

P e SO = (SAC) n (SBD). 

Gidi hem: Noi DJ cdt SO lai P.. Vi N chay Iren 
canh SD nen tia JPN quel goc S.II). do do P chay 
lir S den P„ vi khi do a mai cdl canh SC. SD. 

Phtin <ltio. Goi P la diem hat ky Iren SP,„ Ndi JP cdl SD tai N, ndi IP cdt SC lai 
M. M. N la giao di6m cua mal piling (IJMN) qua IJ vdi cac canh SC, SD va Pchmh 
la giao diem cua IM va JN. 

Ket I it tin: Vay lap hop cac diem P lit doan SP„ Iren SO. 

d. Goi Q = IN o JM. Ta di tim lap hap diem Q. 

Phan tlutein: Ta co: 

0 t IN c (SAD) _> Q (SAD). 

Qt JM c (SBC) >y - (SBC). 


p 

9 


fiM . 

m 


u 

m 



15 


Do do: 

Q e SF = (SAD) n (SBC). 

Git'ri lu/n: Vi AD < DF. nen tia lx song song vdi SF va cat canh SD tai N„. Vay N 
chay tif S tori N„. Nd'i IN,, cat SF tai F,„ do do Q chay tir S den F.. 

Plum dam Goi Q la di6m bfi ky tren SF,,. Noi IQ cat SD tai N. noi JQ cat SC tai M. 
M. N la giao did’m cua mat phing (IJMN) qua IJ vdi cac canh SC, SD va Qchinh la 
giao diCin cua IN vi JM. 

Ket I min: Vay tap hop cac diem Q la doan SF„ tren SF. 

BAI TAP d£ NGHI 

Bai tap 1: Clio bd'n didm A, B, C, D khong dong phang. Goi I, J la hai diem c6' 
djnh Iren AB, AC va IJ khong song song vdi BC. a la mat phang quay qtianh IJ. a 
cal CD, BD lan lirot tai M, N. 

a. Chung minh ring MN luon di qua mot diem to djnh. 

b. Tim tip hop giao di£m cua IM va JN. 

c. Tim lip hop giao dii’m cua IN va JM. 

Bai tap 2: Trong mat phing a cho hai duong thing d, d’ cit nhau tai O. B li 
hai diem co dinh 6 ngoai a va AB khdng song song vi'ri a. Mot m.1t piling [i quay 
quanli AB cit d tai M va d' tai N. Chung minh rang: 

a. MN ludn di qua m6t did'm c6 dinh. 

b. Giao diem I cua AM vi BN a trin duong thing co dinh. 

c. Giao di^m J cua AN v;) BM a tr6n durnig thing co dinh. 

d. IJ Iu6n di qua mot diem c6 djnh. 

Bai tap 3: Trong m3t phing a, cho hinh thang ABCD co cac canh day la AB va CD 
vdi AB = 2CD. S li mdt di^m khdng thudc a. Goi I la (rung diOm cua SA, J la mdt 
didm trtn canh SC vdi JS > JC. 

a. |) li mat phing quay quanh IJ, cit SD. SB theo thu tu tai M, N. M, N di ddng Iren 
pliin iiiKi cua do;ui SD, SB ? Tim tip hop giao diem cua IM va JN. 
b y li mat phing quay quanh IJ cit AD tai P. Tim giao diem Q cua y vi canh 
CD va tap hop giao diem cua IQ va JP. 
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C HU DE 2 

HINH CHOP 

I. KIEN T'HLIC CO BAN 

1. DINH NGHlA 

Trong mat phang « cho da giac A A—A„ va cho diem S nim ngoai a. Noi S vdi 
cac dinh A,, A ; ,A„ ta duoc n mien tarn giac SA,A,, SA ; A.,.... SA„ |A„. 

Hinh too Mi n mien (In giin do vn mien da gidv A,A : ...A„ duoc got Id liinli chop 
S.A A,...A„. S 

Trong do: 

• Diem S goi la dinh cua hinh chop. 

■ Cac doan thdng A,A : , A.A., ... A,,-,A n goi la 
cac t‘pitIt day cua hinh chop 

■ Cac doan thang SA,. SA..SA„ goi la cac 

can It hen cua hinh chop. 

■ Cac mien tarn giac SA, A,, SAA : ..... SA,._,A„goi 
la cac null hen cua hinh chop. 

Nd'u day cua hinh chop la mot mien tarn giac, td giac, ngu giac,.. thi hinh chop 
tirong dng goi la hinh chop tain giac. hinh chop tu giac, hinh chop ngu giac,... 

Chu y: Hinh chop tarn giac con goi la tu dien. 

2. THl£TDI$N 

Dinh nghia: Thiet dien cua hinh chop cat bdi mat phang a la mot da giac phang tao 
bdi cac doan giao tuyen cua a vdi cac mat ben hay mat day cua hinh chop. 

H. CAC DANG TOAN I. 1KN QI AN _ 

pB ai loan 1: Thiet didn cua hinh chop. | 



PHUONG PHAPCHUNG 

De tim thiet dien cua mot hinh chop vdi mot mat phang a, ta thuc hidn theo c£c 
birdc sau: 

Buin I Tu diem chung co sfin, xac dinh giao tuyen dan tien cua a vdi mdt 
mat cua hinh chop (co the la mat phang trung gian). 

Buin 2: Cho giao tuyen vita tim duoc cat cac canh cua mat do cua hinh chop, 
ta se duoc cac diem chung mdi cua a vdi cac mat khac. Tu do xac 
dinh duoc giao tuyen vdi cac mat nay. 

Birin Tiep tuc nhu tren tdi khi cac giao tuyen khep kin ta duoc thiet dien 
Vi du 1: Cho tu dien ABCD. Goi H, K lan lupt la trung difim cac canh AC, BC. 
Trong ABCD lfty diem M sao cho hai dudng thang KM va CD cit nhau. Tim thifit 
di£n ciia tudidn vdi mat phiing (HKM). 

Giai 


Goi I = KM n CD. Ta co hai trudng hop: 


Tl ifting hrfjt I : Diem I thude doan CD (Hiith a)AKhr dp OidUtK IStdoftfi giSO tiiyfin 
la HK, KI va IH. Do do thiet dien edn tim la AilflG -V, THONG TI N THU VlfN 
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Trifdng hap 2: Di6m I 6 ngoai doan CD (Hinh b). Khi do: 


■ GoiM, = KMnBD. 

■ Ndi IH cat AD tai I,. 

Ta duoc 4 doan giao tuyen la HK, KI va IH. Do do thiet dien cfin lini la tii giac 
HKM|I,. 

Vi du 2: Cho hinh chop SABCD day la hinh binh hanh lam O. Goi M, N, P I An 
luot 1^ (rung didm SB, SD v& OC. 

a. Tim giao tuyen cua (MNP) voi (SAC) va tim giao di£m cua SA voi (MNP). 

b. Tim thiet dien cua hinh chop voi (MNP) 

c. Tfnh ty s6‘ mat phfmg (MNP) chia cac canh SA, BC va CD. 

a. Ta lin luot thuc hien: 

■ N6'i MN cat SO tai O,. 

■ N6'i 0|Pcit SA tai S,. 

Vfly, ta duoc: 

(MNP) n (SAC) = PS,. 

(MNP) n SA = S,. 

b. Ta lin luot thuc hi6n: 

■ N6'i S,N keo dhi cat AD tai D,. 

■ N6i S,M keo dai cat AB tai B,. 

■ N6i B,D, cat CD, CB thco thu tu tai D ; . B.. 

Khi dd, ta duoc 5 doan giao tuyen la S,M. MB.. B.D., D-N va NS,. Do do thifi't 
difin cSn tim la da giac S,MB : D,N. 

c. Ta lin luot c6: 

■ MN la ducmg trung binh cua ASBD nen O, la trung diem SO, suy ra: 



PO, // SC 


S,S _ PC _ i 
S,A PA ” 3 


■ Xet ASAD voi S,, N, D, thing hang, theo djnh li Melelaus. ta duoc: 


NS D,D SjA 
ND D,A S,S 
D,D _ J_ 

D, A ~ 3 



0 ) 


D, D A 



• Xct ASAB voi S,. M. B| thang bang, iheodjnh li Melfilaus, ta dtfpc: 
MS B,B S,A 
MB B, A S,S 
B,B _ I 


Tit (1), (2). suy ra: 

BD // B|D, => B.D- la duong trung binh cun ACBD 
nfin B,. D : theo thi'r nr la trung diem BC. CD 

dodo: 



D,D _ ( v . B,B _ 
D,C “ ' d B,C “ 


Chu y: Dinh It Melelaus co noi dung nhu sau: " Tren car canh AB. BC. CA cua 
AABC (lioac tren plum keo ilai cua dning) lay cat diem C,. A,. B, tin C h A t . B, 


tlidng lidng klii i d dn klii: 


A , B B C C, A 
A,C B A C.B 


= I ". 


BAI TAP DE NGHI 

Bai tap 1: Cho hinh chop SABCD day la hinh binh hanh tAm O. Goi M. N. I la ba 
diCm Iffy tren AD, CD, SO. Tim thiet dien cua hinh chop vcri (MNI). 

Bai tap 2: Cho hinh chop SABCD. M la mot diem tren canh SC, N va P Iffn luot la 
trung di6m cua AB va AD. Tim thi£l dien cua hinh chop vdi (MNP). 

Bai tap 3: Cho hinh chop S.ABCD. Trong ASBC va ASCD lan luot Iffy diem M, N. 

a. Tim giao difem cua MN va (SAC). 

b. Tim giao diem cua SC v;i (AMN). 

c. Tim thiet dien cua hinh chop cat boi (AMN). 

Bai tap 4: Cho hinh chop S.ABCD day la hinh binh hanh. Goi M la trung didm 
SB, G Iff trong tffm ASAD. 

a. Tim giao didm I cua GM va mat phffng (ABCD). Giirng minh rAng CD nffm 
trong mat phffng (CGM). 

b. Chlhlg minh rang (CGM) di i|ua trung diem cua SA. Tim thi£'t dien cua 
hinh chop cat boi (CGM) 

c. Tim thiet dien cua hinh chop cat boi (AGM). 

j_BAi loan 2: Dien ti'ch cua t hiet dien. j 

PHUONG PHAP CHUNG 
Ta thuc hien theo cac budc sail: 

BiMc I Xac djnh thiet dien. 

Birdc 2: Dien ti'ch thiet dien dupe tinh thong qua dien ti'ch tarn giac va tur giac 
dang dac biet. 

V L.du 1; Cho tur dien ABCD. dp dai cac canh bffng 2a. Goi M, N I An luot la trung 
diem cac canh AC. BC, goi P lii trong tAm ABCD. Tinh dien ti'ch thiet dien cua tur 
dipn vori mAt phang (MNP). 
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Giai 

a. Xdr dinh thiet dien. 

Trong z\BCD, ta tha'y ngay N, P, D thang hang. Suy ra MND la thiet dien c;dn 
dung. ^ 

b. Ti'nli dien lu ll thiet dien. 

Xet AMND, ta co ngay: / 

MN = ^ AB = a, vi MN la ducmg trung binh. 



ND 


C 

= =aV3 , vi DN la ducmg trung tuydn trong tam giac ddu. 


MD = = a V3 , vi DM la ducmg trung tuydn trong tam giac ddu. 

2 


nhu vflyAMND can tai D, goi H la chan ducmg cao ha tu D, ta duoc: ^ 

5\.VIM) 


, = - MN.DH = - MN VdM 2 -MH- 
2 2 


= I,J(a^- i = 


a 2 VFT 



bAi tap nghi 

Bai tap 1: Cho td didn ABCD co d6 dai cac canh bang a. Keo dai BC m6t doan 
CE = a. Kdo dai BD mdt doan DF = a. Goi M la trung did’m AB. 

a. Tim thid't didn cua td didn vdi mat phang (MEF). 

b. Tmh didn tfch thid't didn. 

Bai tap 2: Q 10 td didn ABCD c6 dd dai cac canh bang a. Goi I, J l£n luol la trung 
didm cua AB va CD. Goi G la trong tarn AACD 

a. Tfnh d6 dai IJ. 

b. M la didm di d6ng trdn doan BC. Tim tap hop giao didm N cua AM va (ICD). 

c. Xac djnh thid't didn cua td didn vdri (IGM) khi M la trung did’m cua BC. 
Tmh cac ti s6 ma (IGM) chia c£c canh CD va AD. Thid't didn la hinh gi ? 
Tfnh didn tfch cua nd. 


bAi tap On chltong i 

Bai tap 1: Thid't didn cua m6t hinh td didn co thd la tam giac, td giac hoSc ngu 
giac hay khdng ? 

Bai tap 2: Cho hinh chop S.ABCD. Goi M la didm thu6c midn trong cua tam giac 
SCD. 

a. Tim giao tuydn cua hai mat phang (SBM) va (SAC). 

b. Tim giao didm cua ducmg thang BM vdi mat phang (SAC). 

c. Tim thid't didn cua hinh chop cat boi mat phang (ABM). 

Bai tap 3: Cho hai hinh thang (khong binh hanh) ABCD va ABEF co chung day 
Ion AB va khdng cung nam trong m6t mat phang. 
a. Xac djnh giao tuydn cua cac cap mat phang: 

(ACE) va (BDF); (BCE) va (ADF). 
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b. LAy difcm M Iren doan DF Pirn giao diem ciia dudng thing AM vdi mat 
phang (BCF.). 

c. Chung minh rang hai duemg thing AC va BF khdng cit nhau. 

Bai tap 4: Clio tur dicn ABCD Goi G,, G. Ian luot la trong tam c.ic tarn giac BCD, ACD. 

a. Chung minh AG, va BG cat nhau. Goi giao diem nay la I. Tinh cac ti so 

i A JL 

IG, ’ IG : 

b. Chung minh I la trung didm doan thing noi cac trung diem cua AB va CD. 

c. Oiling minh cac dudng th ing di qua dinh cua tii dien va trong tAm cua mat ddi 
dicn ddng quy tai mot diem. diem nay goi la trong tAm cua ti'r dien. 

Bai tap 5: Cho hinh chop S.ABC. Goi I. H theo thii nr la trung diem ciia SA va 
AB Lay didm K tren doan SC saocho CK = 3KS. 

a. Tim giao die’m dudng thing BC vdi mat phing (IHK). 

b. Goi M la trung diem cua IH. Tim giao diem cua dudng thing KM vdi mat 
phang (ABC). 

Bai tap 6: Cho hinh chop S.ABCD, M la mot diem tren canh BC, N la mdt diem 
tren canh SD. 

a. Tim giao didm I cua BN \a (SAC) va giao diem J cua MN va (SAC). 

b. DM cAt AC tai K. Chiing minh S, K. J thang hang. 

c. Xac dinh thiet dien cua hinh chop S.ABCD vdi mAt phing (BCN). 

Bai tap 7: Clio hinh chop S.ABCD, day la hinh thang ABCD vdi AB // CD va 
AB > CD. Goi I la trung dit?m cua CS. Mat phing a quay quanh AI cit cac canh SB, 
SD iin luot tai M va N. 

a. Chung minh MN ludn di qua diem co djnh. 

b. IM keo dai cAt BC tai P, IN keo dai cAt CD tai Q. Chung minh PQ ludn di 
qua mot di£m co djnh. 

c. Tim tAp hop giao didm ciia IM va AN. 

Bai tap 8: Cho tu didn ABCD Goi I la diem nAm trdn dudng thAng BD nhung 
khdng thuoc doan BD. Trong mat phAng (ABD), ta ve mot dudng thAng qua I va cAt 
hai doan AB, AD theo thu tu tai K va L. Trong mat phAng (BCD), ta ve mdt dudng 
tliAng qua I va cAt hai doan CB, CD theo thu tu tai M va N. 

a. Chimg minh rAng 4 diem K. L, M. N ddng phAng. 

b. Goi O, IA giao did’m ciia hai dudng thang BN vA DM, O, la giao die’m cua 
hai dudng thAng BL va DK. va J la giao dif’m cua hai dudng thAng LM va 
KN. Chung minh rAng ba diem A, J, O, thing hang va ba di£m C, J, 0 ; 
tilling hang. 

c. Giii su hai dudng thing KM va LN cAt nhau tai H. Chung minh rAng H 
thuoc dudng thing AC 

Bai tap 9: Cho hai mAt phiing a va p cAt nhau theo giao tuydn m. Mdt dudng 
thang d cAt a d A vA vA cAt P a B. Tren d ta lay 2 difim cd‘ dinh S, va MS,cAl a tai 

M, M : . 

a. Chung minh dudng thing M, M, luon di qua mdt didm cd djnh. 

b. Gia su dudng thiing M, M ; cat m tai K. Chung minh rAng ba didm K. B, M 
thing hang 

c. M chay tren dudng thing b cd djnh cua mat phing p (b khdng qua B vA cAt m). 
Chiing minh M, M. chay tren 2 dudng thing cd djnh thuoc mAt phing a. 
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CHUdNG II 

QCAN HE SOMG SONG 

CHU DE 1 

HAI DLfdNG THANG SONG SONG 


I. KIEN THCTC CO BAN 
1. DINH NGHlA 

Hai dtfcnig ihpng song song Id liai difdng I hang rung 
ndm trong nidi null pining vd khdng cd diem cluing. 



2. CAC DINH LI 

Dinh HI Qua null diem mini ngodi mol difdng lining cho nude la difng diferc null vd 
chi mdt difdng lining song song vdi difdng lining dd cho. 

Tue la: vdi B g a thi 3! b qua B va b // a. 

He qua I: Trong nidi pining a cho difdng lining a vd diem B e a. Neil lif B la thing 
difdng lining h song song vdi a thi h mini trong mat phang a. 

Tire \h: 


(Bea 

j B g a € a obca, 

[ B e b // a 

Djnh li 2: Cho hai difdng lining song song. Mat pining nan cat difdng lining ndy at 
pluii ceil difdng kia. 

Tiic la: 


a//b 
ana = 


=> a n 
A 


b 


B. 


Dinh li 3: Hui difdng lining plain hieI ciing song song vdi mol difdng lining ihif ha 
thi song song vdi nhau. 

Tire la: 



Dinh li 4: Neu ha mat pining cat nhau theo ha giao tuyen phein hie / tin ha giao 
tuyen e'iy lioeic dong </ny hoeic ddi mol song song. 

Tire I&, vdi a, P, y phan bifit vi thoa man: 


any = a 
Pny = b => 
anp = c 


a//b//c 
a.b.c d6ngquy 


He qua 2: (Ve giao luyeii) Neil hai null phang cat nhau vd lein ItfOl cln'ta hai difdng 
thdng song song cho tnfdc thi giao luyeii ciia cluing song song vdi hai difdng lining 

ay- 
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Tire la: 


a g a va b e P 
a // b -> c // a // b. 

ar>p = c 


II. ( AC DANG TOAN LIEN QI AN _ 

n^ toun 1: Chung minh hai dutmg thang song song. 


PH HONG PH AP CHUNG 

t)6 chTrng minh hai ducrng thing song song vdi nhau la co the su dung mdt trong 
cac each sau: 

Cat it I Chung minh 2 ducrng thang do d6ng phing, r6i ap dung phuong phap chung 

minh song song trong hinh hoc phing (nhu ti'nh chat ducrng trung binh cua 
tarn giac, dinh li Talet dao, ti'nh chit song song cua hai ducrng thang cung 
vuong goc vcri dirong thang thu ba,...). 

Chung minh 2 ducrng thang do cung song song voi ducrng thing thu 3. 

Ap dung dinh If ve giao tuyen (dinh If 4 hoac hd qua 2). 

S 


SI 2 . 

-- — va 

SM 3 



Cdch 2: 

Cach 3: 

V i du 1: Cho hinh chop SABCD. Goi I. J Ian lucrt la trong 
tarn ASAB va ASAD. Chung minh ring IJ // BD. 

Gidi 

Goi M, N theo thti tu la trung diem cua AB, AD, ta co: 

SJ |=>IJ//MN. (I) 

Mat khac, trong AABD ta co MN la duong trung binh 
nCn: 

MN // BD. (2) 

Tir (I) va (2) suy ra MN // BD. A 

yi dp 2: Cho hinh chop SABCD day ABCD la hinh thang vdi cac canh day AB 
va CD (AB > CD). Goi M, N Ian luqt la trung didm cua SA, SB. 

a. Chihig minh ring MN // CD. 

b. Tim giao did’m P cua SC va m«it phing (ADN). 

c. Keo dai AN va DP cit nhau tai I. Chung minh ring SI // AB // CD. Tu giac 
SABI la hinh gi ? 

Gidi 

a. Trong ASAB, ta cd: 

MN // AB - ti'nh chit ducrng trung binh. 

Mat khac: 

AB // CD - vi ABCD la hinh thang day AB, CD. (2) 

Tir (I) va (2) suy ra MN // CD. 

b. Goi E = AD n BC. M 

P - SC n EN c (ADN) 

P = SC (ADN). 

c. Ta co: 


(1) 





[ABe(SAB) vA CDe(SCD) 

Jab//CD => SI // AB // CD. 

[(SAB)n(SCD) = SI 
NhAn xet rang: 

MN = - SI vA MN = — AB => SI = AB o SABI la hinh binh hanh. 

2 2 

BAI TAP NGHI 

Bai tap 1: Cho tur diCn ABCD. Goi I, J lAn luot la trong tim cAc AABC va AABD. 
Chung minh rang IJ // CD. 

Bai tap 2: Cho hinh chop S.ABCD day la hinh binh hanh. Goi M, N, P, Q theo thur 
tu la trung diem cua SA, SB, SC, SD. Chung minh rang MNPQ la hinh binh hanh. 
Bai tap 3: Cho tu di6n ABCD. Goi M, N. P, Q, R, S lAn luot la trung die’m cua 
AB, CD, BC, AD, AC, BD. Chung minh MNPQ la hinh binh hanh. Tur do, suy ra 3 
doan MN, PQ, RS cat nhau tai trung didm mdi doan. 

Bai tap 4: Cho tur dien ABCD. Goi M, N, P, Q, R, S la bon diem lAn luot lay trdn 
bdn canh AB, BC, CD, DA. Chung minh rang n£u 4 didm P, Q. R, S ddng piling 
thi: 

a. Ba dudng thAng PQ, SR, AC hoac doi m6t song song hoac d6ng quy. 

b. Ba duong thAng PS, QR, BD hoac doi mot song song hoac d6ng quy. 

Bai tap 5: Cho AABC nAm trong mil phAng a. Goi Bx, Cy la hai ntta dufrng thAng 
song song va nAm \6 cung m6t phia d6i vdi a. M va N la hai di6m di d6ng lAn luot 
trfin Bx, Cy sao cho CN = 2BM. 

a. Churng minh rAng ductng thAng MN lu6n di qua m6l di^m c6 djnh I khi M, N 
di d6ng. 

b. E thuftc doan AM vA 3EM = EA, IE cAt AN tai F. Goi Q IA giao difi’m cua 
BE vA CF. Chung minh rAng AQ song song v6i Bx vA Cy vA (QMN) chira 
m6t dubng thAng c 6 dinh khi M, N di d6ng. 

Bai tap 6: Cho hinh chdp S.ABCD day 1A hinh binh hAnh. Goi M, N. P, Q la cdc 
d\4m lAn luot tr6n BC, SC. SD, AD sao cho MN // BS. NP // CD, MQ // CD. 

a. Chung minh rAng PQ // SA. 

b. Goi K IA giao difi’m cua MN va PQ. Chung minh rAng di6m K nAm Irfin m6t 
ductng thAng c 6 djnh khi M di dong tr6n BC. 

c. Qua Q dung cdc dudng thAng Qx // SC vA Qy // SB. Tim giao dic’m cua Qx 
vdi (SAB) vA cua Qy vdi (SCD). 

Bai tap 7: Cho hai ductng thAng cheo nhau a vA b. Co the dung hai ductng thAng 
song song cAt ca a va b khhng ? 

Bai tap 8: Qio hai ductng thAng cheo nhau a vA b. Chung minh rAng tfit c'a cac 
ducrng thAng song song vdi a va cAt b deu nAm trong m6t mat phAng. 

Bai loan 2: Tim giao tuy£n cua hai mat phAng. 

Thiet dien chda mdt dudng thAng song song vdi mdt ductng thAng 
cho trudc. 
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phi om; i’hapcih'ng 

De tim giao tuyen cua 2 mat phing ngoai phirong phap " Tim 2 diem cluing ciia 
2 mat pining ", ta sir dung djnh If 4, nhir sau: 

liifoe / Chi ra rang a. p Ian Inert chua hai duemg thang song song a va b. 

Bum 2: Tim mdt diem chung M ciia hai mat pitting. 


Bum 3: Khi do: a r> p = Mx // a // b. 

Thiet dien cit bdi mot mat pitting chua mot dudng thing song song vdi mot 
dtfcmg thing cho trude dupe xac djnh bang each phei hop hai cich xac djnh giao 
tuye'n da biet. 

Vi dp 1: Cho hinh chop S.ABCD day ABCD lit hinh binh hanh. Tren doan SA liy 
diem M sao cho 2SM = M A, tren doan SB lay dient N sao cho 2SN = NB. 

a. Tim giao tuyen cua hai mat phing (SAD) v5 (SBC). 

b. Chung minh ring MN // CD 

c. Difim P nim tren canh SC kltong trimg vdi S. Tim giao tuye'n cua hai mat 
phing (MNP) va (SCD). 

Gidi 

a. Ta co: 

[ AD e (SAD) va BC € (SBC) 

JaD//BC r^Sx//AD//BC. 

[(SAD)n(SBC) = Sx 

b. Tif gia thie't, taco: 



SM 

MA 


- va — = - => MN // AB. 
2 NB 2 


(1) 


Mat khac, v] ABCD la hinh binh hanh nen AB // CD. 


( 2 ) 


Tu (1) va (2) suy ra MN // CD. 
c. Ta co: 


fMNe(MNP) va CD e (SCD) 

| MN //CD => Py // MN // CD. 

[(SAB)rt(SCD) = Py 


Vi du 2: Cho hinh chop S.ABCD. day ABCD la hinh thang, cac canh day AD = 
a, BC = b. Goi I. J tin lupt la trong lim cac ASAD. ASBC. 

a. Tim giao tuyen cua (SAD) vdi (SBC). 

b. Tim giao tuyen cua (BCI) vdi (SAD). 

c. Tim giao tuyen cua (ADJ) vdi (SBC) 

d. Tim dd dai doan giao tuye'n cua hai mat phing (ADJ) va (BCI) gidi han bdi 
hai mat phing (SAB) vh (SCD) 

Gidi 

a. Ta co: 

[ AD e (SAD) va BC g (SBC) 

|ad//bc 

[(SAD) r> (SBC) - Sx 
=> Sx // AD// BC. 
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b. Ta co: 


f AD e (SAD) vA BCe(BCI) 

|aD//BC => Iy // AD // BC 

|(SAD)n(BCI) = Iy 
va Iy ciil SA, SD theo thu nr tai M. N. 

c. Ta co: 

(ADe(ADJ) va BC e (SBC) 

AD//BC => Jz // AD // BC 

|(ADJ)r>(SBC) = Jz 
vA Jz Ciit SB. SC theo thu tu tai E, F. 

d. Giu su AE cat BM tai H vA CN cat DF tai K, va ta cAn di tinh do dai HK. 

Ban (Inc lif lam thfa Iren dinli liTa - let, dap so HK = ~ (a + b). 

Vi du 3: Cho hinh chdp S.ABCD day la hinh thang vcri cac canh day la AB. CD. 
Goi I, J Win lupt la trung did’m cua AD va BC vh G la trong (Am ASAB. 

a. Tim giao tuyO'n cua (SAB) va (IJG). 

b. Xac djnh thifi't dien cua hinh chop vdi mat phAng (IJG). Thiet dien IA hinh gi ? 
Tim ditiu kien doi vdi AB va CD de thici dien la hinh binh hanh. 

Giai 

a. Ta cd: 

(ABg(SAB) vA IJ e (IJG) 

AB//IJ 

[(SAB)n(IJG) = Gx 
=> Gx // AB// IJ. 

b. Gia sir Gx cat SA, SB theo thu tu tai M, N. Khi do ta dupe 4 doan giao tuyftn IA 
IJ. IM. MN vA NJ. Do dd thi£t di6n IA hinh thang MNJI. 

Ta cd: 



MN SG 2 i 

MN // AB - = — = - o MN = - AB. 

AB SE 3 3 


II = — (AB + CD) - tinh chA’t doan trung binh. 

Dfi’ hinh thang MNJI la hinh binh hanh dieu kien la: 

MN = IJ c=. - AB = - (AB + CD) <=> AB = 3CD. 
3 2 


Vi du 4: Cho td dien ABCD, cac canh bang nhau vA bang 6a. Goi I, .1 I An lupt IA 
trung did’m cua AC, BC. Goi K la m6t diem tren canh BD vdi KB = 2KD. 

a. XAc dinh thid't didn cua tu didn vdi mat phdng (IJK). Chung minh thiet dien 
la hinh thang cAn. 

b. Tinh dien tich thiet didn theo a. 
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Giai 


C 


c. Ta co: 

(ABe(ABD) va IJeHJK) 

■j AB//IJ toKx//AB//M 

|( ABD)n(IJK) - Kx 

Gia sii Kx cAt AD theo thu tu tai H. Khi do la dupe 
4 doan giao tuyen la IJ, IH. HK va KJ. Do do thiet dien 
la hinh thang IJKH. 

Mat khae, ta thA'y ngay: 

AACD = ABCD => IH = JK. 

VAy, thiet didn IJKH la hinh thang can. 

d. Trong AABC, ta co: 

IJ = - AB = 3a. 

2 

Trong AABD, ta co: 

™ = ™ = ^ HK =±AB = 2a. 

AB BD 3 3 

Trong ABJK, ta co: 

BJ = 3a, BK = 4a 




JK’ = BJ 2 + BK 2 - 2BJ.BK.cos KBJ 

= (3a) 2 + (4a) : - 2.3a.4a.cos60 n = 13a 2 
=>JK = aVl3. 

Xet hinh thang IJKH, ha ducmg cao KP, ta co: 
KP = x/jK 2 - PJ 2 = |jK’ -1 “ ~ 2 HK ) 


aVsT 

2 


I 1 ax/51 

S.IKH = - (IJ + HK).KP = - (3a + 2a).- 


5a : x/5l 

4 


Nhdn xdl: Trong loi giai cAu b), vi thiet dien IJKH la hinh thang cAn n6n viec tmh 
diC*n li'ch ctia no kha don gian. Trong nhan xet nay, chting ta cung xem xet m&t d£ 
xuAt khdc de' tlnh dupe di£n tich thiet dien va no dac biet co fch trong truong hop 
thifi’t dien la nhfnig da giac khong co dang dac thu. 0 

Keo dai IH va JK, chting cAt nhau tai Q. 

Khi do: 

SiJKH = Saqii - SiQ HK . 

BAI TAP Df£ NGHI 

Bai tap 1: Cho tur dien ABC D Goi M. N theo thu tu la trung didm cua AB va AC. 
Trfcn doan BD lAy difim P 

a. Tim giao tuyen cua (DMN) vdri (BCD). 

b. Tim giao tuyfin ctia (MNP) voi (BCD). 
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Bai tap 2: Cho hinh chop S.ABCD day ABCD la hinh binh hanh. Goi I, J Idn luot 
la trong tam ASAB va ASAD. M Id trung diem CD. Xac djnh thiet dien cua hinh 
chop vcri mat phang (IJM). 

Bai tap 3: Cho hinh chop S.ABCD day ABCD la hinh binh hanh. 

a. Tim giao tuye'n cua hai mat phang (SAB) va (SCD). 

b. La'y diem M tuy y tr6n canh SC nhung kh6ng trung vdi S, mat phang (ABM) 
cat SD tai N. Tir giac ABMN la hinh gi ? 

Bai tap 4: Cho hinh chop S.ABCD, day ABCD la hinh vu6ng canh a, tarn O. Mat 
b6n SAB la tam giac ddu. Ngoai ra SAD = 90°. Goi Dx la dircmg thang qua D song 
song vdi SC. 

a. Tim giao di£m I cua Dx vcri mat phang (SAB). Chiing minh AI // SB. 

b. Tim thiet dien cua hinh chop voi mat phang (ACI). Tinh di6n tich cua thiet 
diin. 

Bai tap 5: Cho hinh chdp S.ABCD, ddy ABCD la hinh vu6ng canh bang a, mat ben 
SAB la tam gidc ddu. Cho SC = SD = a -Ji . Goi H, K I An luot la trung die’m cua SA, SB. 
M Id m6t di^m trdn canh AD. Mat phang (HKM) cat BC tai N. 

a. Chung minh HKMN la hinh thang can. 

b. Dat AM = x (0 <, x £ a), tinh dien tich cua tu gidc HKMN theo a, x. Tinh x 
de’ dien tich ndy nho nha't. 

c. Tim tflp hop giao diem cua HM va KN; cua HN va KM. 

Bai tap 6: Cho hinh ch6p S.ABCD day ABCD la hinh binh hanh. I, .1 Idn luot la 
trung di^m cua SB, AB. M Id m6t die’m bat ky tren nua du&ng thang Ax chua C. 
Bien ludn theo vi trf cua diem M tr6n Ax cac dang cua thie't dien cua hinh chop cat 
boi mat phang (IJM). 
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( HU DE 2 

DLTdNG THANG VA MAT PHANG SONG SONG 


I. KIEN THLTC CO BAN 

1. DINHNGHlA 

Mot (lifting lilting i 'a mol mat pitting goi la song song 
vtii nlum neu cluing kilting co diem l ining. 

2. cactinhchXt 

Dinh li I: Dien kien t an vti du de mol (lifting lilting song 
song vtii mot mat pining Id (lifting lining do khong nam 
trong nuit pining va song song vtii mol (lifting iluing ntio 
do cltt'fa trong mat pining. 

Tuc la, voi d <T a thi neu: 
d // a c a => d // a. 


A 


A 


Dinh li 2 Neu dating thong d song song vtii mat pining a tlii hat kv mot unit pining 
ntio cln'fa d mti cat a thi se cat mat pining do llico mot giao Inyen song song vtii d. 


la: 

fd//a 

& 

d 

< => d // a. 

Id c pna = a 





He qud\ Clio (lifting lining d song song vtii mat pining a. Neu tifmtit diem M cua a 
dang dating lining a song song vtii d thi (lifting thong a nam trong mat pining a. 

Tire l&: d 

f d//a . _ 

Mea =>aca. -- -/ 

| M e a // d 

Dinh li 3: Neu hai unit pining cat nliaii t ting song song vtii nipt dating lining tlii 
giao tuveii cua cluing song song vtii dating lining do. 

■ ' XV® 

anp = c 

ja//d =>d//c. 

[p//d 

Dinh li 4: Cho hai dating tilting cheo nlian. Qua dating lining nay, ta difng difffc 
mtit vti chi mtit mat pining song sang vtii dating lining kia. 

Tue li\ vori a, b ch£o nhau thi: 
ja c a 

ja//b ' 

He qua : Cho hai dating fitting cheo nhau. Tif mot diem hat ky kliong thutiv mat 
pining chifa dating lining nay song song vtii dating tilting kia. ta dang difpc mot vti 
chi nipt mat pining song song vtii 2 dating lining del cho. 




3! a: 
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II. CAC DANG TOAN LlfeN QUAN _ 

| Bai loan 1: Qu'mg ininh dudng thdng song sons v6i mat phdng. 


piuroNt; phapchin<; 


D6 chung minh ducmg thang d song song vdi mat phdng a ta chung minh d 
khong ndm trong a va song song vdi mdt duong thdng a chua trong a. 

Chu y: Neu a khong co san Ihi ta chon mot mat phdng P chda d vd nhdn a lam giao 
tuyen cua a va p. 

Vi du 1: Cho tu didn ABCD. Goi G, va G. theo thur tu la trong tarn AABD va 
AACD. Chdng minh G,G, song song vdi cac mat phdng (ABC) va (BCD). 

Gidi 

Ta co the lira chon mot trong hai each sau: 

Cdcli I: Goi M, N, I, K theo thi'r tu la trung diem cua AB. AC, CD. BD. 

Trong AABD, ta co ngay: 

AG, = 2 , DG, = 2 
AK 3 V ‘ DM 3 

Trong AACD. la co ngay: 

AG, 2 . DG, 2 
AI " 3 ‘ DN “ 3 ' 

Tfr do, ta ldn lirpt c6: 

—“ => G,G, // KI c (BCD) G,G, // (BCD). 

AK AI 3 

Dr, IV'' 9 

.—L = = t => G,G, // MN c (ABC) => G,G, // (ABC). 

DM DN 3 




Cdch 2: Goi E Id trung didni cua AD. 

Trong AABD, ta co ngay: 

BG, 2 
BE 3 ' 

Trong AACD, ta cd ngay: 

CG^ 2 
CE " 3 ' 

Tir do, ta cd: 

BG, _ CO, _ 2 
BE CE ~ 3 

V) BC thuoc (BCD) vd (ABC) n£n G,G, //(BCD) vd G,G, // (ABC). 

Vi du 2: Cho chop S.ABCD co day ABCD Id hinh binh hanh. Goi M. N ldn Inert 
la trung didm cac canh AB. CD. Goi P la trung difem cua SA. 

a. Chdng minh MN song song vdi cac mat phang (SBC) vd (SAD). 

b. Chi'mg minh rdng SB song song vcri (MNP). 

c. Chung minh rdng SC song song vdri (MNP). 

d. Goi G, vd G, theo thu tir Id trong tarn AABC vd ASBC. Chung minh C,G, 
song song vdi (SAD). 


-^ = - => G,G, // BC 
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Gidi 

a. Trong hinh binh hanh ABCD. ia tn MN la dudng irung binh, do do: 
MN // BC c (SBC) => MN .7 (SBC). S 

MN // AD c. (SAD) ^ MN .// (SAD) 
b- Trong ASAB, la cd MP la dudng irung binh. do do: 

SB // MPc (MNP) => SB V (MNP). Pi 

c. Ta co lhe lira chon mol trong hai each sau: 

Cdrh /: Ta co: 

| ADc (SAD) va MN e (MNP) A M 

•|AD//MN =>K.\//AD//MN. 

((SAD)o(MNP) = Px 

Gia sir Px efit SD tai Q, suy ra Q la trung diem SD. 

Trong ASCD, ta co NQ la dudng trung binh. do do: 

SC // NQ c (MNP) SC//(MNP). 

Cdrh 2: Goi O la trung die-m MN. suy ra O la trung diem AC. 

Trong ASAC, ta co OP la dudng trung binh. do do: 

SC // OP c_ (MNP) => SC H (MNP). 

d. Goi K la trung dii?m SB. Ta cd: 

CG, 2 . CG^ 2 

CK 3 Va CM ~ 3 

=>G,G,//MK. (I) 

Mat khac, trong ASAB. la co MK la dudng trung 
binh. do do: 

MK//SA. (2) 

Tir (I) vh (2) suy ra: 

G,G, // SA e (SAD) => G,G. // (SAD). 



BAI TAP DE NGHI 

Bai tap 1: Cho hai dudng thdng phan biet a, b va mat phang a. 

a. Gia sir a // b va b // a, co lire ket lu;)n gi v£ ; v| trf (uong ddi ciia a vdi a. 

b. Gia sir a // a va b // a, cd thd ket lu<in gi ve vi tri tuong ddi ciia a vdi b. 

Bai tap 2: Cho tu didn ABCD. G la trong tSm lam giac ABD. M la mdt diem tren 
canh BC sao cho MB = 2MC. Chung minh MG song song vdi (ACD). 

Biii tap 3: Cho hai hinh binh hanh ABCD va ABEF khong cung niim trong mdt 
mat phang. 

a. Goi O va O' 1 An luot la lam ciia ABCD va ABEF. Chung minh OO' song 
song vdi cac mat phdng (ADF) va (BCE). 

b. M, N theo (hu tu la trong lain ciia cac lam giac ABD va ABFi. Chung minh 
MN song song vdi (CDEF) 

Biii tap 4: Cho tu dien ABCD. goi O. O' hin luot la tarn dudng iron noi tifep cac 
tarn giac ABC va ABD. Chihig minh ring: 

a. Didu kidn efin va dii de OO' song song vdi (BCD) li: 
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BC AB +AC 
BD ” AB +AD 

b. Didu kidn cAn va du de OO’ song song vdi 2 mat phang (BCD) va (ACD) la 
BC = BD va AC = AD. 


Bai toan 2: Tim giao tuyen cua hai mat phang. 

___ Thiet didn song song vdi mol ducmg thing cho truoc. 


PHUONG PHAP CHUNG 

1. Tim phuong giao tuyd'n bang djnh li 2 hoac dinh li 3. 

2. Td d6 xdc dinh thid't didn cua hinh chop cat bdi mat phang song song vdi 
mdt hoac hai ducmg thing cho truoc theo phuong phdp da bid't. 

Vi' du 1: Cho hinh chop S.ABCD. M, N la hai didm bit ki trdn SB va CD. a la 
mat phang qua MN vA song song voi SC. 

a. Tim cac giao tuyd'n cua a vdi cac mat phang (SBC). (SCD) va (SAC). 

b. Xac djnh thiet didn cua S.ABCD vdi mat phang a. 

Gidi 

a. Nhan xel ring: 

[SC//a 

| Mx g (SBC)na 
[Ny £(SCD)na 

pMx //SC vA Mx cat BC tai E. 

L Ny // SC vA Ny cat SD tai F. 

Goi K li giao di<?m cua EN vdi AC, ta co: 

(SC //a 

| SC c (SAC) ^Kz//SC 
[Kz e (SAC)na 
va Kz cdt SA tai H. 

b. Nd'i MH, FH ta duoc ngu gidc MENFH chi'nh la thid't didn cua S.ABCD vdi mat 
phang a. 

Vi du 2: Cho tur didn d£u ABCD. Goi E la didm nAm trong AABC. Mat phftng a 
qua E song song vdi cdc dudng thing AC va BD. Xac djnh thid't didn cua ABCD vdi 
mat phing a. Thid't didn 1A hinh gi ? 

Gidi 



Ta lin luot co: 

(AC // a 

| AC c (ABC) => Ex // AC 
[Ex e (ABC)na 

va Ex cit AB va BC thco thu tu tai M va Q. 
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r~ M\ HD va My cal AD tai N. 

■ My e (ARD) n «=> L Q/ BD v.i Q, c;„ CD ,ai P. 

[Qz e (CBD)rwx 

Ba mat phang a, (ABC) va (ACD) cal nhau theo ba giao tuyd'n MQ, AC, NP va 
MQ//AC nen MQ//NP. 

Vay, thief dien MNPQ la hinh binh hanh. 

Vi du 3; Cho hinh chop S.ABCD day ABCD la hinh thang co day Ion BC = 2a, 
AD = a, AB = b. Mai ben SAD la lam giac deu. a la mat phang qua didnt M trdn canh AB 
va song song vori SA va BC. a cat CD. SC. S B ldn lift* tai N. P. Q. 

a. Chung minh MNPQ la hinh thang can. 

b. Tinh dien tich thiet didn thco a, b va x = AM, (0 < x < b). Tfnh gid tri ldn 
nhfl’t cua dien tich. 

Giai 

a. Ta ldn luot co: S 

[SA II a 

| SA ci (SAB) => MQ // SA. 

MQ e (SAB)rsa 

B 

BC//a M 

j MN e (ABCD)r'ia => MN//PQ//BC. 

( PQ e (SBC)rta 
Nhdn xet rang: 

MQ = BM BQ = CN CP = NP ^ MQ = NP 

SA BA BS CD CS SD 

Vfly, thid't didn MNPQ la hinh thang c;1n. 

b. Gia sir AB cat CD tai I, ta co: 

// l 

AD = — BC => AD la dudng trung binh cua AIBC 
do do IA = AB = b vd: 

MN IM 1A +AM _ b + x ^ ^ _ a(h-t-x) 

BC ~ IB “ 1A + AB 2b ~ b 

Trong ASBC, ta co: 

PQ_SQ„AM = x 2» P-° 

BC SB AB b b / \ 

Trong ASAB, ta c6: / \ 

MQ = BM b-x^ a(b-x) N H M 

SA AB b b 

Xet hinh thang edit MNPQ, ha dudng cao QH, ta co: 




QH = VMQ : MH : = JmQ : - 


MN - PQ 
2 


V3a(b- x) 


33 


S M npo= t(MN + PQ).QH = 


a(b + x) 2 ax 
b ~b~ 


VJa(b - x) 


2b 


—rr - (b + 3x)(b - x). 
4b- 


Ta bii'n d6i: 


^MNPQ — 


V3a 2 

4b 2 


4b- 


- x^- 


s 


yfia 2 4b 2 _ a 2 
4b 2 ' 3 " S' 


Vfty (S MNPQ ) Mj , = — . dat dupe khi: 

rr b b 

xv3-= 0 o x = — . 

V3 3 


BAI TAP NGHI 

Bai tap 1: Cho hinh chop S.ABCD. M. N IA 2 diim trin AB, CD, a la mat phiing 
qua MN vA song song vdi SA. 

a. Tim cac giao luyin cua a vai (SAB) vA (SAC). 

b. XAc djnh thiet diin cua hinh chop vdi mat phAng a. 

c. Tim didu kiin cua MN di thii't diin la hinh (hang. 

Bai tap 2: Cho hinh chop S.ABCD ddy IA hinh binh hanh. Mat phAng a chuyi’n 
ding lu6n song song vdi BC va d6ng thcri di qua (rung diim C, cua canh SC. 

a. MAt phAng a cAt cac canh SA, SB, SD lAn luot tai A,. B,, D,. Thii’t diin 
A,B,C,D| la hinh gi ? 

b. Chung minh a Iu6n chua mot duong thAng c6 djnh. 

c. Xdc djnh thii't diin mA a cAt hinh ch6p S.ABCD. Djnh M di’ thiit diin 1A 
hinh binh hAnh. 

d. Goi M IA giao diim cua A,C, vA B ( D,. Chung minh rAng khi a thay d6i thi 
M chuyin ding trin mit dudng thAng c6 dinh. 

Bai tap 3: Cho hinh ch6p S.ABCD, day ABCD IA hinh binh hanh tAm O. M IA mit 
diim di ding trin SC, a IA mAt phAng qua AM vA song song vdi BD. 

a. Chung minh a ludn chua mdt duong thAng cb' djnh. 

b. Tim cac giao diim H vA K cua a vai SB. SD. Chung minh rang 

SB SD SC . .. , IU J ,. 

— + — +-co gia tri khing d6i. 

SH SK SM 

(. Thii't diin cua hinh chdp vdi a co thi IA hinh thang dupe khing? 

Bai tap 4: Cho tur diin diu ABCD canh a. M vA P IA 2 diim di ding trin cac canh 
AD vA BC, sao cho AM = CP = x, (0 < x < a). Mit mAt phang qua MP vA song song 
vdi CD cAt tu diin theo mit thii't diin. 

a. Chung minh thii't diin thing thudng IA hinh thang cAn. 

b. Ti'nh diin tfch thii't diin. Tim x di diin ti'ch thii't diin nho nhA't. 


34 



Bai tap 5: Cho hinh chop S.ABCD, day ABCD la hinh binh hanh. M la die’m 
chuyfin ddng Irfin canh SC va a I,- mat phing clu'ra AM va song song vdi BD. 

a. Chung minh ring mat phing a luon chifn mot duong thing c6 djnh khi M 
chuyen dong trdn canh SC 

b. Mat phing a cit SB, SD then thu tu tai E va F. Hay trinh bay each dung 
diem E va F. 

c. Goi I la giao die’m cua ME va CB. J la giao diem cua MF va CD. Chung 
minh rang ba diem I, J, A thang hang. 

Bai tap 6: Cho hinh chop S.ABCD. day ABCD la hinh thang. M la didm bit ki 
tren canh AB va a la mat phang qua M song song voi AD va SB. 

a. Mat phang a cit hinh chop theo thiet dien la hinh gi ? 

b. Chirng minh ring a song song voi SC. 

Bai tap 7: Cho tu dien ABCD co AB = CD = a. BC = AD = b, AC = BD = c 
(a > b > c). Mot mat phing a song song voi AB va CD, cit tir dien theo mot thie't 
dien co chu vi p va dien tt'ch s. 

a. Dinh a de p I6n nhit, nho nhfti. 

b. Dinh a de s lom nhit. Tilth dien tich ay. 

Bai tap 8: Cho hinh chop S.ABCD. day ABCD la hinh binh hanh tarn O. M la 
trung didm cua SB. Xac dinh thiet dien cua hinh chop S.ABCD cit bdi mat phing a 
trottg 2 truemg hop sau: 

a. a qua M va song song vdi SO va AD. 

b. a qua O vi song song vdi AM va SC. 

Bai tap 9: Cho tir dien deu ABCD canh a. Goi I la trung diem cua AC, J la mdt 
di^m tren canh AD sao cho AJ = 2JD. M la mdt diem di dong trong tarn giac BCD 
sao cho mat phing (MIJ) luon song song vdi AB. 

a. Tim hop diem M. 

b. Tmh dien tich thiet dien cua tu dien ABCD vdi mat phing (MIJ). 
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CHU DE 3 

HAI MAT PHANG SONG SONG 


I. KIEN THtTC CO BAN 

1. DINH NGHlA /~ 

Hai mat pining goi la song song vtii nhau neu t lning /n\ 

khong cti diem cluing. S~ 

2. CAC TINH CHAT /fi\ 


Dinh li 1: Neu luii mat pining a vd P song song vtii nhau thi moi dating lining a 
mint trong a deu song song vtii p. / ~7 

Ttfc \h: / 

fa g a 

=*a//p. 


a//p 


X 


Dinh It 2: Neu mot mat pining cln'fa hai dating lining ciit nhau vd hai dating lining 
nay ding song song vtii mot mat pining clto Inftic thi hai unit pining do song song 
vtii nhau. 

Tuc I*: /a 

a.bect 

■ a cat b =>a//p. 
a//p v* b//p 

He qua I: Neu unit mat pluing dura hai dating lining cat nhau Ian litot song song 
vtii hai flitting lining cuu nidi mat pitting klidc thi Inii unit pining do song song vtii 
nhau. 

Tuc li: 



I a.b g a 
a cat b 

a//a, c P va b//b, c P 


>a//p. 


0« a=>3!P: 


Dinh li 3 : Qua mot diem O hat ky mini ngodi mat pining a Into giti cling dttng dat/c 
mdt vii chi mdt mat pining song song vtii mat pining a. 

Tifc la: 

fo e p 

\ot // P 

Ctich dttng: 

• Trong a dung a, b ciit nhau. 

• Qua O dung a, // a, b, // b. 

• Mat phiing (a,, b,) \h mat ph&ng qua O va song song v6i a. 

He qua 2: Neil dating lining a song song vtii mat pining a thi qua a co mot vd chi 
mot mat pining p song song vtii mat pitting a. 
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He qua 3: Hoi null phong plum hie! 
song von n lia u 


Tuc la: 


|«// y 

Wy 


=> a// p. 


img song song \ <>i mot pining tin'/ ho thi song 

/k ^ 

A\ / 

AkT~V 


He qua 4: Neil lif mot diem A mini ngodi unit pining a to dtfng mot dif&ng lining 
song song vai a thi difdng thdiig nay mini trong mot pining quo A vci song song \ di 
a. 


Tuc la: 

fa//p 

l A e p => Ax c p. 

[Ax//a 

Dinh li 4: Neu hoi mat pining song song hi i dt hoi mot 
mat phdng thif ho thi hoi giao tiiyeii song song vdi 
n lion. 

Tuc la: 

|ct//p 

•j a = a r\ y => a // b. 

[b = pny 

Dfnh li 5: Hoi mot pining song song chan li en hoi cat 
tityen song song nhifng doqn tlidng hung nhou. 

Tuc la: 

( a//pv& a//b 

ana = A, v&anp = B l =>A,B, = A : B : . 
bna = A, v5 b r> p = B •. 



Dinh li 6 (Dinh li Talel trong khong gian) Bo mat pining song song chein tren hoi 
cot Ittyen hut ky nhifng doqn thong lining ling li le 


Tuc la: 


D 

1 


(a//p//y 


U/ 


aoa = A, vk ar»P = B, va any = C, 


1 


[boa = A 2 v& bnp = B, va br>y = C-, 




A,B, A,B, 

° B,C, B,C, 

li 


~ 


i-r 


II. CAC PANG TOAN LIEN QI AN 
f Ba» toan 1: Gn'rng mi nh hai mat ph.ing song song. 
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PHUONG PHAP CHUNG 

D^ chimg minh 2 mat phang song song ta di chung minh mat phing nay chixa 
hai ducmg thing cat nhau song song vcri mat phang kia (hoac song song vcri hai 
duong thang cat nhau nim trong mat phang kia). 

Chu y: 

1. Sir dung ti'nh chat: 



ta duoc th6m m6t phuong phap de chung minh dudng thing a song song vcri a. 

2. Sir dung d|nh If Ta - let dao ta duoc them m6t phuong phap d£ chimg minh 
dirimg thing song song vcri mat phing, cu th6: 

Ba di^m A,, B,, C, thuoc ducmg thing a va ba diem A,, B., C, thuoc ducmg thing 
b (vcri a va b cheo nhau) thoa man: 


A, B, _ A,B 2 

B, C, ~ B,C 2 


suy ra t6n tai duy nha't bd ba mat phing a, p, y song song I in luot chua cdc doan 
thang A,A 2 , B|B 2 , C,C 2 , tir d6 ta ducrc cac kft't qua: 

A, A ; song song vdi p va y. 

B, B, song song voi a va y. 

C, C 2 song song voi a vi p. 

DiGu quan trong nha't cin chi ra duoc sir t6n tai ciia mdt trong ba mat phing. 

Vi du 1: Cho htnh chop S.ABCD, day ABCD la hinh binh hinh tim O. Goi M, 
N Idn luot li trung di£m ciia SA va CD. 

a. Chiing minh ring mat phing (OMN) vi mat phing (SBC) song song vcri 
nhau 

b. Goi I li trung di^m SC, J la m6t di£m tr£n (ABCD) va cich d£u AB vi CD. 
Chimg minh IJ song song vdri (SAB). 

c. Gid sir hai lam giac SAD, ABC d£u cin tai A. Goi AE, AF la cdc du6ng 
phin giac trong ciia cac tarn giac ACD vi SAB. Chiing minh EF song song 
vdi (SAD). 

Giai 


a. Nhin xdt ring: 


JOM//SC 

ION//BC 


(OMN)//(SBC). 


b. Goi P, Q theo thir tu la trung di^m AD vi BC, suy ra 
thudc ducmg thing PQ. 

Nhin xet ring: 


JPQ//AB 
j IQ //SB 


=> (IPQ) // (SAB) => IJ // (SAB). 


c. Sir dung ti'nh chit ducmg phin giac, ta co: 
ED AD AS FS 
EC " AC " AB ” FB 
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siiy ra l6n tai duy nhat bo ba mat phang song song Ian 
lucrt chtra cac doan thang SD. Kb. CD va ta thay ngay 
mdt trong ba mat phang do chink la (SAD), do do: 

EF // (SAD). 

C'hu y: Neu cac cm hoc sinh cam thay kho hicu trong 
h'ri giai cua cAu c) th'i co the su dung Icri giai tirdng minh 
hem nhu sau: 

Dung EH//SD, H c- SC. (I) 

NhAn xet ring: 



DEC 


HS 

HC 


ED AD 
EC ~ AC 


AS 

AB 


FS 

FB 


HF//BC^>HF//AD. 


( 2 ) 


Tit (1) va (2) suy ra: 

(HEF) // (SAD) => EF//(SAD). 

Vi du tifip ’heo sc su dung lai each trinh bay nay de giup cac em hoc sinh nim 
vfltig hon. 

Vi du 2: Cho tu dien ABCD. Goi 1, J la hai diem di dong l<in krert tren cac canh 

AD, BC sao cho ludn co — = — . 

ID JC 

a. Chung minh ring IJ luon song song veri mot mat phang cd’ djnh. 

b. Tim tAp hop di^m M chia doan IJ theo ti so k cho truoc (tuc diem M thoa 



IM = k. MJ). 

Giai 

a. Dung JH // AB, H e AC. (I) 

NhAn xet ring: 

(21 

HC JC ID 

Goi a la mat phing chua AB va song song vdi CD, 
suy ra a la mat phing c6' djnh va (HIJ) // a. 

b. Giai su (HIJ) cit BD tai K. di thiy H1KJ la hinh binh hanh. Qua M ke PQ song 
song vdi AB (P e HI va Q e JK). Ta co: 

AP n BQ = E va EM nAB = F. 

NhAn xet ring: 

ED PI MI 
EC " PH " MJ 
FA MP MI 

— =-=-= k F la diem chia AB theo ti s6 k. 

FB MQ MJ 

Vfty, tAp hop did’m M chia doan IJ theo ti s6' k la doan EF vdi E, F lin lucrt la 
di^m chia CD vA AB theo ti so k. 


- k => F. la diem chia CD theo ti so k. 


BAITAPD^ NGHI 

Bai tap 1: Cho hinh chop S.ABCD day la hinh binh hanh tim O. Goi M, N lin 
luot la trung dii’m cua SA, SD. 

a. Chung minh ring (OMN) song song vdi (SBD). 


39 



b. Goi P vi Q la trung didm cua AB va ON. Chung minh rang PQ song song 
vdi (SBC). 

Bai tap 2: Cho hai hinh vudng ABCD va ABEF d trong 2 mat phing khac nhau. 
Trdn cac dudng cheo AC va BF lin Inert IS'y cac didm M, N sao cho AM = BN. Cdc 
dudng thing song song vdi AB ve tir M, N lin luot cit AD. AF tai M\ N’. 

a. Chiing minh rang (CBE) song song vdi (ADF). 

b. Chiing minh rang (DEF) song song vdi (MNN’M’). 

c. Goi 115 trung diem cua MN. tim tap hop didm I khi M, N ddng. 

Bai tap 3: Cho tii didn ABCD co AB = AC = AD. Chiing minh rang cac dudng 
phAn giac ngoii cua cac goc BAC.CAD.DAB d6ng phang. 

Bai tap 4: Trong mat phang a cho hinh binh hanh ABCD. Ta dung cac niia dudng 
thing song song vdi nhau va nim vd mdt phfa ddi vdi a I An luot di qua cdc dife’m A, B, 
C, D. Mat phing P cit bon nua dudng thing noi trftn tai A,. B,, C,, D,. 

a. Chiing minh ring (AA,, BB,) song song vdi (CC,. DD,). 

b. Chiing minh ring A,B,C,D, la hinh binh hanh. 

c. Chiing minh ring AA, + CC, = BB, + DD,. 

Bai tap 5: Cho hai niia dudng thing cheo nhau Ax, By, M va N la 2 difi’m di dong 

ISn luot trdn Ax, By sao cho AM = BN. Ve NP = BA. 

a. Chiing minh MP cd phuemg khdng d6i vA MN ludn song song vdi mdt mat 
phing cd' dinh. 

b. Goi I la trung difim cua MN. Chiing minh ring I nim trfin mdt dudng thing 
cd’ dinh khi M, N di ddng. 

Bai tap 6: Cho hai dudng thing cheo nhau a va b. Tim tap hop cac did’m I irCn 
doan thing MN vi chia MN thco ti sd k cho trude khi M, N di ddng lin luot trdn a, b. 


Bai toan 2: Tim giao tuytfn cua hai mat phing. 

Thid't didn song song vdi mdt mat phing cho trude. 


PHl/ONG PHAP CHIING 

1. Ta sir dung thdm dinh It 4 di xic djnh giao tuyC'n cua hai mat phing. 

2. Thitft didn cua hinh chop cit bdi mdt mat phing song song vdi mot mat 
phing cho trude duqe xic djnh thdng qua vide tim duoc cac doan giao tuydii 
nhu trdn. 


Vi du 1: Cho hai mat phing song song a vi p. A, B, C la ba didm khdng thing 
hang thude a vi MN Ih doan thing nim trong p. 

a. Tim giao tuyd'n cua (MAB) vi p; giao tuyd'n cua (NAC) vi p. 

b. Tim giao tuydn cua (MAB) vi (NAC). 

Cidi 

a. Tacd: 

fot // P 

| AB = an(MAB) => Mx//AB. 

[mx = pn(MAB) 

Ta cd: 
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fot // P 

| AC = a r> (MAC') => Ny // AC. 

(Ny = po(MAC) 
h. VI AB cAt AC tai A nen 

Mx n Ny = D (MAB) n (NAC) = AD. 

Vi dg 2: Cho h'inh chop S.ABCD day A BCD la hinh thang, day Ion AB = 3a, 
AD = CD = a. Mat b£n (SAB) la lam giac can dinh S voi SA = 2a, a la mat phang di 
dong song song voi (SAB), cal cac canh AD, BC. SC. SD Ihco thu tu tai M, N, P, Q. 

a. Chung minh MNPQ la h'inh thang can. 

b. Dai x = AM. voi 0 < x < a. Djnh x dc MNPQ ngoai tid'p dupe mot ducmg 
Iron. Tinh ban ki'nh difitng iron do. 

c. Gpi I la giao diem cua MQ va NP. Tim lap hop nhfmg diem I khi M di ddng 
Iren AD. 

d. Gpi .1 la giao diem cua MP va NQ. Chung minh IJ co phuong khdng d<Si va J 
di dong trong mot mat phang co dinh. 

Giai 

a. Ta l<in lupt co: . 
a//(SAB) 

MN = an(ABCD) => MN//AB. 

AB = (SAB)o 

Lap ludn tuong tu ta cung co: 

NP // BS, PQ // CD, QM // SA. 

Nh3n x£t ring: 

MN//PQbdi AB//CD. 

MQ = DQ = CP = NP -» MQ = Np 
SA DS CS SB 


S 



Vay, thiet didn MNPQ la hinh thang can. 
b. Oe MNPQ ngoai tid'p dupe mot duong Iron dieu kidn la: 
MN + PQ = MQ + NP MN + PQ = 2MQ. 

Trong ASAD, ta c6: 

MQ DM a-x _ 

- ■=> MQ = 2(a - x). 


SA 


DA 


(1) 

(2) 


Trong ASCD, ta co: 
PQ SQ AM 
CD SD AD 


= - o PQ = x 
a 


Gia su AB cat CD tai O va OD = y, ta co: 


OP CD a 
OA " AB “ 3a 


=> 3y = a + y o y = 


a 

2 


(3) 


MN _ OM 
AB “ OA 


a 

OD r DM _ 2 ^ a ~ X 
OD - DA ~ a 

+ a 

2 


=> MN = 3a - 2x. 


(4) 
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Thay (2), (3) va (4) vao (I), la duoc: 
3a - 2x + x = 4(a - x) o x = ^. 


VAy, vdi x = — thi MNPQ ngoai ti£p diroc mAt dirdng iron. N 
Khi d6, xet hinh lhang cAn MNPQ, ha ducmg cao QH, la co: 

r aV? 

3 

V? 


QH = >/mQ : - MH : = JmQ 2 


MN -PQ 
2 


1 


suy ra ban kinh dirdng iron noi tifip MNPQ la r = — QH = 

2 6 

Can c) va d) hoc sinh in lam. 


H M 


BAI TAPDE'NGHI 

Bai tap 1: Cho hinh ch6p S.ABCD day ABCD la hinh binh hanh tAm O cd 
AC = a, BD = b. Tam giac SBD la tarn giac d£u. MAt mAt phang a di dAng song 
song vdri (SBD) vA qua didm I irfin doan AC. 

a. XAc djnh thifit difin ciia hinh ch6p vdi mat phang a. 

b. Tmh difin ti'ch thidt didn iheo a, b vA AI = x. 

Bai tap 2: Cho hinh chop S.ABCD, day ABCD la hinh lhang cd cac canh day AB, 
CD vdi CD = p.AB (0 < p < 1). So la didn n'ch lam gidc SAB. a IA mAt phAng qua 

difim M IrCn canh AD vA song song vdi mAt phang (SAB). DAI = x , vdi 

AD 

0 < x < 1. 

a. XAc djnh lhi6t didn ciia hinh chdp S.ABCD vdi mAt phang a. Ti'nh didn tich 
Ihifi't difin ihco So, p, x. 

b. Ti'nh x de’ didn tich thid’t diCn biing mAt nda didn n'ch tarn giac SAB. 

Bai tap 3: Cho td didn ABCD, goi G, t G 2 , G, Idn lucrt la irong lAm cAc tarn gidc 
ABC, ACD, ADB. 

a. Chung minh mat phang (G,G ; G,) song song vdi mAl phang (BCD). 

b. Tim thiftt didn cua lu di6n ABCD vdi mAt phAng (G,G 2 G,)- Ti'nh difin n'ch 
thifii difin bitft didn n'ch tarn giac BCD IA s. 

c. M la di£m di dong bdn irong id di£n sao cho G,M luAn song song vdi mat 
phang (ACD). Tim tAp hop nhdng difcm M. 

Bai tap 4: Cho hinh chdp S.ABCD, mAt mAt phang a di dAng luAn luAn song song' 
vdi (ABC), cAt SA, SB, SC Idn lirat tai A,, B,, C,. Tim tAp hop di^m chung cua 3 mAl 
phAng (A’BC), (B’CA), (C’AB). 
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CHU DE 4 

HINH lAng tru vA hinh h0p 

I. KIEN THCTC CO BAN 

1. HINH LANG TRU 

Dinh nghia : Hinh long tru la mol hinh da dien t o liai mat ndm trong hai mat 
phdng song song goi Id hai day rd tat cd nit canh khdng thudc hai day den song 
song voi nhau. 

Trong do: 

■ Cac mat khac vdi hai day goi la cac mat 
hen ciia hinh lang tru. 

■ Canh chung ciia hai mat ben goi la canh 
hen cua hinh lang tru. 

• Tuy thco da giac day, ta co hinh lang tru 
tarn giac, lang tru td giac.... 

Tir dinh nghia ciia hinh lang tru, ta kin luot suy 
ra cac tfnh chat sau: 

a. Cac canh b£n song song va bang nhau. 

b. Cac mat ben va cac cac mat cheo la nhting hinh binh hanh. 

c. Hai ddy Id hai da giac co cac canh tuong ting song song vd bang nhau. 

2. HiNHHOP 
Dinh nghia: 

a. Hinh lang ti n t o ddy Id hinh hinh lidnh goi Id hinh hdp. 

b. Hinh hop co tat i d car mat hen vd ede mat ddy den Id hinh chiinhdt goi Id 
hinh hop chitnhdt. 

c. Hinh hop co tat cd cat mat hen rd t oe mat ddy den Id hinh vudng goi Id 
hinh lap phiMng. 



Chu y: Cac duemg cheo ciia hinh hop cAi nhau tai trung diem m6i diremg. 
II. CAC PANG TOAN UFA QI AN_ 









1 . 


PM'ON<; PHAP Clll'Nti 

Nim vung djnh nghla va cac tinh chat cua hinh lang tru de vc hinh va chimg 
minh mot so tinh chit khac. 

2. Vide xac djnh thiet dien cua hinh lang tru cit bori mot mat phing cung tie'n 
hanh tuong tu nhu doi vdi hinh chop. Luu y rang " Hai day hinh lung tru 
song song, do do giuo tnyeii cua nidi pining cal 2 unit do. urn i d. Id hai 
doan lining song song 

Vi du 1: Cho lang tru tarn giac ABC.A,B,C,. Goi M. M, theo thu tu la trung 
die’m cua cac canh BC va B,C,. 

a. Chung minh ring AM//A,M,. 

b. Tim giao di(?m cua mat phang (AB,C,) vdi dirdng thing A,M. 

c. Tim giao tuye'n d cua hai mat phing (AB,C,) va (BA,C,). 

d. Tim giao diem G cua dudng thing d vdi mat phang (AMA,). Chung minh 
ring G la trong tarn AAB.C,. 

Giai 

a. TCr gia thiet, ta duoc: 

• // // 

MM, = BB, = AA, 
o AMM, A, la hinh binh hanh 
=> AM//A.M,. 

b. Chon mat phing phu (AMM,A,)chtia A,M. 

Nh&n xet ring: 

(AMM,A,) n (AB,C,) = AM, 

AM, n A,M = I 
suy ra A,M n (AB,C,) = I. 

c. Goi O = AB, rt A,B, khi do la nhan duoc: 

(AB,C,) n (BA,C|) = OC,, chfnh la dudng thing d cin tim. 

d. Chon mat phing phu (AB,C,)chua d (chuaOC,). 

Nh3n xet ring: 

(AMA,)n(AB,C,) = AM, 

AM, nOC, = G 
suy radn (AMA,) = G. 

De thiy G la trong tarn AAB,C„ boi trong AAR,C, thi G la giao diem cua hai 
dudng trung tuye'n. 

Vi du 2: Cho lang tru tarn giac ABC. A.B.C,, day la tarn giac den canh a. Cac 
mat ben ABB,A,, ACC,A, la hinh vuong. Goi I, J la tarn cac mat ben noi tr6n vaO 
la tarn dudng trdn ngoai tiep tarn giac ABC. 

a. Chting minh IJ song song vdi mat phing (ABC). 

b. Xac djnh thiet dien cua lang tru vdi mat phang (IJO). Chung minh thiet diin 
la thang cin. Tinh dien tich cua no theo a. 

Giai 

a. Nhftn xet ring: 

IB JC 

=> IJ // BC ci (ABC) => IJ // (ABC). 
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b. Ta I An lirot c 6: 

flJe(IJO) vh BC ( ABC) 

J IJ // BC 

[(UO)rt(ABC) Ox 
-> Ox // IJ // BC 

va Ox cdl AB va AC thco ihi'f (if tai E va F. 

Noi El cat A,B, tai H va itoi FI c3t A,C, tai G 
Nhu vAy, thiet didn la tu giiic F.FGH. 

NhAn xet rdng: 

f(ABC)//(A,B|C,) 

|(IJO)n(ABC) - EF => EF //GH => EFGH la hinh thang 
[(IJO)n(A l B l C,) = GH 

Vi AABC nen AA,B,B = AA t C,C, do do EH = FG. 

VAy, thiet dien EFGH la hinh thang can. 

■ Trong AABC, ta co: 

2a 
3 

Trong AA,B t C|, ta co: 

HG^ _ _A^ BE 1 
B,C, " A,B, BA ~ 3 
Trong AIBE, ta co: 

IE 3 = BI + BE 3 - 2BI.BE.cos I BE 


EF 2 __ 

—■ = - => EF = 

BC 3 


=> HG = - 
3 




I 1 - 2 ' 


aV2 


a *eo 5a2 

- .cos45 =- 

3 18 


aj]0 

=> IE = - 

6 


aVTo 

3 


> EH = 2IE = 

Khi do, xet hinh thang cAn EFGH, ha duong cao HM, ta c6: 

' EF - HG V a-x/39 


HM = VeH 3 - ME 3 = , EH 3 - 


Sefc„= -j(EF + HC.).HM 


2a a 
3 + 3 


aV.39 

6 


a 3 >/39 



Chuy: Trong lcfi giai tren: 

1. 6 cAu a), chung ta co the sir dung nhAn xet: 

a | a 

IJ la duong trung binh cua AA,BC <=> IJ = - BC (ta co IJ = —). 
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2. Khi do, trong cau b), chung ta co the ti'nh do dai HG dua tren ti'nh chat IJ la 
dudng trung binh cua hinh lhang EFGH nhir sau: 

IJ= -(EF + HG)=>HG = 2IJ-EF=2.--= -. 

2 2 3 3 

bai tap nghi 

Bai tap 1: Cho lang tru tam giac ABC. A,B,C,. 

a. Tim giao tuye'n cua (AB,C,) va (BA,C,). 

b. Goi M, N liSn lupt Ik 2 diem bat ki tren AA, va BC. Tim giao die’m cua B,C, 
vdi mat phang (AA,N) va giao die’m cua MN vdi mat phang (AB,C,). 

Bai tap 2: Cho lang tru tam giac ABC.A,B,C,. Goi M la trung di^m cua trung 
tuye'n AI cua day ABC. a la mat phang qua M va song song vdi cac ducmg thang 
AC, va B,C. XAc djnh thie't dien cua lang tru da cho vdri a vi tim ti s6‘ mh thie't dien 
chia canh CC,. 

Bai tap 3: Cho lang tru tam giac ABC.A,B|C,. Goi G. G, theo thd tu la trong tam 
AABC va AA,B,C, 

a. Chung minh rang cac mat phang (ABC,), (BCA,) va (CAB,) co mot didm 
chung O d trfin doan GG,. 

OG 

b. Ti'nh ti s6'-. 

OG, 

Bai tap 4: Cho lang tru tam giac ABC.A,B,C,. 

a. Goi I, K, G l(in iuctt la trong tam cAc tam giric ABC, A,B,C,, ACC,. Chung 
minh rang (IGK) // (BB,C,C) va (A,KG) // (AIB,). 

b. Goi M, N Ian lupt la trung die’m cua BB, va CC,. Hay dung duong thing qua 
trong tam tam gidc ABC cat AB, va MN. 

Bai tap 5: Cho lang tru tam giac ABC. A,B,C,. Cdc die’m M, N Idn lupt la trung 
difim cua BC va CC,. P la diem dd'i xung cua C qua A. 

a. Xac djnh thie't dien cua lang tru vdi mat phang (A,MN). Ti'nh ti s6' mi thie't 
dien chia canh AB. 

b. Xac dinh thie't dien cua lang tru voi mat phang (MNP). Ti'nh ti s6‘ ma thie't 
dien chia h AA, va AB. 

Bai tap 6: Cho lang tru tam gidc ABC.A,B,C,. Goi H la trung diem cua A,B,. 

a. Chung minh CB, song song vdi mat phang (AHC,). 

b. Tim giao diem cua AC, vdi (BCH). 

c. Mat phang a qua trung di^m cua CC, va song song vdi AH va CB,. Xic 
djnh thie’t dien vd ti s 6 ma cac dinh cua thie't dien chia canh tuong ung cua 
lang tru. 

j Bai toan 2; Sir dung ti'nh chat cua hinh hdp - Thiet di6n. 1 

PHUONG PHAP CHUNG 

1. Nam vung djnh nghia va cac ti'nh chat cua hinh hdp de ve hinh va chdng 
minh mdt sd' ti'nh chat khac. 

2. Vide xdc djnh thie't dien cua hinh hdp cat bdi mdt mat phang cung tid'n hanh 
tuong tu nhu dd'i vdi hinh lang tru. 
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Yi^iLL Cho hinh h6p A BCD. A B C D 

a Chung minh ring(BDA )//iB D,C). 

b Chiing minh duong chco AC, di qua cac trong tim G, G, cua AA,BD vi 
ACB,D, va G, G, chia doan AC, lam 3 phan hang nhau. 
c Xac djnh thict dien cat hoi mat piling (A,BG,) vai hinh hop da cho. Thiel 
dien la hinh gi ? 

d Goi O, K lin lucrt la tarn cac hinh hinh hinh ABCD va BCC,B,. Xac dinh 
thifi’t difin cat boi mat phing (A,OK) vai hinh hop da cho. 

Giai 

a. Goi O, O. theo thur tu la tarn cua cac hinh binh hanh 
ABCD va A.B,C|D|, ta co: 

| A.C //CO, 

\ ' ' =>(BDA,)//(B,D,C). 

[BD//B,D, 

b. Vi AC,. AO. CO, cling nim trong mat phing 
(ACC,A,) nen goi: 

G = AC, n> A,0 va G, = AC, n CO,. A 

■ Trong AA,BD. didm G thuoc trung tuyen A,0 va vi AO // A,C, nen: 

GO AO _ \_ 

GA, " A,C, " 2 
do do, G la trong tim AA,BD. 

■ Chung minh tuong tu G, la trong tarn ACB,D,. 

Nhin xet ring OG, 0,G, theo thu tu la ducrng trung binh cua AACG, va AA,C,G 

nen: 

AG = GG, = G,C, 

tdc la G, G, chia doan AC, lam 3 phin bang nhau. 

c. Keo dai B,G, cit CD, tai P. ta co P la trung diem cua CD, vi G, li trong tim 

acb,d,. 

Ta co: 

A,B, g (A,B,G,) va C,D, e (CDD,C,) 

A,B, //C,D, => Px // A,B, // C,D, 

(A^.G.intCDD.C,)^ Px 
gia su Px theo thu tucit CC, v;i DD, tai M va N. 

Khi do, ta nhin ciuoc Ihiei dien A,B,MN la hinh binh hanh. 

d. Ta lin luot co: 

• Trong (A,B,CD) gia su: 

A,K n DC = I. 

■ Ndi IO cit BC vi AD theo thd tu 
tai E va F. 

■ N6i KEcit B,C, tai H. 

N6i A,F vi A,H nhin dupe thiet dien 

A,FEH li hinh binh hinh. 
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Vi du 2: Cho hinh lap phucmg ABCD.A,B,C,D, canh a. Goi M, N, P ldn Iuot la 
irung didm cua AB, B,C, vd DD,. 

a. Chung minh (MNP) song song vdri cac mat phang (AB,D,) va (BDC,). 

b. Xac dinh thiet dien cua hinh lap phucmg vdri mat phang (MNP). Thidt didn la 
hinh gi ? Tfnh dien tich cua no. 

Giai 

a. Goi O, O,, I theo thtf tu la tarn cuacdc hinh vudng ABCD, A|B,C|D, va BCC,B,. 

Nhan xet rang: 

" ' - * I " I— D, C, 


p 

D 



.() 


MO = - AD = - A,D, = — B,C, = NC, 

2 2 2 
<z> MOC,N la hinh binh hanh 
=>MN//OC,. (1) 

//I II I Hi II 

NI = -BB, = -AA, - -DD, - PD 
2 2 2 
<=> NIDP la hinh binh hdnh 
=* PN // DI. (2) 

Tir (1) va (2) suy ra (MNP)//(BDC,). 

Mat khdc: 

AO, HC. O 

B,D,//BD -<AB,D r )//<BDC,,. 

Vay, (MNP) song song vdi ciic mat phang (AB,D,) vd (BDC 
b. TCr kdt qua cdu a), ta nhdn xet: 

(AB,D,)//(MNP) 

(AB,D|)n(A,B,C,D,) = B,D, 

(MNP)n(A,B,C,D,)= Nx 

suy ra Nx song song voi B,D, vd cat C,D, tai F la trung 
did’m ciia C,D,. 

(C,BD)//(MNP) 

(C,BD)n(ABCD) = BD 
(MNP)n(ABCD) = My 
suy ra My song song vdri BD vd cat AD tai Q la trung did'm cua AD. 

Kdo dai FN cat A ,B, tai G, ndi GM cat BB, tai E. 

Vay, thidt didn cua hinh lap phucmg vdi mat phang (MNP) la luc giac MENFPQ. 

Dua theo tfnh chat dudng trung binh ta thdy ngay MENFPQ la luc gidc d<u cd do 

... . . • aV2 

dai canh bang . 

Khi d6: 



i = 6. 


& 


3a 2 -/? 
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BAI TAP t)£ NGHI 

Bai tap 1: Clio hinh lap phuong ABCD.A.B^D, canh a. Goi a la mAt phAng qua 
lam O cua mat ABCD va song song voi B,D va R( , 

a. Xac dinh thiet dien cua h'mh Ifip phuong voi mAt phAng a. 

b. Tinh dien tich thiet dien ihco a. 

Bai tap 2: Cho hinh lAp phuong ABCD.A^CD, canh a. Tr6n AB. CC,. C,D, va AA. 
Ian luot lay cac diem M. N. P. Q saocho AM = C N = C,P = AQ - x, vori 0 < x < a. 

a. Chung minh 4 diem M. N. P, Q dong phAng va MP. NQ cAl nhau tai mot 
diem cb dinh. 

b. Cht'rng minh mat phAng (MNPQ) luon clu'ra mol durdng thang c6 dinh. Dinh 

xd4 , (MNPQ)//(A,B l C l ). 

c. Dimg thiet dien cua hinh lap phuong cat bbi (MNPQ). Thiet dien c6 dAc diem gi 
ve canh ? Tinh gia tri ktn nh;\‘t va nho nhA't cua chu vi thiet dien. 

Bai tap 3: Chung minh rAng trong hinh hop. tong cac binh phuong cua bon dudng 
cheo bAng tong cac binh phuong lat ca cac canh. 

Bai tap 4: Cho hinh hop ABCD.A,B|C|D|. Goi M. N, P, Q, R. S thco thu tu la (rung 
diem cua cac canh AB, BC, CC h C ( D S , D,A„ A, A. 

a. Chung minh rang sau diem M, N, P. Q. R. S dong phAng. 

b. Chung minh rang luc giac MNPQRS co tSm dbi xung la giao difim cac dudng 
cheo cua hinh hop. 
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CHU DE 5 

HiNH CHOP CUT 


I. KI£n THL’C CO BAN 

1. DINHNGHlA 

Cho hinh chop SA,A ; ...A n . M6i mat phlng a song 
song voi mat phlng chua da giac day clt cac canh SA,, 

SA ; , .... SA„ theo thur tu tai A’„ A\, .... A’„. Hinh tao 
boi thill dien A’,A\ ...A’„ vi day A,A,...A„ cua hinh 
chopcung vdi cdc mat ben A,A ; A\A’ ( , A,A,A\A\, 

A„ A, A", A'„ goi la m6t hinh chop cut. 

Trong do: 

■ Day ciia hinh chop goi Id day Ion cua hinh chop 
cut, con thill dicn goi la day uho cua hinh chop 
cut. 

■ Cac miil con lai goi la cac mat hen cua hinh chop cut. 

■ Canh chung cua hai mat bin kl nhau nhu A,A',, A>A\, ...A„A\, goi la canh 
bfin cua hinh chop cut. 

Tuy theo day la lam giac, tii gi.ic, ngu giac,.. ta co hinh ch6p cut tarn giac. hinh 
chip cut tugiac. hinh chop cut ngu giac.... 

2. tinhchAt 

Vdi hinh chop cut, ta co cac tilth chit sau: 

1. Hai day cua hinh chop cut Id hai da gilc ding dang. 

2. Cac mat ben cua hinh chop cut la cac hinh (hang. 

3. Cach canh ben cua hinh chop cut dong quy tai mot di£m. 

Cln'fng minh 

1. Vi a // (A|A,...A„) nen (theo dinh li " Nen hai mat plaing song song hi cal hoi 
nipt mat pining thirha llii hai giao tuyen song song vdtiihan")-. 

A,A,//A\A\, 

A.A,//A\A\, 

A„_,A„ // A'„.|A , „, 

nfin hai da giac A|A ; ...A„ va A',A'. ...A'„ ddng dang vcri nhau. 

2. L,;)p ludn nhu I) ta thfly ngay cac mat ben cua hinh chop cut la cac hinh thang. 

3. Cac canh ben cua hinh chop cut ding quy tai mol dilm theo djnh nghTa. 

II. VI Dll MINH HOA 

yidiLU Cho hinh ch6p cut ABC.A,B|C, trong do ABC la day Ion. Goi M. N, P 
theo thd tu la trung dilm AB, BC, CA va M,. N,, P, theo thur tu la trung di£m A,B,, 
F>,C„ C,A,. 

a. Chung minh ring cac duemg thing MM,, NN,, PP, d6ng quy. 

b. Chung minh ring MN // M,N„ NP// N,P„ PM // P,M,. 

Gidi 

a. Goi S la dilm d6ng quy cua cac duong thing AA,, BB„ CC,, ta co: 


S 
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AB//A.B, 

M, M, theo thi'r tu la tmng diem cua AB. A,B 
suy ra S e MM,. 

Tuong tu, ta cung co S e NN, va S e PP, 

V;)y, cac duong thing MM:, NN . PP, dong quy tai S. 
h- Theo tfnh chit duong tmng binh. ta to: 

MN//AC 
M,N, // A,C, 

ngoai ra, theo tfnh chat hinh chop cut AC // A,C, nen MN 
Tuong tu, ta cung co NP // N, P . PM // P.M, 

BAI TAP d£ NGHI 

Bai tap 1: Cho hinh chop cut ABCD.A B^.D, trong do ABCD la day Ion co di£n 
tfch bang s, va A|B|C,D, la day nhoco dien tfch bing s ; . 

a. Goi S la ditin dong quy cua cac duong thing AA,, BB,, CC,, DD,. Qiung minh 
ring: 

SA I _ SB l _SC l SD| 

SA ” SB " SC ~ SD 

b. Goi M la trung didm AA„ mat phing a qua M va song song vdi mat phing day 
(ABCD). Xac djnh thiet dien cua hinh chop cut vdi mat phing a. Tfnh dien tfch 
thifit didn theo s, va s : . 

Bai tap 2: Cho hinh chop cut ABCD.A,B,C,D, trong do day Ion ABCD la hinh binh 
hanh. Goi M, N, P, Q I in luot la cac giao diem cua cac cap duong thing AD, va BC„ 
CB, va DA,. BA, va CD,, AB, va DC,. Qiung minh ring bon didm M, N, P, Q ddng 
phing. 


S 
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CHU DE 6 

PHEP CHlfiU SONG SONG 

I. KIEN THLfC CO BAN 

1. PHEP CHlliU SONG SONG 

Cho mat phing a vd m6t ducmg thing / khong song song vdi a. 

Vdi m6i diem M trong khdng gian, dirong thing qua M 
song song vdi / se cit a tai difim M'. Diem M’ dupe goi la 
liinli chieu song song cua difim M tren mat phing a theo 
phuong /. 

Mat phing a goi la mat pining chieu. 

Phep dat tirong img m6i dithn M trong kh6ng gian vdi hinh chieu M' cua n6 trCn a 
dupe goi la pliep chieu song song ten mat plidng a theo phttong I. 

Chit y: Neu a // / thi hinh chi£u cua a l£n a la mdt di£m tr£n a (chinh li giao diem cua 
a voi a), do vdy ede tinh chit trong phin sau chi xet nhQng doan thing ho;}c ducmg 
thing khong song song vdri /. 

2. CAC TINH CHAT CUA PHEP CHtf-U SONG SONG 
f)inh li 1: Phep chieu song song hien ha diem Iluing 
hang tlidnh ha diem lining hang vd khong lam lliay 
doi thifttinia ha diem do. 

He qua: Hinh chieu song song ciia dating lining Id 
dating lining, ciia tia Id lia, cua doqn lining Id doqn 
t luing. 

Dinh li 2: Hinh chieu song song cua liai dating lining song song Id hai dating lining 
song song hope Irung nhau. 


He qua: Hinh chieu song song ciia mol hinh hinli Iniiih klidng mini H ong unit pining 
sbng song vtii phamig chieu Id nidi hinh hinh lidnh. 

Dinh li 3: Phep chieu song song klidng I dim lliay doi li 
so dp ddi ciia hai doqn lining hope song song hope 
( img ndm Iren mot dating lining. 

Tuc la: 

AB AJT 
BC ~ BC 

3. HiNH Blf-U Dl£N CUA M0T HlNH KHONG GIAN TRfcN MAT PHANG 

Ta thuemg ve ede hinh khong gian nhu hinh chop, hinh lang tru,... tren bang hay 
tren trang giiy, cac hinh ve do goi la hinh hien <lien ciia mol hinh klidng gian Iren 
mat pining. 
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3.1. Dinh nghia 

Dinh nghia'. Hinh bint dint < tin mol limit H trong khdng gitin lit hinh chieu song song 
cua H It'ii mot nuit pitting min tin theo mot phuong chieu nao do. 

3.2. Cac yiu cau ddi vdi mot hinh bieu dien 

1. Hinh bieu then pluii thing: Do vc dung chung la cAn quan tim tdi cac yiu to 
diroc bao toan sau: 

a. Sir thAng hang va thu tu cua cac diem Iron mot dudng lining. 

b. Sir song song cua cac dudng thang, cac tia hoac cac doan thang. 

c. Ti s6 do dtii cua cac doan thang cung phucmg. 

Nhu vfly, nic tinh chat nia hinh khbng thny dot quo phep chieu song song 
den ditctc giihi nguyen tren hinh bieu dien. 

2. Hinh bieu dien pluii nor. Giup chung ta de tudng tuqng. 

Chung ta c6: 

• Tam giac: Mdt AABC co the xem la hinh bieu diin cua mdt tarn giac bat ki 
(diu, can, vudng). 

■ Hinh binh hanh: Mot hinh binh hanh ABCD co the xem la hinh biiu diin 
cua cac loai hinh binh hanh nhu hinh vudng, hinh chu nhAt, hinh thoi va 
hinh binh hanh bat ki. 

■ Duong trdn: Di biiu diin dudng iron chiing ta sir dung mot hinh Elfp. 


II. CAC VI DU MINH HO A 


Vi du 1: Hinh chii'u song song cua hai dudng thang cheo nhau co the song song 
vdi nhau hay khdng ? 

Giai 


Tir hinh ve. ta thAy hinh chii'u song song cua 
hai dudng thang cheo nhau a va b theo phucmg 
chii'u / trin mat phfmg a co thi song song vdi 
nhau. Trirdng hop nay xay ra khi" Mot pining [i 
song song vdi o vt) b se cliifti I hoac song song 
vdi I 



Vi dy 2: Cho tu dien ABCD. Gpi G la trong tAm AABC. 

a. Chung minh hinh chii'u song song K cua diem G trin mat phdng (BCD) theo 
phucmg chid'u AD la I rang tAm ABCD 

b. Goi M, N, P lAn luot In irung diim cua cac canh AB, AC, AD. Tim hinh 
chii'u song song cua cac diem M. N. P trong phep chii'u song song d cAu a). 

Giai 


TCr gia thii't, ta duoc: 

GK //AD, 

AG n DK = E la irung diim BC. 


suy ra: 


EK EG I 

-=-- .->K la trong tarn ABCD. 

KD GA 2 

Ta kin luot thuc hiin: 

■ Trong (ABD) dung Mx song song vdi AD va cat BD taiCM', khi do M’ chinh 
la hinh chieu song song cua diim M trong phep chii'u song song d cAu a). 
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• Vi N thudc AD nen D chi'nh la hinh chie'u song song cua die’m N Irong pbiep 
chie'u song song a cAu a). 

■ Trong (ACD) dung Ny song song vdri AD vA clt CD tai N', khi do N' chunh 
1A hinh chieu song song cua diem N trong phdp chie'u song song a cAu a). 

Vi du 3: Cho ba diem A, B, C nAm ngoai mat phAng a. Gia sir BC song song -vdi 
a, con AB va AC cAt a lAn lupl tai D va E. Hay chon phucrng chieu / sao cho hiinh 
chieu cua tam giac ABC trdn a theo phuong / la mbt tarn giac deu. 

Gidi 

Thuc hidn cdch dung: p 

■ Trong mat phAng a, dung die'm A’sao cho AA’ED deu. /\. 

■ Dung hinh chie’u B', C' cua B vA C trdn mat / C 

phAng a theo phucrng chie’u A A’. / 

Ta di chung minh AA’B’C' la tam giac deu. ** / 

That vAy, ta co ngay: / ,, — f 

E, A’, C'thang hang / G 

D, A', B’ thAng hAng Ai\ _^ 

ED//BC’ 

suy ra AA'DE vA AA’B’C’ d6ng dang, tuc la AA’B’C’ la tam gidc deu. 


BAI TAP Dfi NGHI 

Bai tap 1: Hinh chie'u song song cua hai duftng thAng cAt nhau c6 the' song song 
vdi nhau hay khdng ? 

Bai tap 2: Cho hai di^m A vA B 6 ngoAi mat phAng a. Goi A' vA B’ theo thu tut 1A 
hinh chie’u song song cua hai die'm A vA B tren mat phAng a theo phucrng cua dudmg 
thAng / cho trudt. Chung minh ring " Nett AB song song vdi a tlti AB = A’B " . 
Dao lai co dung kh6ng ? 

Bai tap 3: Cho hai diem A vA B a ngoAi mat phAng a, gia sir duimg thAng AB cAit a 

tai O. Goi A' vA B’ theo thir tu IA hinh chie’u song song cua hai di^m A vA B tirdn 

mat phAng a theo phucrng cua duimg thAng / cho truck: nAo do. 

a. Chung minh rang ba didim O, A’, B’ thAng hang. 

b. HAy chon phucrng / sao cho: 

AB = A’B’ AB = 2A’B’. 

Bai tap 4: Chung minh ring trong tAm G cua AABC co hinh chie'u song song 1A trong 
tAm G’ cua AA’B’C’, rrong do AA’B’C’ 1A hinh chid’u song song cua AABC. 

Bai tap 5: Trong mat phAng a cho AABC bit ki. Chimg minh ring co the’ xcm: 

a. ABC IA hinh chie'u song song cua mot tam giac cAn nao do. 

b. ABC IA hinh chie'u song song cua m6t tam giac d£u nao do. 

c. ABC IA hinh chie'u song song cua mbt tam giac vubng nao do. 

Bai tap 6: Trong mat phAng a cho hinh binh hanh ABCD bat ki. Chung minh r;Arg 
co t^ xem: 

a. ABCD la hinh chie'u song song cua m6t hinh chfr nhAt nao do. 

b. ABCD la hinh chie'u song song cua mot hinh thoi nao do. 

c. ABCD la hinh chie'u song song cua mot hinh vuong nao do. 
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bAi tap On chltong ii 

Bai lap 1: Khi giai mot bai loan, mot hoc sinh da ve tu difin. Irong do da dung 
mot thiet dien (h'mh dudi). Hinh ve co dung khdng ? 


C 



D 

Bill tap 2: Cho hinh chop S.ABCD day ABCD la hinh binh hiinh. Mol mat phing 
a cat SA, SB, SC, SD Idn lupt tai A'. B', C, D - . Chung minh rang di4u kien can va> 
du (16 ABCD' la hinh binh hiinh lii a song song vdi (ABCD). 

Biii tap 3: Cho tudien deu ABCD canh a. Goi I, J la trong tAm cac tam giac ABC va 
DBC. Mat phing a qua IJ cit cac canh AB, AC, DC, DB tai M, N, P, Q. 

a. Oiling minh MN, PQ. BC ddng qui hoac song song. 

b. Dat AM = x, AN = y. Chung minh ring a(x + y) = 3xy. 

c. Tiiih dien tfch tii giiic MNPQ theo a, x va y. 

Biii tap 4: Cho hinh chdp S.ABCD, day ABCD la hinh vudng canh a, tiim O. SA = 
SB = SC = SD = a. Goi M lii mot diem tren doan AO; a lii mftt phdng qua M vh 

song song vai AD va SO. Dat —- - k , vdi 0 < k < I. 

AO 


a. Chung minh thiei dien cua hinh chop da cho ciit bdi a lii hinh thang c3n. 

b. Tfnh cac canh cua thiet dien theo a va k. 

c. Tun k de thifi't di6n tren ngoai iiep dupe mot dudng tron. Trong trudng hop 
nay hay tiiih didn tfch thiet dien theo a. 

Biii tap S: Oio hinh chop S.ABC. O la mot diem ben trong tam giac ABC. Qua O 
ve nhffng dudng thing l«\n lupl song song vdi SA, SB, SC cat cac mat phing (SBC), 
(SCA), (SAB) theo thu tu tai A'. B', C'. 
a, Chi each dung cac di£m AB', C. 


b. Chung minh ring tdng * ~~ i co gia trj khdng ddi khi O di ddng 
trong tam giac ABC. 

c. Dinh O de OA’.OB'.OC’ co gia tri Idn nha’t. 

Biii tap 6: Cho hinh hinh chop S.ABCD. day lii hinh thang vdi AD // BC. M lii mot 
diem di ddng bdn trong Id giac ABCD. Qua M vc nhfrng dudng thing liin lupl song 
song vdi SA, SB cit cac min piling (SBC) vii (SAD) theo thu tu tai N va P. 

a. Neu each dinig cac diem N, P. 

, MN MP, 

b. Chung minh - * khdng ddi. 

SA SB 

c. Tun tap hp|i diem M sao cho dien Itch tam giac MNP co gia tri Idn nhat. 
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Bai tap 7: Cho hinh chop S.ABCD. Tu giac day co AB vA CD cat nhau tai E. AD 
va BC c3t nhau tai F, AC va BC cAt nhau tai G. a la mat phAng cAt SA. SB, SC ISn 
lupt tai A’, B', C. 

a. Tim giao diPm D' cua SD vdi a. 

b. Tim diPu kipn cua a dd A'BV/CD'. 

c. Vdi diPu kifin nao cua a thi A’B’CD' la hinh hanh? Chdng minh rAng khi 
do SA i ^ SB i SD 

° SA SC ~ SB SD 

Bai tap 8: Cho hinh chop S.ABCD day la hinh binh hAnh. M va P la 2 diPm lAn 
MA PS 

lucrt di ddng trfin AD vA SC sao cho-= — = x > 0. 

MD PC 

a. Chung minh rAng MP Iu6n luon song song vdi mot mat phAng a c6 djnh. 

b. Tim giao diPm I cua mAt phAng (SBD) vdi MP. 

c. Mat phAng qua M va song song vdi a cAt hinh chop S.ABCD theo mot thiPt 
diPn va cAt BD tai J. Chung minh IJ co phttong khong doi. 

d. Dinh x d£ diPn tich thict dien bang k lAn diPn tich ASAB, vdi k duong cho 

trudc. 

Bai tap 9: Cho lAng tru ABC.A'B’C'. Goi M. N, P la 3 diem lAn lupl nam Iren ba 

doan AB', AC’ va B'C sao cho ^ ^ =— - x. 

AB' AC CB' 

a. Djnh x dP (MNP) // (A’BC’). Khi do hay tilth difin tich cua thiP't diPn cAt bdi 
mAt phAng (MNP), biPt tarn giac A'BC’ IA lam giac dPu canh a. 

b. Tim tAp hpp trung diPm cua NP khi x thay ddi. 

Bai tap 10: Cho mAt phAng a vA 2 dudng thAng chco nhau d,, d, cAt a tai A, B. 'A) 
la dudng thAng thay ddi ludn luon song song vdi a. cAt d, tai M. d. tai N. Dtumg 
thAng qua N va song song vdi d, cAt a tai N’. 

a. Tu giac AMNN’ la hinh gi ? tim tAp hpp diem N'. 

b. XAc djnh vj tri cua (A) dP MN co dp dai nho nhAt. 

c. Goi O la trung diPm cua AB, I la trung diem cua MN. Chung minh Ol la 
dudng thAng c6 dinh khi M di dong. 

d. ABMN vudng cAn tai B vA BM = a. Tinh dien tich thiP’t diPn cua hinh chop 
B.AMNN’ vdi mAt phAng qua O vA song song mat phAng (BMN). 
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CHl/ONG III 

Qt AN IIE VlO^fi GO€ 

CHU DE 1 

HAI DUC5NG THANG VUONG GOC 

I. KIEN THlfC CO BAN 

1. GOC GlCTA HAI Dl/dNG THANG CAT NHAU 

Cho hai dircmg thdng a, b cal nhau tai O. Chung tao 
Dinh nghia: S6 do cua goc nho nhal Irong bon goc 
citioc goi la so do ciia got hop hoi hai (lifting lining a 
hay doll gian la goc giifa hai throng lining a \ a h. ki hi 
la (a.b) hay ( h.a). 

Dac bi6t: 

■ Khi a v?i b trung nhau thi (a.b) = 0". 

■ Khi a vh b vudng goc thi (a. b) = 90". 
nhu vay. ta luon co 0 < (a.b) < 90". 

2 GOC GILTA HAI DlTCJNG THANG BAT KI TRONG KHONG 
Dinh nghia: Got giifa hai (lifting lining a, h Id got giifa 
liai tlifting lining cal nhau a'. h' Ian hfOl song song vdi a 
yd h. ki hieu la ( a.b) hay ( h.a ). 

Chu y: Del xac djnh (a.b ) la cd the lay didm O nAm ngay 
lien mot irong hai dirdiig thang do. 

3 HAI DL/dNG THANG VUONG GOC 
Djnh nghia: Hai (lifting lining goi Id vudng got vdi nhau 
nen got gii'ra cluing hang 90" 

Nhu vay: 

a ibo(a,b) = 90". 

4 Llf-N H$ GILTA QUAN H$ SONG SONG VA QUAN H$ VUONG GOC CUA HAI 
DOCJNG THANG 

Dinh li: Clio liai (lifting lining song song. Dining lining ado vadng got vdi (lifting 
lining lliif nln'il llii vudng goc vdi (lifting lining lliifliai. 

Tire la: 

fa//b 

Cii, 3cib 

Chu y: 

I Trong kliong gian, hai dircmg thang vuong goc thi hoac cat nhau hoac cheo 
nhau. 



thanh bon goc 
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2. Trong mat phflng, hai dudng thang phan biet cung vuong gdc vdi dudng thing 
thir ba thi song song vdi nhau. nhung trong khong gian thi khong con diing. 


II. CAC DANG TOAN LIEN QUAN _ 

| Bai loan 1: Ti'nh goc giura hai dudng thang cheo nhau. 


3 


PHLONGRHAP CHUNG 

Dd’ tinh goc giQa hai dudng thang cheo nhau a va b. ta thuc hien theo cac bude 


Btftk I 


2 : 


Tim fine bang vide lA’y mdt didm O nAo do (thong thudng Oca hoAc 
O e b). Qua O dung a’ va b' theo thur tu song song vdi a va b. 

Khi do, goc nhon hoac vudng tao bdi a'va b’ la goc giua a va b. 

Tinh goc: Su dung ty so lugng giac cua goc trong tarn giac vudng hoac 
dung dinh If ham sd‘ cdsin trong tarn gidc thudng dd xac djnh sd' do 
goc giua a’ va b\ 

Cho tu didn ABCD. Goi M. N I an luot la trung diem cua ede canh BC, 


Vi du 1; 

AD. 

a. Hay tinh cosin cua goc giua AB va DM, biet ABCD ta tu didn ddu cd canh 
bang a. 

b. Hay tinh goc giua AB va CD, biet AB = CD = 2a va MN = a . 

Giai 

a. Goi E ia trung didm cua AC, ta cd: ^ 

EM // AB va EM = ~. 

do do ( AbTdM ) = ( MDTmE ). A 

Xdt ADEM, ta cd: 

a>/3 f 

DM = DE = , trung tuyd'n trong tarn giac ddu 


cosDME = 


DM 2 4 EM- [)F- 
2 DM.EM 


I 

2v/3 


A 

6 



vay cos(AB, DM) = — . 

6 


b. Goi O la trung didm cua BD, ta cd: 

ON // AB va ON = a 
OM // CD va OM = a 
do dd (AB, CD) = (OM, ON). 

Goi I la trung didm MN, trong AIME vudng tai I, ta cd: 

sin MOI = = — => MOI = 60° 

OM 2 


=> MON = 2MOI = 120°^(OM.ON)= 180"- I20" = 60". 

VAy (ABXD) = 60°. 
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Vi tin 2: Cho hinh chop SABCD co day ABCD la hinh hinh hanh vdi AB = a, 
AD = 2a, SAB la lam gidc vuong can lai A, M la diem tr£n canh AD (M khac A va 
D) Mat phfing a qua M song song vdi mat phdng (SAB) cat BC, SC, SD I fin luot tai 
N.P.Q. 

a. Chung minh rang MNPQ la hinh thang vuong. 

b. Dili AM = x. Tinh dien itch cua MNPQ theoa va x. 

Gidi 


|o //(SAB) 

L fi(SAD) = MQ MQ // SA. 

|<SABjn(SAD) = SA 
|rv//(SAB) 

a D(ABCD) = MN MN // AB. 

(SAB)n(ABCD) = AB 


(I) 


( 2 ) 



Tir(l) va (2) suy ra NMQ =90". 

Mat khac, ba mat phdng (ABCD). (SCD) va « cat nhau theo ba giao tuyen MN, 
CD, PQ co: 

MN // CD => MN // PQ -> MNPQ la hinh thang vuong. 
b. Ta co: 


Smnpq = j(MN + PQ).MQ. 

Ta co ngay MN = AB = a. 

Trong ASAD, ta co: 

MQ DM AD AM 2a x _ 2a - x 

SA ~ DA DA 2a 2 

Trong ASCD, ta co: 

PQ SQ AM x pQ_ x 

CD SD AD 2a 2 

Thay (4), (5), (6) vao (3), ta duoc: 

„ I , x , 2a- x I , • 

Smntq — X ( a "*■ t ) ~ — ~ (4a - x ). 

- - H 


(3) 

(4) 

(5) 

( 6 ) 


BAI TAP NfiHI 

Bai tap I: Cho tur di6n ABCD Goi M. N Ian iirpi la trung diem cua cac canh BC, 
AD. Hay tilth gdc gifra AB va CD. bict AB = CD = 2a va MN = a yji . 

Bai tap 2: Clio hinh hop chtr tthal ABCD.A.B.C D : co AB = a, BC = b va AA. = c. 

a. Hay ttnh goc gifra AD va B,C. 

b. Hay tilth gdc gifra AB va A C. 

Bai tap 3: Clio tu dicn ABCD co AB = a, CD - b. Doan IJ itoi trung diem I cua 
AB la trung diem J cua CD. (iia sir AB vuong gdc vcVi CD. a la mat phang qua M 
tren doan IJ va song song vdi AB va CD. 

a. Tim giao tuyen cua a vdi mat phang (ICD). 
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b. Xac djnh thid't dien cua ABCD vdi mat phing a- Chiing minh thifit didn la 
hinh chu nhat. 

c. Tmh dien tich thiet dien, biei IJ = 3IM. 

Bai tap 4: Trong mat filing a cho AABC vudng tai A, B = 60", AB = a. Goi O la 
trung didm cua BC. Lay didm S d ngoai a, sao cho SB = a va SB vu6ng gdc vdi 
OA- Goi M la mot didm tren canh AB, mat phing P qua M va song song vdi SB va 
OA, cit BC, SC, SA Ian luqt tai N, P, Q. Dat x = BM. vdi 0 < x < a. 

a. Chiing minh MNPQ la hinh thang vuong. 

b. Tilth theo a va x difcn ti'ch cua hinh thang nay. 

c. Tinh x dc dien tich nay Idn nhit. 



I ^a* loa n 2: Cluing minh hai difang thang vudng goc vdi nhau. 

PHLONt; PHAP CHlINtl 

DC cluing minh a vudng goc vdi b, ta lua chon theo hirdng: 

Huong I: Chiing minh (a, b) = 90°. 

Huong 2: Str dung ket qua vd lidn he giCra quan hd song song va quan hd vudng 
goc cua hai dirdng thing. 

Vi du 1: Cho hinh tii didn ddu ABCD canh bang a. Goi O la tim dirdng trdn 
ngoai tidp ABCD. 

a. Chiing minh rang AO vudng goc vdi CD. 

b. Goi M la trung did’m CD. Tmh goc gifra AC va BM 

Giai 

a. Qua O dung dirdng thang song song vdi CD, cat BC, 

BD theo thii tir tai E va F, suy rd: 

( AOCD ) = AOF. 

Ta cd: 

[BE = BF 
EF//CD \ 

BC = BD | °E = OF 

MC - MD 

Xet hai tarn giac AABE va AABF, ta cd: 

BF. = BF 

AB chung AABE=AABF AE = AF 

ABE = ABF = 60" 

<=> AAEF cAn tai A => AO 1 EF <=> AOF = 90° AO 1 CD. 

b. Hot' si nil tif lain - Dap so . 

6 

Vi du 2: Cho hinh chop S.ABCD day ABCD la hinh binh hanh. SAB va SAD la 
cac tarn giac vudng tai A. 

a. Chiing minh ring SA vudng goc vdi BC va CD. 

b. Chirng minh ring SA vudng goc vdi AC va BD. 
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Gi'fl'i 


a. T;i co: 


BC//AD 


BCJ.SA 


> CD 1 SA. 


| AD i SA 
[CD//AB 
IAH L SA 

Trdn lia SA liy dielm S' sao cho AS = AS’, ta co. 

AB, AD <Mu la trung true cua SS’ 

=> BS = BS' va DS = DS’ ASBD = AS’BD (c.c.c) 



-> OS = OS' T7> AOSS’ can tai O r=. OA 1 SS’ <^> AC 1 SA. 

Trong (CSS") ke Ox song song vdi SS’ va c;1t SC. S’C theo thd tu tai H. F va la 
trung diem cua mdi dudng. ta co ngay: 

HF//SA. 

Mat khac, vi: 

ASBC = AS’BC (c.c.c) BE = BF => ABEF can tai B 
:=> OB 1 EF <=> BD 1 SA. 

ChU y: Di nghi cac em hoc sinh di xuit mot each giai khac de chutig minh SA 
vudng gdc vdi BD. 


BAf TAP NGHI 

Bai tap 1: Cho tu dien ABCD co AB - CD - a. AC = BD = AD — BC = b. 

a. Chung minh rang doan noi trung diem cac cap canh doi thi vudng goc vdi 
hai canh do. 

b. Tfnh goc hop bai cac canh doi cua tur dien. 

Bai tap 2: Cho hinh hop ABCD.A^C.D, co tat ca cac canh deu bang nhau. 

a. Chung minh ring AC vuong goc vdi B,D,. 

b. Chung minh ring AB, vuong goc vdi CD,, 
e. Chung minh rang AD, vudng goc vdi CB,. 

Bai tap 3: Cho hinh td dien deu ABCD. Chung minh rang cac cap canh doi cua tu 
didn vudng gdc vdi nhau. 

Bai tap 4: Chdng minh ring neu dudng thing d vuong gdc vdi hai dudng thing 
cit nhau a va b nim trong mat phing a thi no vudng gdc vdi moi dudng thing nim 
trong a. 
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CHU DE 2 

di/3ng thAng vuOng goc vcn mAt phAng 

I. Klf'N THUC CO BAN 

1. dinhlimodAu 

Neu Pitting than# d voting goc voi hui throng thong 
cot nhon a vo b ntinv trong mot phang a rhi no voting goc 
voi nioi doting tlidng mini trong a. 

Nhu v3y: 
acWl b 

=> Vc c a lu6n co d 1 c. 

d 1 a vg d 1 b 

2. di/Ong thAng VUONG GOC Vdl MAT PhAnG 
Dinh nghia Mot throng lilting gpi la voting got voi mot noil pining khi no voting 
goc voi tnpi thrt'tng thong chira h ong mot pitting tlti. 

Khi duemg thAng a vuong g6c voi mat phang a, la ki' hidu la a 1 cx hay a ! a. 
Dinh li I: Tit mtit them O cho tnroc, to thing throe mot vii chi mtit nipt pining voting 
gtic voi mtit throng thiing tl cho tnroc. 

Cach dung: 

■ Qua O dumg duong thAng d’ // d. 

■ Lay hai mat phang phan bidt (P) va (0) cimg di 
qua d'. Trong (P) dung duemg thAng a qua O va 
vudng gdc vdi d'. Trong (Q) dung dudng thAng b 
qua O va vudng gdc voi d' 

Khi do (a. b) chinh la mat phAng cAn dimg. 

He qua T. Cho tnroc them O va throng thiing a Neo t/oo O to tiling dieting thong h 
voting gtic voi a tlii h chtita trong mtit phang t/oo O voting gtic vtii o. 

He qua 2: Cho loti Pitting tilting voting gtic voi nhon. Khi rlo t o mtit va chi mtit nipt 
pining chiru Pitting fining nay vii voting gtic voi Pitting thong kin. 

Dinh li 2 : Tit mtit diem O cho tnftit to thtiig dtroc mtit va va chi mtit Pitting thong P 
voting gtic voi mot mtit pining a clio tnroc. 

Cach dimg: 

■ La'y duemg thAng a nAm trong a. 

■ Dung mat phAng (P) qua O vuong goc vdi a cAt a 
theo giao tuyd'n b. 

■ Trong (P) dung duimg thAng d qua O va vudng 
goc vdi b 

Khi dd d chinh la duong thAng cAn dung. 

3. li£n h£ giCa quan h£ song song va quan h£ vuOng goc cua dU&ng 
thAng vA mAt phAng 

Chung ta co cac md'i lidn hd sau: 
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Clio luii difting thang song song. Mat phiing two 
voting got vtii tinting lilting nay thi ciing voting 
got vtii (lifting tilting kia. 

Tire la: 


fa Hb 

la 1 a 


a l 







2. Clio liai noil pining song song Difting lining ntio 
voting got • vtii null pitting nay tlii ciing voting got 
vtii mat pining kia. 

Tire la: 

ja//P 

l ala r.aip. 

3. Hai mat pining phun biet ciing voting got vtii mot (lifting tilting tin song song 
vtii n hat i. 

Tire la: 

fa .La 

l al P => a// p. 

4. Clio Inti (lifting tilting phtin biet i ting voting got 
nipt unit pining I hi song song vtii nhao. 

Titc la: 

Jala 

l bla =>a//b. 

5. Neii mot (lifting tilting va mot mat pining (kilting 
clo'fa (luting fining do) ciing voting got vtii mot 
(lifting tilting tin song song vtii nliaii. 

Tire la: 

laid 



a. 


i_ 

I/' 



/— 

^ _ 


a 

b 




■ / 


aid 


> a // a. 


/ 


M 



M’ / 


4. PHEP CHlt:U VUdNG GOC 

Dinh nghia: Phep chieu song song trnng do plnfffng 
( hit’ll voting got vtii unit chieu goi It) phep chien voting 
goc. 

Chu y: Phep chieu vuong goc co day du cac ti'nh chat 
cua phep chidu song song. 

Dinh li 3 (Dinh If ba dircmg vuong goc ): Clio fluting lining a kitting vuong goc vtii 
mat pitting a. Mot (lifting lining b iititit trong a voting goc vtii difting lining a klti i t) 
t in khi b voting goc vtii liinli chieu ctiu a Iren a. 

Tire la. voi a’ la hinh chieu vuong goc cua a len a thi: 
a.l bcaoa'lb. 



5. MAT PHANG TRUNG TRlfC 

Dinh nghia: Mill pining ti ling tnfe eiia mol (loan lining 
la null pining vuong got vdi doan lining do tai I rung 
diem aia no. 

Dinh li 4: Tap hop nliiTng diem each den hai dan aia 
mol doan lining Id mat pining ti ling h ire eiia doan lining 

(hi. 



6. PHfP D(5 i XtfNG QUA M0T MAT PhAnG 
Dinh nghia: Phep ddi \Toig qua mat phdng a Id pliep 
elm 11 tong I'mg vdi nidi diem M H ong khong gian mol 
diem M' son eho a. Id nidi pining ti ling Inn cna (loan 

MM*. 

I I. CAC PANG TOAN LIEN QL'AN _ 

Hai loan 1: Chung mirth dudng thing vudng goc vdi mdt phing - Mai phing 
. t rung true. Chung minh hai throng thing vu6ng goc vdi nhau. 



PHLONG PHAP CHUNG 

1. chung minh dudng thing a vuong goc voi mat phing a, ta co the’ lira 
chon mot trong ede each sau: 

Cuch I . Chufng minh a vudng goc voi hai dudng thing cit nhau chira trong a. 
Ctich 2: Chung minh a song song voi dudng thing b vudng goc vdi (x. 

2. Dc chung minh mflt phing a la mat phing trung true eiia doan AB ta di 
chung minh a vudng goc vdi AB tai trung dic’m I eiia AB 

3. De cluing minh hai dudng thing a, b vudng goc vdi nhau, ta co the' lua chon 
mdt trong ede each sau: 

Cdeli I Chimg minh dudng thing a vudng goc vdi mot mdt phing chira 
dudng thing b. 

Cdeh 2: Sir dung dinh If ba dudng vudng gde. 

Cdeli Ndu hai dudng thing dy cit nhau thi co thi ap dung ede phuimg 
phap da hoc trong hinh hoc phing. 

Vi du 1: Goi I la mdt didm bdt ki d trong dudng iron (O), tdm O, ban kmh bang 
R. CD la ddy cung eiia dudng trdn (O) qua I. Tren dudng thing vudng goc vdi nidi 
phing chiia dudng trdn (O) tai I ta Id'y difim S vdi OS = R. Goi E la did’m ddi tdm 
eiia D trdn dudng trdn (O). 

a. Chung minh ring ASDE vudng tai S 

b. Chiing minh ring SD1 CE. /jJ\ 

c. Chung minh ring ASCD vudng. / f / \ 

a. Trong ASDE, ta co: 

SO la dudng trung tuyen, 

SO = R = - 2R = !bD. 

2 2 

suy ra ASDE vudng tai S. 


Giai 
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h. Ta co ngay: 

CE 1 SI, vi SI vuong goc voi day 
CE 1 CD, goc chan nira duimg iron. 

suy ra: 

CE i (SCD) CE 1 SD. (I) 

c. Tir ket qua cau a), ta co: 

SE 1 SD. (2) 

Ttr (I) va (2) suy ra: 

(SCE) 1 SD SC 1 SD rj> ASCD vuong tai S. 

Vi dy 2: Cho tii didn OABC co OA. OB. OC doi mot vudng goc voi nhau. Goi 
H la h'mh chie'u vuong cua didm O tren mat phSng ( ABC). 

a. Chiing minh riing BC 1 (OAH). CA 1 (OBH). AB 1 (OCH). 

b. Chiing minh rang H la true t;im cua AABC. 

*•— , ... 1 1 I 1 

c. Chung minh rang -- = ~ . 

OH- OA OB- OC 

d. Chung minh rang cac goc ciia tam giac ABC deu nhon. 

G/fl'i 

a. Tir gia thiet: 

OH 1 (ABC) => OH 1 BC. (1) 

Ta co: 

OA X OB ^ QA ± (OBC) ^ OA i BC. (2) 

OA IOC 

Tir (I) vik (2) suy ra BC 1 (OAH). 

Chiing minh tucmg tur ta nhan duoc CA 1 (OBH), AB 1 (OCH). 

b. Tir ket qua cdu a), ta co: 

BC 1 (OAH) => BC X AH. (3) 

AC 1 (OBH) AC 1 BH (4) 

Ttr (3) vii (4) suy ra H la true tarn ciia AABC 

c. Gia sir AH cat BC tai K, suy ra OK 1 BC. 

■ Trong AOBC vudng tai O. ta co: 

I 1 l 

OK 2 OB : OC 2 

■ Trong AOAK vuong tai O, ta co: 

1111 



OH 2 OA-’ OK 2 

d. Gia sir OA = a, OB = b, OC = c. 
Xct AABC vudng tai O, ta co: 
AB 2 = OA 2 + OB : = a : + b 2 , 
BC’ = OB 2 + OC 2 = b 2 + c : , 
AC 2 = OA" + OC 2 = a" + c\ 


OA 


I 1 j 
— + —r-, dpem. 
OB 2 OC- 


cosBAC = 


AB 2 + AC 2 BC" a 2 + b 2 )- a 2 + c 2 - (b 2 + c 2 ) 


2AB.AC 
goc BAC nhon. 


2>/a 2 -r h J Va 2 +c 2 


>0 


65 



Chung minh tuong tu, ta diroe cac goc ABC. ACB dfeu nhon. 

VAy, cac goc cua lam giac ABC d£u nhon. 

Chu y: Vi du Iren da Irinh bay each cluing minh cac n'nh chat co ban cua ui cl ion 
vuong. 

Vi du 3: Cho hinh chop S.ABCD co day ABCD la hinh vuong tAm O, SA vuOng 
goc voi mat phdng (ABCD). Goi H, I, K Idn luot la hinh chi£'u vuong goc cua die’m 
A tr£n SB, SC, SD. 

a. Chung minh rang BC ± (SAB), CD 1 (SAD). 

b. Chiing minh rang (SAC) la mat phdng irung true cua doan BD. 

c. Chung minh rang AH, AK ciing vuong goc voi SC. Tir do suy ra ba dufrng 
thdng AH, AI, AK cung chiia irong mOl mat phdng. 

d. Chiing minh rang (SAC) la mat phdng trung true cua doan HK. Tir do suy ra 
HK 1 AI. 

e. Tinh dien tich tir giac AHIK, biet SA = AB = a. 

Gidi 


a. Tir gia thifi't: 

SA 1 (ABCD) SA 1 BC. (1) 

Mat khde, ta c6: 

AB 1 BC, vi ABCD la hinh vuOng. (2) 
Tir (I) vi (2) suy ra BC 1 (SAB). 

Chiing minh tuong tu ta duoc CD 1 (SAD). 

b. Tir gia thifi't: 

SA 1 (ABCD) => SA 1 BD. (3) 

Mat khde, ta co: 

AC 1 BD, vi ABCD la hinh vuOng. (4) 
Tir (3) vd (4) suy ra: 

BD 1 (SAC) tai trung didm O cua BD. 

VAy, (SAC) Id mat trung true cua doan BD. 

c. Tir gia thifi't va kd't hop vdi ktft qua cAu a), ta duoc: 

I AH 1 SB ^ AH ± (SBC) AH j_ sc. 

AH 1 BC 



Chiing minh tuong tu ta duoc AK 1 SC. 

Nhtr vAy, vi AH, AI, AK ciing vuOng goc voi SC nfin ba duemg thdng AH, AI. 
AK ciing chtia trong mat phdng qua A va vuOng goc voi SC. 

d. Gia sir HK cat AI tai E. 

NhAn xct rdng: 

ASAB = ASAD (c.g.c) ^ SH = SK. 

Trong ASBD, ta co: 

— = — zo HK // BD vd E Id truift difim cua HK 
SB SD 

Ke't hop vori kfi'l qud 6 cAu a), suy ra: 

HK 1 (SAC) tai trung diem E cua HK. 

VAy, (SAC) la mat phdng trung true cua doan HK. 

Tir ke't qua HK 1 (SAC) suy ra HK 1 AI. 
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e Taco: 


Sah,k=^AI.HK 


(5) 


troiig do: 

* Trong ASAC vuong lai A. la duoc: 

I _ _J_ I _ 

AI : SA‘ AC’ a- 



( 6 ) 


■ Trong ASBD, la dupe: 

SH SK 1 . . ... „„ a>/2 

— -- — = HK la duong (rung binh => HK = -. 

SB SD 2 ce 2 

(7) 

Thay (6), (7) vao (5), ta dupe; 

_ _ 1 a>/6 av2 _ a' V3 

•AHIK — A - Z • " T Z • 

2 3 2 o 

Vjdp 4: Cho hinh chop S.ABCD, day la hinh vuong canh bang a. mat b6n SAB 
la tain giac dbu; SCD la tain giac vuong can dinh S. Goi I, J I5n lupt la trung diem 
ciia AB va CD. 

a. Tinh cac canh ciia ASIJ va chiing minh rang SI 1 (SCD), SJ 1 (SAB). 

b. Goi H la hinh chieu vuong gibe ciia S trdn IJ. Chung minh ding SH 1 AC va 
tinh do dai SH. 

c. Goi M la mot diem thupc duong thang CD sao cho BM 1 SA. Tinh AM theo a. 

Gidi 


a. Xet ASIJ, ta lan luot co: 

IJ = a, duong trung binh ciia hinh vuong. 

SI = , duong cao trong lam giac deu 

SJ = -CD = ^, trung (uyen thupc canh 

huygn ciia tarn giac vudng. 

Nh$n xet rang: 



SI’ + SJ : = 




= a : = IJ : =x> ASIJ vuong tai So SI .L SJ. 


Khi do, vbi: 

JCD ±SJ 

Irn i ii sjisi 

[C.UJ.U ^ cd 1 (SIJ) => CD 1 SI SI 1 (SCD). 

Chiing minh tuemg tu, ta duoc SJ 1 (SAB), 
b. Tacb: 


SH 1 CD , theo ket qua trong a) co CD 1 (SIJ) 
SH X IJ . theo gia thiet 

suy ra: 

SH 1 (ABCD) => SH 1 AC. 
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c. 


Trong ASIJ ta c6: 

a \fl a 

SASIJ = -SH.IJ = isiSJ =>SH= 5LH = JlA = ?£, 

2 2 IJ a 4 

Dieu kien de: 

BM ISAo BM 1 AH, theo djnh If ba ducmg vudng goc. 

Ta co ngay AAIH va ABCM la hai tam giac vuong d6ng dang, suy ra: 


1H A1 
CM ~ BC 


- => CM = 2IH. 
2 


(I) 


Trong ASIH ta co: 

jH - Vsi 2 - SH : = Mt |a>/3] 2 = 3a 

vl 2 I I 4 ] 4 

Thay (2) vio (I) ta duoc: 

CM = 2. — = —. ' 

4 2 

Khi d6, trong A ADM ta c6: 


AM 2 = AD : + MD : = AD’ + (CM - CD) 2 = a 2 + 
oAM=y (ttfc 1^ M = J). 



M D 



5a 2 
4 


BAI TAP Of? NGHI 

Bai tap 1: Cho hinh tu’ difin SABC co AABC vudng tai B va SA 1 (ABC). 

a. Chung minh ring BC 1 (SAB). 

b. Goi AH li duong cao cua ASAB. Chung minh rang AH 1 SC. 

Bai tap 2: Cho hinh tu dien ABCD co AABC vi ADBC la hai tam gidc can c6 
chung day, goi I la trung diem cua canh BC. 

a. Chiing minh rAng BC 1 AD, tit do suy ra BC 1 (AID). 

b. Ve duong cao AH cua AAID. Oiling minh rang AH 1 (BCD). 

Bai tap 3: Cho hinh tu: didn ABCD co AB 1 CD va AC 1 BD. Chung minh rAng 
AD 1 BC. 

Bai tap 4: Cho hinh chop S.ABCD co day ABCD la hinh thoi tAm O, bid’t ring 
SB = SD. 

a. Chung minh ring (SAC) la mat phing trung true cua doan BD. 

b. Goi H, K theo thur tu li hinh chie'u vuong goc cua A trdn SB va SD. Chung 
minh ring SH = SK, OH = OK va HK // BD. 

c. Chting minh ring (SAC) la mat phing trung true cua doan HK. , 

Bai tap 5: Cho hinh chop S.ABCD co day ABCD la hinh thoi tAm O. Bi£’t ring 
SA = SC va SB = SD. 

a. Chung minh ring SO 1 (ABCD) vA AC ± SD. 

b. Goi I, J lin luot la trung diem cua cic canh BA, BC. Chung minh ring 
IJ 1 (SBD). 
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Bai tap 6: Cho hinh chop S.ABC’D to day la hinh vuong canh bang a. Mat b£n 
SAB la tarn giac deu SC = av2. Goi H va K lin loot la trung diem cua cac canh 
AB va AD. 

a. Chung minh rang SH i (ABCD). 

b. Chung minh rang AC 1 SK va CK 1 SD 

Bai tap 7: Cho hinh chop S.ABCD co SA vuong goc voi mat phang (ABCD) va 
SA = a, day ABCD la hinh thang vuong duemg cao AB = a, BC - 2a. Ngoai ra con 
co SC vu6ng goc voi BD. 

a. Churng minh rang ASBC vuong. 

b. Ti'nh AD. 

c. Goi M la mot diem tren doan SA. dat AM = x. voi 0 < x < a. Ti'nh do dai cua 
ditbng thang cao DE trong ABDM theo a va x. Xac dinh x d6 DE cd gia tri 
Idn nhit. nho nhit. 

Bai tap 8: Cho hinh chop S.ABC co SA vuong goc voi mat phang (ABC) va 
SA = 2a, ABC la tarn giac vuong tai C voi AB = 2a. BAC = 30". Goi M la m6t dibm 
di dong trbn canh AC, H la hinh chitiu vuong goc cua S tr6n BM. 

a. Churng minh rang AH 1 BM. 

b. Dat AM = x, vdti 0 < x < VC Ti'nh khoang each tir S den BM theo a va x. 
Tim cac gia tri cua x de khoang each nay co gia tri nho nha't, Ion nhit. 

Bai tap 9: Cho AABC co BC = 2a va dubng cao AD = a. Trbn duemg thing vuong 
goc vdti (ABC) tai A ta lay difim S sao cho SA = a \fl . Goi E, F theo thur tu li trung 
diem ciia SB va SC. 

a. Chung minh ring BC 1 (SADi. 

b. Goi H la hinh chieu cua A tren EF. Chung minh ring AH nim trong (SAD). 
Hay cho biet vi tri cua diem H doi voi hai diem S va D. 


c. Ti'nh dien tich cua AAEF. 

Bai tap 10: Cho AMAB vubng tai M b trong mat phang a. Tren duemg thing vu6ng 
gdc vbi mat phing a tai A ta liy hai dib’m C, Do hai b£n diem A. Goi C‘ la hinh 
chi^'u vubng goc cua C trdn MD, H la giao diem cua AM va CC'. 

a. Chung minhring CC" 1 (MBD). 

b. Goi K la hinh chilli vubng got cua H lr<in AB. Chung minh ring K li true 
t;)m cua ABCD. 

Bai tap 11: Cho hinh lang Iru ABC.A.BC, co day ABC la tarn giac dtiu canh bing 
a, canh bfin A A, = a va vuong goc voi day. 


a. Goi I la trung di£m BC Chung minh ring Al 1 BC,. 

b. Goi M la trung di£m BB,. Chung minh ring AM 1 BC,. 

c. Goi K la di£m tren doan A,B, sao cho KB, = — va J la trung dibm B,C,. 

4 


Chung minh rang AM 1 ( MKJ). 


Bai toan 2: Thiet dien qua mot diem cho trude va vuong goc voi m6t duemg 
thang cho trirdc. __ 
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PHUONG PHAP CHUNG 

Dd tim thid't didn cua khoi da dien (S) vdi mil phing a, a qua didm M cho trude 
va vudng goc vdi mdt dudng thing d cho trude, la lua chon mot trong hai each sau: 
Cat h / .• Dung mat phing a nhu sau: 

■ Dung hai dudng thing cit nhau cung vudng g6c vdi d. trong do co 
it nha't mot dudng thing qua M. 

■ Mat phing xac djnh boi hai duong thing trdn chi'nh lit a. 

■ Xic dinh thid't didn theo phuang phap da hoc. 

Ctich 2: Nd'u co hai duemg thing cit nhau hay cheo nhau a, b cung vu6ng g<»c 
vdi d thi: 


a // a hay chiia a 
a // b hay chtia b 

Vi du 1: Cho hinh tu didn S.ABC co ABC Ik tarn giac ddu canh bing a. SA = a 
vi vudng goc vdi mat phing (ABC). Goi M la mdt didm tuy y trdn canh AC, a |& 
mat phing qua M va vuong goc vdi AC. 

a. Tuy theo vi tri cua di^tn M trdn canh AC, cd nh|n xet gi vd thid't didn tao bdi 
a vdi td didn S.ABC. 

b. Dat CM = x, vdi 0 < x < a. Tinh didn tich S cua thid't didn trdn theo a va x va 
xdc djnh x dd didn tich nay cd gia tri Ion nha't. Tinh didn tich ldn nhat do. 

Gidi 


a. Goi E la trung did’m cua AC, ta cd ngay BE 1 AC. Do dd, cin xet hai tritdng 
hop khac nhau vd vj tri cua didm M trdn canh AC va trong dd ta sir dung: 

SA 1 (ABC) => SA 1 AC. 



A ME M C 

Trudng hap I : Vdi M thude doan CE, ta thuc hidn: 

■ Trong (ABC) dimg Mx // BE va cit BC tai N (ta 
dupe MN 1 AC). 

■ Trong (SAC) dung My // SA va cit SC tai P (ta 
dupe MP1 AC). 

Nhu viy, trong trudng hop niy ta dupe thid't didn la 
AMNP vudng tai M. 

Trudng hoji 2: Vdi M thude doan AE (tru didm E). 

■ Trong (ABC) dung Mx // BE vi cit AC tai N (ta 
dupe MN 1 AC). 

■ Trong (SAC) dung My // SA vi cit SC tai P (ta 
dupe MP 1 AC). 

■ Trong (SAB) dung Nz // SA vi cit SB tai Q (ta 
dupe NQ 1 AC). 

Nhu v$y, trong trudng hop niy ta dupe thid't didn li hinh thang vudng MNOP 
(vudng tai M vi N). 
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b. Ta xet hai trtrdng hop cua die-in M 

Tnftmg hop I: Vai M thuoc doan CE, la to 0 < x < a va dien ti'ch AMNP la: 


S AMST = MN.MP 

Trong ABCH, la co: 

MN CM x 

- = -= — => MN - x V3 • 

BE CE a 


(I) 


( 2 ) 


Trong ASAC, ta co: 

MP CM _ x 
SA ~ CA ~a 
Thay (2), (3) vao (1), ta duoc: 

1 ir x 2 >/3 
= - -x V3 .x -- 


MP - x Cat h Hull flumlui't. 


(3) 


OAMNP 

ta co ngay: 

(S\MNp)m;h = 

dal duoc khi x = - . 


S 


a 2 _& 

8 


Triffoig hop 2: Voi M thude doan AE, ta co - < x < a va dien tfch MNQP la 
I 


S M nqp “ ^(MP + NQ).MN. 

Trong A ABE, ta co: 

MN AM a-x .... r- _ 

---=-=> MN = V3 (a -x). (5) 

BE AE a 

2 

VI ASAC vudng ci!kn tai A nen APMC vudng can tai N, do do: 

MP = CE = x - Cdch tinh lliifihii. 

Trong ASAB. ta co: 


NQ BN ME 
SA ~ BA EA 


> NQ = 2x - a. 


(4) 


( 6 ) 


(7) 


TThay (5), (6), (7) vao (4), ta duoc: 

*'mnqp = 
ta bifcn d6i tiep: 


Smnqp = \ (x + 2x - a), n/ 3 (a - x) = ^ (3x - a)(a - x). 


3>/3 f 2 4ax a" 


-W3 la 2 , 

~ T _ *' 


a“ -s/3 
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suy ra (S MN Q P ) Maj| = —— dat duoc khi x = 

6 3 

Tom lai, ta duoc: 

x 2 V3 . . a 


S,d = 


A 

2 

a 2 V3 


(3x-a)(a-x) vii — <x<a 


vi (S|d) Max =-— dat duoc khi x = —. 

6 3 

Vi du 2: Cho hinh chop S.ABCD co ABCD la hinh vudng canh bang a, 
SA = a>/2 va vudng goc vdi (ABCD). Goi AH la ducmg cao cua ASAB. 


SB 

b. Goi a lit mat phSng qua A va vudng goc vdi SB. a c8l hinh chop S ABCD 
theo thid't didn la hinh gi ? Ti'nh dien ti'ch cua Ihiet didn. 

Giai 

a. Trong ASAB vudng tai S, ta co: 

SH _ SH.SB SA 2 _ (aV2) 2 _ 2 

3 ' 


SB 


AH 


SB‘ 


AB- i SA' 


SA 2 AB 2 


a" 4 (aV2)“ 
1 3 


oAH = 


a \/6 



b. Dung thitft didn: 

■ Trong (SBC) dung Hx 1 SB va cat SC tai 1. 

■ Nb'i D vdi 1, ta duoc thiet dien l«i li'r giac AMID. 
Nh«3n xet ding: 

|BC L AB - > BC 1 (SAB) -> BC 1 SB. 


|BC I SA 
Trong mat phang (SBC), ta cd: 


BC J SB 
HI 1 SB 


HI // BC// AD 
HI j AH 


AH1D la hinh thang vudng tai A va M. 


Trong ASBC, ta co: 


H! _ SH = 2 HI _ 2a 
BC “ SB 3 " 3 


Tirdo: 


= — (AD + HI).AH = - 


5 a 2 v/f> 


72 



V[ dM 3: Cho hlnh vuiing ABCDcanh bing a. Tren ducmg lhang vuong goc vcVi 
null phing (ABCD) tai A lay diem S saocho SA ii\2. Goi a la mat phing qua A 
va vuong goc voi SC, a cat SR, SC. SD Ian lirot tai M. N. P. 

a. Chung minh rang AM , SB. AP x SD va SM.SB = SN.SC = SP.SD = SA : . 

b. Chung minh rang tu giac AMNP noi tiep dupe va co hai ducmg cheo vudng 
goc voi nhau. 

c. Goi O la giao diem tiia AC va BD; K la giao didm cua AN va MP. Chung 
minh ring ba diim S. K. O thing hang. 

d. Tinh dien rich tu giac AMNP. 

Giai 


Dung thief dien: 

■ Trong (SAC) dung AN 1 SC. 

■ Trong (SBC) dung Nx I. SC va cit SB tai M. 

■ Trong (SCD) dung Ny 1 SC va cit SD tai P. 

Thiy ngay A, M, N, P dong phing vi cung thuoc mat 

phing qua N (hoac A) va vuong goc voi SC. 
a. Ta co: 

^ => BC i (SAB) => BC 1 AM. 

BC 1 SA 



Mat khac, theo each dung ta co: 

SC 1 (AMNP) ^ SC 1 AM. (2) 

Tu (I) va (2) suy ra: 

AM 1 (SBC) => AM 1 SB. 

Chung minh tuenig tu, la dupe AP 1 SD. 

Cac ASAB, ASAC, ASAD ciing vuong tai A va tin lupt co cac ductng cao AM, 
AN. AP, suy ra: 

SA : = SM.SB = SN.SC = SP.SD. (3) 

b- Ta co: 


AM 1 (SBC) AM I MN AMN 90" 
AP 1 (SCD) ~ AP J PN W XPN = 90" 


=> AMNP noi tiep throng iron dtrdng kinh AN. 
Nh;)n xet rang: 

|BDX AC 

BD SA = * BD 1 <SAQ=>BD1AN. 

Di thay SB = SD. do do tit (3): 


SB SD 

^>MP//BD ^>MP LAN. 

Viy, tu giac AMNP noi tiep dupe va co hai ducmg chco vudng goc vdi nhau. 
c. Ta co: 

I.. K, *SAC ) ^ s K, O thing hang. 

S.K,0€(SBDi 6 
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d. Ta co: 


Samnp = ^AN.MP. 

Irong do: 

■ Trong ASAC vu6ng tai A, ta duoc: 

I I t 1 1 1 ^ AN _ a 

AN 2 SA 2 AC 2 2a 2 2a 2 

■ Trong ASBD, ta duoc: 

MP SM SM.SB _ SA 2 
BD SB ~ SB 2 _ SA 2 + AB 2 
Thay (5), (6) vho (4), ta duoc; 

_ I 2a>/2 _ a 2 V2 
^AHIK — , - ~ — ' _ 


» MP = 


2av/2 


( 4 » 

(5) 

( 6 ) 


baitapdEnghi 

Bai tap 1: Cho hinh tu diin S.ABC co ABC la tam giac diu canh bang a, SA = 2a 
va vudng gdc vdi mat phang (ABC). Goi a la mat phang qua B va vudng gdc vdi 
SC. Tim thii't diin cua 11 ) diin vdi a va ti'nh diin tich cua thii't diin nay. 

Bai tap 2: Cho hinh tu diin S.ABC co ABC la tam giac vudng c5n dinli B, AB = a. 
SA = a vh vudng goc vdri mat phang (ABC). Goi a la mat phang qua trung diim M 
cua AB va vudng gdc vdi SB. 

a. Tim thii't diin cua tur diin vori a. Thii't diin la hinh gi ? 

b. Tilth diin tich cua thiit diin. 

Bai tap 3: Cho hinh tti diin S.ABC co ABC la tam giac vudng can dinh B, AB = a. 
SA -- aV? vi vudng gdc vdi (ABC). Goi a la mat phang trung true cua SB, O la 
trung diim cua BC, d la dudng thing qua O va vudng gdc vdi (ABC). 

a. Tim giao diim K cua d vdi mat phang a. 

b. Ti'nh dddai OK. 

Bai tap 4: Cho hinh td diin S.ABC co ABC la tam giac vudng cAn dinh B, AB = a. 
SA = aV3 vi vudng gdc vdi (ABC). M la mdt diim tuy y trin canh AB, dat 
AM = x, vdi 0 < x < a. Goi a la mat phang qua M va vudng gdc vdi AB. Tim thii't 


diin cua tti diin vdi a va ti'nh diin tich cua no. 

Bai tap 5: Cho hinh tu diin S.ABC co hai mat ABC va SBC lii cac lam giac diu 
canh bang a vi SA = M la mdt diim tuy y trin canh AB, dat AM = x, vdi 


0 < x < a. Goi a Hi mat phang qua M va vudng gdc vdi BC. 

a. Goi D la trung diim BC, Chdng minh rang a // (SAD) 

b. Tim thii't diin cua tu diin SABC vdi a. Thic't diin la hinh gi ? 

c. Ti'nh diin tich cua thii't diin theo a va x. 

Bai tap 6: Cho tam giac diu ABC co dudng cao AH = 2a. Goi O la trung diim 
AH. Trin dudng thang vudng gdc vdi mat phang (ABC) tai O, Itfy diim S sao cho 
OS = 2a. Goi 1 la mdt diim trin OH, dat x - AI, vdi a < x < 2a. Goi a la mat phang 
qua I va vudng gdc vdi OH. 
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a. Tim thiet dien cua id dien SABC vdi a. Thiet dien la hinh gi ? 

b. Tinh dien rich cua thiol dien then a va x. 

Bai tap 7: Cho hlnh chop SAUC'D co day A BCD lit hinh thang vudng tai A va B 
v6i AB = BC = a, AD = 2a, SA - 2a va vuong gdc voi mat phing (ABCD). Goi M la 
mot di£m Iren canh AB. u la mat phang qua M, vuong goc voi AB. Dat x = AM, 
voi 0 < x < a. 


a. Tim thiet dien cua hinh chop S.ABCD voi a. Thiel dien la hinh gi ? 

b. Tinh dien tfch thiet dien ihco a va x 

Bai tap 8: Cho hinh vuong ABCD canh bang a, lam O. Tren dudng thang vuong 
goc vdi mat phang (ABCD) tai O lay diem S sao cho SO = . Goi a la mat 


phang qua A v;i vuong goc voi SC. a cat SB. SC. SD bin lucrt tai M, N. P. 

a. Tinh dd dai doan AN. Chung minh rang N la (rung.diem SC. 

b. Chung minh rang MP // BD TCr do. suy ra each dung M va P. 

c. Chung minh rang tu giac AMNP co hai duong cheo vudng goc voi nhau. 
Tmh dien tfch cua tugiac nay. 

Bai tap 9: Cho hinh thoi ABCD co tarn O vdi cac duong cheo AC = 4a, BD = 2a. 
Tr6n duong thing vuong goc vdi (ABCD) tai O ta liy diem S sao cho SO = 2a>/? . 
MAt phang a qua A vi vuong goc vdi SC cat SB, SC. SD lin lupt tai M, N. P. 

a. Chung minh tu giac AMNP co hai duong cheo vudng goc vdi nhau. Tmh 
dien tfch tir tu giac AMNP. 

b. Chdng minh ring MNP la tarn giac deu. 

Bai tap 10: Cho hinh tu dien SABC co ABC la tarn giac ddu canh a, SA = a va 


vudng goc vdi mat phing ( ABC). Tim thiet dien cua tu di6n SABC vdi mat phang a 
va tmh dien tfch cua thiet dien trong cac trudng hop sau: 

a. a qua S va vuong goc vdi BC. 

b. a qua A va vudng goc trung tuyen SI cua ASBC. 

c. a qua trung diem M cua SC va vuong goc vdi AB. 

Bai tap 11: Cho hinh lang tru ABC.A’B’C’ co d<iy ABC la tarn giac dfiu canh bing 
a, canh ben AA' = a vuong goc vdi mat phing (ABC). Co nhSn xet gi vd thiet dien 
cua lang tru vdi mat phing a va tinh dien tfch thiet dien trong mdi trudng hop sau: 

a. a qua A va vudng goc vdi B’C. 

b. a qua B’ va vudng gdc vdi A'l. vdi 1 la trung diem cua canh BC. 


Bai loan 3: Tap hop hinh chieii cua mot diem c6 djnh tren mdt dudng thing di 

ddtig. __ 


PHtrONC PHAPCHINC 

V di yeu ciu " Tim tap htrp liinli chieii vuong goc M 
cun diem id dinli A tren dudng lining il di dong trong 
melt phang a to di nh vd I min (/mi mot diem cd djnh O ", 
ta thuc hien theo cac bude sau: 

Bifitr I Dung AH 1 a (H e a), thco djnh li ha 
dudng vuong gdc ta cd: 

HM Id. 
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Btf&c 2: Trong mat phang a, vi HMO= 90" ndn M thudc duimg trdn duimg 
kinh OH chua trong a. 

VI du 1: Cho hinh vudng ABCD tAm O; S la mdt did’m di ddng trdn tia Ax vucSng 
gdc vcri mat phang (ABCD). 

a. Tim tap hop hinh chid'u vudng goc cua O trdn dubng thdng SB. 

b. Tim tap hop chan duimg cao ve tir dinh D trong ASDC. x I 

Giai 

a. Nhan tha'y ducmg thdng SB ndm trong mat phdng 
(SAB) cd' dinh va di qua did’m B co dinh. 

Ha OH 1 AB, tir giai thid't: 

SA 1 (ABCD) => SA 1 OH => OH 1 (SAB). 

Goi M la hinh chid'u vuong goc cua O trdn duimg 
thAng SB, suy ra: 

SB 1 MH, thco dinh li ba ducmg vudng goc 
=> BMH = 90" => M thudc ducmg tron duimg kinh BH chufa trong (SAB). 
Khi S di d6ng trdn tia Ax thi M thuoc nua ducmg tr6n dudmg kinh BH trong nua 
mat phdng (SAB) b6 AB 

b. Nhan tha'y duimg thdng SC ndm trong mat phdng (SAC) c6 dinh va di qua did'm 
C c 6 dinh. 

Ta co: 



DO l AC ± AC 

[DO ISA 

Goi N Id hinh chid'u vudng goc cua D trdn duimg thdng SC, suy ra: 

ON 1 SC, theo djnh li ba ducmg vudng goc 

-=> ONC = 90° N thudc duimg trdn duimg kinh OC chtJa trong (SAC). 
Khi S di ddng trdn tia Ax thi N thudc nira duimg trdn duimg kinh OC trong nua 
mat phdng (SAC) bi» AC. 

Vi du 2: Trong mat phdng a cho goc vudng xOy, d Id duimg thdng c6 djnh trong 
a, d cdt Ox, Oy USn lupt tai A vd B. Goi Oz la tia vudng goc vdi a, S Id mdt did’m 
trdn Oz. Goi AE, BF Id duimg cao cua ASAB. 

a. Cho goc xOy cd djnh. S di ddng trdn ta Oz. Tim tap hop cdc didm E va F. 

b. Cho S cd' djnh. gdc xOy quay quanh O. Chdng minh rdng true tarn cua 
ASAB cd' djnh. Tim tap hop cac didm E vd F. 

Giai 

a. Ta Idn lupt tim tdp hop cac di^m E vd F. 

■ Tim tap hcr/i diem E\ Nhan tha'y duimg thang 
SB ndm trong mdt phdng" (yOz) cd' djnh vd di 
qua di£m B cd' djnh. 

Taco: 

(AO 1 BO 

AO 1 SO Ar . . . f-.. 

=> AO 1 (xOz) 

=> OE 1 SB, theo djnh If ba duimg vudng gdc OEB = 90" 

=> E thuoc duimg tron duimg kfnh OB chua trong (yOz). 
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Khi S di dong tren lia Oz thi F. thiidc nun dudng iron dudng kinh OB Irong 
nua mat phang (yOz) bc» Oy 

■ Tim hip luy]> diem /•’: Thuc hicn tuong nr la duuc F ihuoc nua dudng tron 
dudng kinh OA trong nua mat phnng (\Oz) hdOx. 

b. Gia sir AE n BF = H. suy ra H la true lam cua \SAB va la di chung minh H c 6 
dinh. 

Keo dai SH ca AB lai K. la co: 

AB i SK ^ j_ (SOK) — AB i. OK => K co dinh H co dinh. 
AB1S0 ^ 

Trong mat phang (S, d) cd' dinh va co SH co dinh va: 

■ Vi SEH = 90" n6n E thuoc nua dudng tron dudng kinh SH irong nua mat 
phang (SBK)bdSK. 

■ Vi SFH = 90° ndn F ihuoc nua dudng iron dudng kinh SH trong nua mat 
phang (SAK) bd SK. 

BAl TAP Dfi NGHI 

Bai tap 1: Cho hinh chop S.ABCD co ABCD la hinh vudng tam O, SA vudng goc 
vdi mat phang (ABCD). Goi I la Irung diem cua canh SC. M la mot diem di dong 
tren canh AD. 

a. Tim tap hup cac di£m K. hinh chieu vuong goc cua I trdn CM. 

b. Tim tap hup chan dudng cao E ve tu dinh B trong ASBM. 

Bai tap 2: Cho AABC d£u, S la mot diem di dong tren tia Ax vudng goc vdi mat 
phang (ABC). 

a. Tim tap hup hinh chi£u vudng goc cua A tren SB. 

b. Gpi N la hinh chife'u vudng goc cua A trdn mat phang (SBC). Chung minh 
rang dudng thAng SN qua trung diem cua BC. Tim tap hup cac didm N. 

c. Goi K la trung diem cua canh SC. Chung minh rang BK d trong mot mat 
phang cd' dinh. Tim tap hup cac hinh chieu vudng goc cua A tren BK. 

Bai tap 3: Cho AABC d£u 6 trong mat phang a. Ve Bx va Cy la hai tia cung chidu 
va cung vudng goc vdi a. Cho M. N la hai diem lAn luut di ddng trdn Bx, Cy. Tim 
tap hup chan H cua dudng cao AH cua AAMN khi M. N di ddng thoa mdt trong cac 
dieu kidn dudi day: 

a. BM = CN 

b. 2BM = CN. 

c. BM + CN = 2a, vdi a la do dai khong doi. 

Bai toan 4: Tim tap hup hinh chieu vuong goc cua mot didm cd' dinh tren mot 
mat phang di ddng. _ 

IMUiONt; PHAP CHUNK 

Vdi yeu cdu " Tim lap larji hinh < hieu rating goc H cua mot diem co dinh A h en 
unit pining a di dong I non clu'fa nipt dating lining d co dinh ", ta thuc hidn theo cac 
bude sau: 

Bade I: Xac dinh mat phang [5 qua A vudng goc vdi d. Tim a = a fl P 
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Biftrc 2: Goi H la hinh chid'u vudng goc cua A I6n a, 
thi H cung IA hinh chidu vu6ng goc cua A 
trdn a. 

Bifac Goi E la giao didm cua d vdi p. Trong mat 
phang p, AHE = 90" ndn H thudc duong 
trdn duong kmh AE. 

Vi du 1: Trong mat phang a cho duong iron (C), duong kmh AB, SA vu6ng goc 
vdi a. Goi M la mdt di<?m di ddng tren (C), H la hinh chi£u vudng g6c cua di£m A 
trdn mat phang (SBM). Tim tap hop cac didm H. 

Giai 



NhAn thA’y mat phang (SBM) chua duong thang SB cd' dinh. Ta di dung mat 
phang qua A vA vudng goc vdi SB bang each: 5 

■ Trong (SAB) ha AK 1 SB. 

■ Trong (SBM) dung Kx 1 SB va cat SM tai H. 

Khi do: 

(AKH) 1 SB va (AKH) r\ (SBM) = KH. 

Ta di chdng minh AH 1 (SBM), that vAy: 

SB1AH 


BM 

BM 


AM 

SA 



o BM 1 (SAM) => BM L AH 


AH 1 (SBM) M 


Trong (AKH), ta co: 

AHiHKo AHK = 90° 

lien H thudc dudng trdn dudng kinh AK trong mat phAng (AKH). 

Vi du 2: Cho hinh chop S.ABCD co day ABCD IA hinh thoi tAm O canh a, 
ABC = 60", SO = a vA vudng goc vdi mat phang (ABCD). Goi M IA mdt di<?m trdn 
canh SB. 

a. Khi M IA trung didm cua canh SB, tinh didn tich cua thid't didn cua hinh 
chdp S.ABCD vdi mat phang (ADM). 

b. Khi M di dong trdn canh SB. Tim tAp hop hinh chieu vudng goc cua S tren 
mat ph;ing (ADM). 

Giai 

a. Ta cd: 

f AD g (ADM)va BC e (SBC) 

] AD//BC 

[(ADM)n(SBC) = Mx 

-> Mx // AD // BC 
vA Mx cat SC tai N. 

Khi do, ta nhAn duoc thid't didn AMND IA hinh thang. 

Trong hinh thang AMND ha AK 1 MN, ta duqc: 

S A mnd= ^(AD+MN).AK (I) 

trong do: 

■ Trong ASBC cd MN la dudng trung binh ndn: 
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MN = ' BC = a -. (2) 

■ Trong A SAB vudng tai A cd AM la (rung tuyon thuoc canh huyen nen: 

AM = ' SB= ‘ V SA AH’ = . (3) 

• Trong ASAC vudng tai A co AN la trung tuycn thudc canh huydn ndn: 

AN = ' SC = i yjs\ : AC’ = ^ . (4) 


■ Trong AAMN cAn tai A, ta co: 

AK = >/AM 7 MK- = J— = — . 

V 2 16 4 

Thay (2), (5) vao (I), ta diroc: 


b. Nhan thay mat phang (ADM) chiia duong thang AD co djnh. Ta di dung mat 
phing qua S va vudng goc vdi AD bang nhan xet: 

AKlMNoAKlAl) 

Khi do: /n^S. 

(SAK) 1 AD vA (SAK) n (ADM) = AK. / 

Trong (SAK) ha SH 1 AK thi H cfing la hinh chieu 
vudng goc cua S tren (ADM). / * A \ ^SD 

Trong (SAK), ta co: / -~ : o r 

SH lAHo SHA = 90" B C 

ndn H thuoc dudng iron dudng kinh SA trong mat phang (SAK). 

Han chc qu7 tich - Denghj him doc tif lain. 


BAI TAP Dfi NGHI 

Bai tap 1: Cho hinh td dien S.ABC co SI vuong goc vdi mat phiing (ABC) va I la 
trung did’m cua canh AB. M la mot diem di dong trdn canh SC. Tim tap hop hinh 
chieu vudng goc cua S trdn mat phang (ABM). 

Bai tap 2: Cho hinh chop S.ABC cd SA vudng g«K vdi mat phiing (ABC), tarn gitic 
ABC vudng tai B. Goi M la mdt diem tren canh SA. Tim tAp hop hinh chieu vuong 
goc cua S tren mat phiing (MBC) khi M di dong tu S ddn A. 

Bai tap 3: Trong mat phang a cho duong iron (y) (Am O, A la didm c6 dinh trdn 
(y) va BC la day cung di dong ciia (y) ludn vudng goc vdi OA. Trfin dirdng thing 
vudng goc vdi a tai A I Ay didm co' dinh S khac A. Tim tap hop hinh chidu vudng 
goc cua A trdn mat phiing (SBC). 

Bai tap 4: Cho hinh vudng ABCD tarn O. tren tia Ax vudng goc vdi mAt phiing 
(ABCD) I Ay didm S. 

a. Cho S di ddng trfin tia Ax. Tim tAp hop hinh chieu vudng goc cua O trdn mAt 
phiing (SBC). 

b. Cho S cd djnh, M la mdt diem di ddng tren doan AC. Tim tAp hop hinh 
chidu vudng goc cua A trdn mat phang (SMB). 
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C HU DE3 

HAI mAt phAng vu6ng goc 

I. Kl£N THUC CO BAN 

1. HAI MAt phAng vuOng goc 

Dinh nghia Hai mat phdng goi Id vndng got vtii nliaii 
lien mdt trollg liai mat phdng do t iara mol dating lining 
vndng got vtii mat phdng kia. 

Nhu vfty: a 1 P « 3a e a: a 1 p. 

2. cActinhchAt 

Dinh li I: Nen liui mat phdng viidng got vtii nlian thi hat 
ctf dating tlidng ndo mini H ong mat pining nay vd vitdng 
goc vtii giao tnyeii till vudng got vtii mat phdng kia. 
fcv 1 p v)j o.n0 = d 

[a € c\ v(j a 1 d 

Dinh li 2: Nen hai mat phdng a vd p vndng got vtii nhau 
vd A Id mot diem ndm Iren a thi dating lining a di tpta A 
vd vndng gdc vtii P se ndm troiig a. 

I n 1P va A e ot 

=> a 6 a. 

A € a 10 

Dinh li 3: Hai mat pining cat nhau tiing vndng gdc vtii 
mat phdng tha ha thi giao tnyen cua hai mat phdng do 
vndng gdc vtii mat pining tha ha. 

|an 0 = d 


Tue la: 


Tue Ik 


a 1 p. 



Tire Ik | ■=> d e y. 

In 1 -f v4 0 11 

Dinh It 4: Qua mdt dating lining killing vndng gdc vtii mot mat phdng, ta ihpig darn 
mdt vdi chi mdt vd chi mdt mat pining viiong gdc vtii mut phdng ay. 

3. HtNH LANG TRU DlTNG 

Dinh nghia Mdt liiiili long ti n daac goi Id liinh long tru diOig nen ede t inil'i hen 
cua nd vndng gdc vtii ede mdt day 

Nhan xet rang ede mat hen cua liinh Idng tru difng Id nhiTiig hinh chit nludt vd 


den vndng gdc vtii day. 
D, C, 




D, 


Long tru dimg 


B 

Lang tru den 




Ta co cac trudng hop: 

1. Mot liinil Ithii’ ini thrug . d ,luy la mot mien (In rleii dififi goi Id lung Ini 
den. Nhir vay. lang tru deu co cat mai hen la nhfrng hinh chu nil At biing 
nhau. 

2. Mot hinh lung ti n tinny, ed Huy In hinh hinh hnnh (Imre goi Id hinh hop (Ihug. 
Nhir vay, hinh hop dung co bon mat ben la nhimg hinh cliii nhat va hai day 
la hinh hinh hanh 

3. .Mol hinh long ini Hung co Huy In hinh ehfr nhat dttrtc goi Id hinh hop eh if 
nhat. Nhu vay. hinh hop chir nh.it co sau mat deu la nhfrng hinh chir nhat. 

4. Hinli hop co hit t u t oe mal Hen Id hinh eating goi Id hinh lap phuang. 

4. HiNH CHOP D^U 

Djnh nghia Mol hinh chop throe goi Id hinh t hop Hen neu Hay ilia no Id mien Hu 
gitie Hen ed ( Inin Huang euo t un limli chop ti ling vdi him din Hu gidc Hen Ho. 

Nhan xet rang cue canh hen eiiu liinh chop Hen thi 
hung nh mi vd cue nidi hen eiia no Id nhimg lain gidc cun 
hiing nil an. 

Doan lhang noi dinh cua hinh chop vdi trung diem 
eiia mot canh day bat ki goi la ti ling Houn cua hinh chop 
d£u. 

5. hInh chop cut d£u 

Dinh nghia Mot hinh chop cal Huae eat ru iff mot hinh chop Hen Hum goi Id hinh 
chop cur Hen. 

Khi do: 

■ Hai day la hai da giac deu va dcing dang. 

■ Duong noi t.im OO, cua hai day goi la dudng cao 
cua hinh chop cut deu. 

■ Cac mat ben cua hinh chop cut deu la nliung hinh 
tl iang can va biing nhau. 

■ Doan thiing noi trung diem cua hai canh day thuoc mot mat ben goi la hung 
Houn eiia hinh chop cut d£u. 

II. C AC DANG TOAN I.IFN QI A N _ _ 

Bai toan I: Chi'mg minh hai mat phang vuong g<’>c. 

Cht'mg m in li dudng thin g vuong goc v di mat p iling. 

PHI ON<; PHAPCIU Nt; 

1. De chung minh hai mat phiing vuong goc vdi nhau ta di chung minh mat 
phiing nay chira mot dudng thiing vuong goc vdi mat phiing kia. 

2. D>d chung minh during thiing vuong goc vdi mat phiing ngo.ii nhfrng each ta 
biet, la con co them hai each sau: 

Catch I Sir dung kei qua eiia dinh li I. 

Catch 2: Sir dung ket qua cua djnh li 3. 

Vi du I: Clio hinh chop S.ABCD co day A BCD la hinh thoi canh bring a va 
SA = SB = SC = a. 
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a. Chi'rng minh rang (SBD) 1 (ABCD). 
h. Chung minh rang ASBD vuong. 

Giai 

a. Goi O la tam cua hinh thoi, ta co: 

AC _L SO, vi ASAC can tai S 
AC 1 BD. vi ABCD la hinh thoi 

s»y ra: 

(SBD) 1 AC e (ABCD) =5 (SBD) J (ABCD). 

b. Nhan xet rang: 

ADAC = ASAC = ABAC (c.c.c) => OD = OS = OB 

;r> ASBD vuong tai S vi co trung luyd'n bang nua canh huyin. 

Vi du 2: Cho hinh tit difin ABCD co hai mat (ABC). (ABD) cung vuong goc voi 
mat phAng (DBC). Vc cac duong cao BE. DF ciia ABCD va dirong cao DK cua 
AACD. 



b. 


a. Chimg minh rang AB 1 (BCD). 

b. Chirng minh rang (ABE) 1 (ADC) va (DFK) 1 (ADC). 

c. Goi O vh H Idn luot la true tam cua ABCD va AACD. Chung minh rang 


Oil I (ACD). 


Giai 


Ta c6: 

J(ABC)o(ABD) - AB 

[(ABC) I (BCD) va (ABD) 1 (BCD) 

=> AB 1 (BCD). 

Ta co: 

|CD 1 BF. 



CD I AB 


. (ABE) 1 CD e (ACD) (ABE) 1 (ADC). 


Ta co: 

I)FIBC DF 1 (ABC) DF 1 AC. (I) 

| l)F 1 AB 

Mat khac, ta lai co: 

DK 1 AC. (2) 

Tit (I) va (2) suy ra: 

(DFK) J AC e (ACD) =5 (DFK) 1 (ADC’), 
c. Tit kit qua trong b) 15: 

(ABE) 1 CD => AE 1 CD AE n DK = H. 

Ta co: 

l( ABF.)f'i(DFK) - OH 
[(ABD) 1 (ACD) va (DFK) 1 (ACD) 

Vi du 3: Cho AACD va ABCD nam trong hai mat phnng vuong goc veri nhau, 
AC = AD = BC = BD = a va CD = 2x. Goi I, J theo thu nr la trung diim ciia AB va 
CD. 


> OH 1 (ACD). 


a. Chirng minh rang IJ vuong goc vdi AB va CD. 
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b Tinh AB va IJ theo a va x. 
t Xac djnh x sao cho (ABC) 1 (ABD). 

Giai 

a. Xet AACD va ABCD. la co: 

CD chung 

AC = AD = BC = BD 

suy ra: 

AJ = BJ co AJAB cAn tai J => IJ ± AB. 

Xet ACAB va ADAB, ta co: 

AB chung 

AC = AD = BC = BD 

suy ra: 

DI = Cl co AICD can tai I => IJ 1 CD. 

b. Trong AAJC vudng tai J, ta co: 

AJ~ - AC 2 - CJ' = a' - x' => AJ = Va 2 - x’ 

Nhan xet ring: 

(ACD) 1 (BCD) 

(ACD)H(BCD) CD =o AJ ± (BCD) => AJ ± BJ. 

AJ 1 CD 

Trong AAJB vudng c&n tai J, ta co: 

AB = AJ 72 = V2(a 2 - x 2 ) va IJ = — = "' x ~ ) . 

v •> 2 

c. Nhan xet ring: 

|(ABC)r\(ABD) - AB 
[DI 1 AB 

do do, de (ABC) 1 (ABD) di£u ki6n la: 

DI 1 (ABC) => DI 1 Cl co AICD vudng tai dinh I 

co IJ = - CD co - 1 ,2x co a = x & . 

2 2 2 

Vfty, vdri a = x thi hai mat phing (ABC) va (ABD) vudng goc vdi nhau. 

baitapdenghi 

Biii tap I: Cho tir di£n ABCD co ABC la tarn giac vudng tai B va AD vudng goc 
vcVi (ABC). Chirng minh ring (ABD) 1 BCD. 

Biii tap 2: Cho hinh chop S.ABC co day ABC li tam giac vudng tai C, mat ben 
(SAC) la lam giac deu va nam trong mat phing vudng goc vdi mat phing (ABC). 
Goi I la trung diem SC. 

a. Chung minh ring (SBC) 1 (SAC). 

b. Chung minh ring (ABI) 1 (SBC). 

Biii tap 3: Cho AABC vudng tai A. Ve BB, va CC, cung vudng goc vai mat phing 
(ABC). 
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a. Chimg minh rang (ABB,) 1 (ACC,). 

b. Goi AH, AK la cac dirdng caocua AABC va AAB,C|. C’hirng minh rang hai 
mat piling (BCC,B,) vD (AB,C,) cung vudng goc vdi mat pining (AIIK). 

Bai tap 4: Cho hinh td didn A BCD co AB = BC = a, AC = b, DB = DC = x, 
AD = y. Tim he thuc lien hfi giOa a. b. x, y de : 

a. (ABC) 1 (BCD). 

b. (ABC)l(ACD). 


Bai tap 5: Cho AABC ddu canh a. Goi D la diem dd'i xung voi A qua BC. Trcn 
dirdng thing vudng goc voi mat pining (ABC) tai D 1 Ay dii*m S sao cho SI) 


Chung minh rang: 

a. (SAB) 1 (SAC). 

b. (SBC) 1 (SAD). 

Bai tap 6: Cho hinh chop S.ABCD, day ABCD la hinh vuong canh a, SA vudng 
goc voi mat phing (ABCD), M vD N la hai didm hin lirot inini Iren cac canh BC, CD. 
Dat BM = x, DN = y. Tim lid I hue lien he gifta a, x, y de hai mflt phing (SAM) vD 
(SMN) vudng goc vdi nhau. 


Bai loan 2: Xdc dinh mat pining (1 chua dirdng (hang a vD vudng goc vdi mat 
phang a (a khdng vudng goc vdi rx)_ Thict dicn. 


Pill OS(i PHAP CHlINti 

Ta (hue hiOn thco cac bade: 

Bitch I: Chon mdt didm A trdn a sao cho qua A cd 
the dung cliroc dirdng lining b vudng goc 
vdi (x mol each de nhal. 

Biflic 2: Khi do, unit pining (a. b) clu'nh la mat 
phang |i c;in dung. 

Chu y\ Ndu co dirdng thing d 1 <x ihi f) // d hay (I dura d. 

Yidp 1: Cho hinh chop S.ABCD. day ABCD la hinh vudng Mm 0 va canh a, SA 
= a va vudng goc vdi mat pining (ABCD). 

a. Goi a l;i null pining qua O. Hung diem M cua SD va vudng goc vdi 
(ABCD). Hay xac djnh null pining u, null phang a til hinh chop S.ABCD 
ihco ihidl dicn la hinh gi ? Tinh di£n lich ihidl didn. 

b. Goi (i lii unit pining qua A, irung diem F, ciia CD va vuong goc vdi (SBC). 
Hay xac dinh mat pining (1, unit phang fi c;il hinh chop S.ABCD iheo thiet 
didi hi hinh gi ? Tinh diSn Itch ihift dicn. 



G/fli 

a. Ta hin luol thuc hien: 

■ Xiic dinh mdt pining a: Trong (SAD) dung Mx // SA 
va ciil AD tai Q hi Irung didm cua AD, la cd: 

MQ J. (ABCD) => MQ <= ix. 

VDy a ID mat plifing (OMQ). 

■ Xdc djnli thief dine. Keo dDi QO ciit BC tai P ID ti ling 
diem ciia BC, ta cd: 



D C 


X4 





[ Pg • a vi. CD f (SCD) 
pg//CD My // CD // PQ 

|n H(SCD) - My 

va My cal SC tai N la Irtmg diem cua SC 

Vay, mat phang a,cat hinh chop S.ABCD Iheo thiet dien la hinh lhang vuong 
MNPQ. 

■ Tiiili (Ii('ii lit h thiet dien : Ta c6: 

S N1M ^= -(MN + PQ).MQ 
Irong do: 

MN = ~ CD = ^, vi MN la dtrong trung hinh cua ASCD, 

PQ = a, 

MQ = ^ SA = -, vi MQ la duong trung binh cua ASAD, 


*= T a+T ■- = 


b. Ta Idn lirot thirc hi£n: 

■ Xd< dinli nidi pliiing (i: Trong (SAB) ha AH 1 SB va 
H la trung di£m cua AB, ta co: 

IBC .LAB _ , .,, 


Nlur vAy: 

I AH 1 SB 


> BC 1 (SAB) => BC1 AH 


» AH 1 (SBC) ~> AH <r p. 



VAy P la mat phang (AHE). 

XiU dinli thiet dien: Keo dai AF. cat BC tai K. noi HK cdt SC tai F. 

Vay, mat phiing p cAt hinh chop S.ABCD theo thiet dien la ti'r giac AEFH. 
Tinh dien lich lliiel dien: Ta co: 

SaEFM = " S\Kk! 

= - AH.KH - KH.KF.sinEKI- = - AH.KH - -KE.KF.—. 
2 2 2 2 AK 

Trong ASAB, ta co: 

. AH= isB=^. \ 

Trong AADE, ta co: 

AE= -/aD : fDE : _ F ^ \ 

Trong ARAB, ta co: H A 

CE i ‘ AB rt> KE = AE = — va AK = 2AE = a = aS. 

2 2 
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BAI TAP NUHI 

Bai tap 1: Cho hinh chop S.ABCD, cd ABCD la hinh vudng canh a. SA - aV* vd 
vudng £oc vdi mat phdng (ABCD). Goi a la mat phdng chiia AB vd vu6ng gdc vdi 
mat phdng (SCD). 

a. Hay xac djnh mat phdng a, mat phdng a cdt hinh chop S.ABCD thco thid't 
dien la hinh gi ? 

b. Ti'nh dien tfch thiet didn. 

Bai tap 2: "Cho hinh ch6p S.ABCD, co ABCD la hinh thang vu6ng tai A vii D, 
AB - 2a, AD - DC = a. SA = a vd vuong gdc vdi mat phdng (ABCD). 

a. Gidng minh rang (SAD) 1 (SCD) vd (SAC) 1 (SBC). 

b. Goi a Id mat phdng chua SD vd vudng goc vdi milt phdng (SAC), Hay xac 
dinh mat phdng a, mat phdng a cdt hinh chop S.ABCD thco thid't didn Id 
hinh gi ? Ti'nh didn tfch thid't didn. 

Bai tap 3: Cho hinh ch6p S.ABCD, co ABCD Id hinh thang vudng tai A vd D, 
AB = 2a, AD = DC = a. Gia sur hai mat phdng (SAB) vd (SAD) cung vuOng gdc vdi 
mat phdng (ABCD) va SA = a. Goi E Id trung did’m cua SA, , M Id mdt didm trdn 
canh AD, ddt AM = x, vdi 0<x5a. Goi a Id mat phdng chua EM vd vudng gdc vdi 
mat phdng (SAD). 

a. Hay xac dinh mat phdng a, mat phdng a cdt hinh chop S.ABCD thco thid't 
didn Id hinh gi ? Ti'nh dien tich thiet didn. 

b. Tim tdp hap hinh chid'u cua D trdn a khi M di ddng trdn canh AD. 

Bai tap 4: Cho hinh chdp S.ABC, day ABC Id tarn gidc vudng cdn tai B. AB = a, 
.SA = a>/3 vudng gdc vdi mdt phdng (ABC). Goi E vd F Idn luot la trung didm cua 
SC vd SB, M Id mdt didm trdn canh AB, dat AM = x, vdi 0 < x < a. Goi a Id mdt 
phdng chda EM vd vudng gdc vdi mdt phdng (SAB). 

a. Hay xac dinh ro mat phdng a, mat phdng a cdt hinh chdp S.ABCD thco thid't 
didn Id hinh gi ? 

b Chi'mg minh rang FM = \Ju 2 - ax + x : Ti'nh didn tich thid't didn thco a vd x. 

c. Goi K Id hinh chidu vudng gdc cua S trdn a. Tim tap hop cdc didm K khi M 
di dong trdn canh AB. 

| Bai todn 3: Hinh Idng tru dung. | 


Trong AHAK vudng tai H. ta co: 

KH = yf/\K 2 ~AU 2 = 

2 

Trong ASBK. ta co SC va SH la hai dircmg trung tuy£n, do do: 

KF = ^ KH = ay/2 . 

Tirdd, ta dirac: 

av/2 

S =1 3il ^ _ ax/5 c _j_ _ 3a-. a- _ i 

AEFH 2 2 2 2 2 d a\/s 4 4 
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I’HCONC PHAPCHUNi; 

I. NSm vfrng clinh nghia va cac ti'nh chat ciia hinh king Iru dfmg d£ vc hinh va 
chihig minh mol so ti'nli dial khac. 

2 Vice xac djnh thiol dien ciia hinh Jang iru dung cat bdi mol mat phang dune 
ihue hicn dim Iren nhfrng phuong phapda bici. 

Vl -dlLll Clio hinh hop chO nhat ABCD.A,B|C,D, to AB = a, BC = b, CC, = c. 
Cluing minh rang cac dircmg cheo cua hinh hop chfr nhat bang nhau va bang 

fi + b- . t ? 

Giai 

Nhan xei rang hai liinli chu nhai AA,C,C v;i BB,D,D 
biing nhau, suy ra: 

AC, = A,C = BD, = D,B 

hie la, c;ic dircmg cheo cua hinh hop chfr nhat bang nhau. 

Trong AABC vuong lai B, la co: 

AC' = AB' + BC 1 ' = a : + b ; . 

Trong AACC, vuong lai C. la co: 

AC, = fie'- +C,C- = fi -i h' i c". 

Vp dpi 2: Cho hinh king tru dung ABC.AB.C. day la lam giac deu canh a, 
AA, = iix/2 . Goi M, N kin lirot la ining diem cac canh AB va A,C,. 

a. Xac clinh ihiet dien cua king Iru vdri mal piling <x qua MN va vuong goc vdi 
(BCC,B,). Thiet dien la hinh gi ? 

b. Tinh dien Itch ihiei dien. 

Giai 

a. Goi E. H, thco llui tu la (rung didm ciia BC va B,C,. la co ngay: 

AE J BC => AE L (BCC,B,). b, 

A,E, i B,C, A.E, 1 (BCC,B,). 

// 

AE --- A,E,. 

Dodo: 

■ Dung Mx // AF. cAt BC lai Q la irung diem cua BE. 

■ Dung Ny // A,E, cAI B,C, lai P la Irung diem ciia E,C,. 

Vi MQ // NP nen M, N, P. Q dong phflng, do vay MNPQ 

chinli la thiet did) c«in dung. 

NhAn xet rAng: 

MQ t jAE " ^ A,E, = NP => MNPQ la hinh binh hanh. 




MQ i (BCC.B,) => MQ 1 PQ. 

V;)y, ihiei dien MNPQ la hinh chfr nhat. 
b. Ta co: 

Sms, v =MQNP. 

Trong AABC. la co: 

AE = —~. vi AABC deu va co canh bang a. 
Trong AABE. ta co: 
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BAI TAP d£ NGHI 

Bai tap 1: Chdng minh rang mdt hinh hdp co: 

a. Hai mat chdo vudng gdc vdi nhau la mot hinh hdp chd nhat. 

b. Bdn dudng chdo bang nhau la mot hmh hdp chu nhat. 

Bai tap 2: Cho hinh lap phircmg ABCD.A,B,C,D,. Chung minh ring: 

a. AC, 1 (A,BD) vi AC, 1 (CB,D,). 

b. BC, 1 (A,B,CD). 

Bai tap 3: Cho hinh lang tru dung ABC.A,B|C,, day ABC la tarn giac vudng can 
tai A vi AB = a, AA, = a. Goi M, N lin luot la trung didm cic canh AB va A|C,- 

a. Xac dinh thidt didn cua lang tru vdi mat phing a qua MN vi vudng goc vdi 
(BCC,B,). Thidt didn la hinh gi ? Tinh dien tfch thidt didn. 

b. Xac dinh thidt didn cua lang tru vdi mat phing p qua A va vudng goc \di 
B,C. Thid’t didn li hinh gi ? Tinh dien tfch thidt didn. 

c. Xac djnh thidt didn cua lang tru vdi mat phing y qua B, va vudng gdc vdi 
A,I, vdi I la trung didm cua canh BC. Thidt didn lit hinh gi ? Tinh didn tfch 
thidt didn. 

Bai tap 4: Cho hinh hdp chQ nhat ABCD.A,B|C,D, co AB = a, BC = b, CC, = c. 
Goi M, N, E lin luot la trung didm cac canh AB, BC va C,D,. 

a. Xac dinh thidt didn cua lang tru vdi mat phing a qua ME va vudng gdc vdi 
(BDD,B,). Thidt didn la hinh gi ? Tinh didn tich thidt didn. 

b. Xac dinh thidt didn cua lang tru vdi mat phing P qua MN va vudng gdc vdi 
(ACB,). Thidt didn li hinh gi ? Tinh dien tfch thidt didn. 

Bai tap 5: Cho lang tru tarn giac ddu ABC.A,B,C|. canh day a, dudng cao h. ct la 
mat phing qua A va vudng gdc vdi B,C. Bidn ludn theo a, h cac dang thidt didn cua 
lang tru cit bdi mat phing a v& tinh didn tfch thidt didn. 

Bai tap 6: Cho hinh lap phucrng ABCD.A^CiD,. canh a. M va N la hai didm di 
ddng lin luot trdn canh A,D va BD sao cho A,M = DN = x>/2 , vdi 0 < x < a. Goi 
a la mat phing qua MN va vudng gdc vdi (A,B,CD). 

a. Tuy theo x hay tim thidt didn cua hinh ldp phuong va mat phing a 

b. Tinh thidt dien khi no la hinh ngu giac. 

Bai tap 7: Cho hinh lap phuong ABCD.A,B,C,D, canh a. Didm M thuoc AD, va 
did’m N thuoc BD sao cho AM = DN = x, vdi 0 < x < a>/2. 


a. Chung minh ring khi x = —- thi MN ngin nhi’t. 
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b Chung minh rang MN luon luon song song vdi mat phdng (A,D,BC) khi x 
bicn thien. 

c. Khi MN ngdn nhat, chung minh rang MN la doan thing vuong goc chung 
cua AD, va DB va MN song song vdi A C 
Biii tap 8: Clio hinh lAp phuong ABCD.A B,C,D . canh co do dai bang I. Diem M 
di dong tren canh AA' la diem N di dong tren canh BC sao cho AM = BN = h, vdi 

0 < h < I . 

a. Chung minh khi h thay ddi thi MN luon cat va vuong goc vdi mdt dudng 
thing codinh. 

b. Gpi T la trung diem cua D,C,. Hay dung thiet dien tao bdi mat phdng 
(MNT) va hinh IAp phuong. 

c. Tnih h de chu vi thiet dien dat gia trj nho nhat. 

Bin tap 9: Cho hinh hop chu nhat ABCD.A.B C D, co AB = a, BC = b, CC, - c. 
Goi O. O, lit tarn cua ABCD va A,B l C i D,. Goi u lit mat phdng qua O, va song song 
vdi A,D va DO 

a. Hay dung thiet dien cua hinh hop vdi mat phdng a. Thiet dien la hinh gi ? 

b. Tim ditui kicn cua a, b, c de 1 thiet dien lit hinh thoi co mot goc bdng 60". 

Bid tap 10: Cho king tru luc giac ddu ABCDEF.A,B,C,D|E|F„ canh day a, dudng 
cao h. Goi M lit trung didm cua DD,. Xac dinh thiet dien cua lang tru cdt bdi mat 
phdng (ABM). Tfnh dien tich cua thiet dien. 


Bai lo an 4: Hinh chop ddu - Hinh chop cut dent. 


PHUONG PHAP CHONG 

1. Ndm viing dinh nghTa va Cac tinh chat cua hinh chop ddu va hinh chop cut 
d6u de ve hinh vit chung minh mot so tinh chat khac. 

2. Vide xac dinh thiet dien cua hinh chop ddu va hinh chop cut d£u cdt bdi 
mot mat phdng duoc thuc hien dua tren nhCmg phuong phap da bict. 

Vi dy 1: Cho hinh chop tu giac deu S.ABCD. Mot mat phdng a cdt cac canh SA, 
SB, SC, SD cua hinh chop theo thu tu tai A,, B,. C,. D,. 

a. Xct dac diem cua tu giac A B,C D : khi A.B, hoac A,C, hoac ca hai dudng 
thdng do song song vdi mat phdng (ABCD). 

b. Chung minh rdng -- + - =■- + -- - 

b SA, SC, SB, SD, 


Giai 

a. Ta co: S S 




(ABCD) 
ivi A,C, II (ABCD) 


Vdi A,B,//(ABCD) ilii: 


89 



A,B, //AB //CD => A,B, //C,D ; va A,D, = B C, 

Do do. tu giac A|B,C,D, la hinh lhang can. 

■ Vdi A,C,//(ABCD) thi 

A,C, //AC. 

Mat kltac, ta lai c6: 

jACl BD 

[AC 1 SO ^ AC ± (SRD) _ AC B p A|C| x B,D,. 

Do do, tur giac A,B|C|D, co liai ditong cheo vuong gdc vdi nhau. 

■ Vdi A,Bi // (ABCD) va A,C, // (ABCD) th'i 

(A|B,C,D,) // (ABCD) 

Do do, td giac A,B,C,D, la hinh vuong. 
b. Ban doc tu lam 

Hifirng thin: Tlnft hit'll piit’p tinli tlini licit ASA,C, va ASB,D,. 

BAITAPD^NGHI 

Bai tap 1: Cho hinh chop tu giac ddu S.ABCD co canh ben va canh day d£u bdttg 
a. 

a. Tmh dd dai dirdng cao va trung doan cua hinh chop. 

b. Goi F, Id trung diem cua SC, chung minh rdng (EBD) 1 (SAC). 

Bai tap 2: Cho hinh chop tu giac dSu S.ABCD co canh bfin va canh day ddn bang 
a. Goi M Id trung difim SB. 

a. Chting minh rang ASBD vuong. 

b. Xdc djnh thiet di£n cua hinh chop vdi mat phdng a qua AM vii vuong gdc 
vdi (SBD). Tilth didn tich thief dien. 

c. Xiic djnh thiet diOn cua hinh chop vdi mat pitting (5 qua DM va vuong gdc 
vdi (SBD). Tmh didn tich thiet dien. 

a 73 

Bai tap 3: Cho hinlt chop lam giac dcu S.ABC co canh ben bang ^ va canh 

ddy a. Goi a la mat phdng qua A, song song vdi BC va vudng goc vdi mat phang 
(SBC). 

a. Hay xdc djnh mat phang a. Mat phdng a c.'it hinh chop theo thidt dien la 
hinh gi ? 

b. Tilth dien tich thiet dicn. 

Bai tap 4: Cho hinh chop Iuc giac ddu S.ABCDEF cd canh ben bang 2a va canh 
ddy a. 

a. Chung minh rang (SBE) 1 (SDE). 

b. Goi a Id mat phdng qua A, song song vdi BC va vudng gdc vdi mat pining 
(SBC). Hay xdc dinh mat phdng a. Mat phdng a cdt hinh chop thco thiet 
dien la hinh gi ? Tinh dien tich thiet dien. 
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CHU DE 4 

KHOANG CACH 

I. KIKN THO'C CO BAN 

1. KHOANG CACH TU 1 M0T DlfiM TOI MOT DUONG THANG 

Trong khong gian cho diem O va dudng thang ii. ke 

OH i d vdi H e d. 

Dinh nghia: Do ddi (loan OH dune goi Id khoang each 
t ft diem O ini dunng lining d. 

Nhan xet: 

■ Khoang each til diem O tori dudng (hang d la be nhat so vdi khoang each lir 
O din moi diim cua d. 

• Khoang each tu diem 0 tori dudng thing d bing 0 khi va chi khi O e d. 

2. KHOANG CACH TCr M0T DlfiM T0I MOT MAT PHANG 

Trong khong gian cho diem O va mat phang a, goi H 

la hinh chieu vuong gdc cua O Iren a. 

Dinh nghia. Do ih)i (loan OH dune goi Id khoang each 
n't (liem O tdi null phang a. 

Nltan xet: 

■ Khoang each tu diem O toi mat phing a la be nhat so vdi khoang each tu O 
din moi diim cua a. 

■ Khoang each tu diim O toi mat phing a bing 0 khi va chi khi O e a. 

3. KHOANG CACH GlCfA M0T DU0NG THANG VA M0T MAT PhAnG SONG SONG 

Trong khong gian cho dudng thing d song song vdi A d 

mid piling a. Liy diim A bat ki tren d, goi H la hinh 
chieu vudng goc cua A tren cx 

Dinh nghia: Do ddi (loan AH dune goi Id khoang each 
n'r dudng lining d tdi mat pining a. 

Nhan xet: Khoang each tir dudng thing d toi mat phing a la be nhat so vdi khoang 
each tu mot diem tuy y thuoc d tdi mot diem bat ki cua a. 

4. KHOANG CACH GILfA HAI MAT PHANG SONG SONG 
Trong khong gian cho hai mat phing cx, p song song 

vdi mhau. 

Dinh nghia: Khoang each tit mol diem lay v cua a ini p 
difetc gpi Id khoang each giita hai null phang a vd p. 

Nhan xet: Khoang each giira hai mat phing a va P la be nhi’t so vdi khoang cich td 
mot diim tuy y thude a tdi mot diim bit ki cua p. 
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5. Dl/dNG VUONG GOC CHUNG VA KHOANG CACH GI0A HAI DlftJNG THANG 
CHEO NHAU 

Dinh li: Clio liai (lifting lining t hen nlniii a vd h, I non t o 
tiny nlu'il mol difting lining tl nil ni a vd h. vii vnong got 
vtii nidi (lifting lining ay. Difting lining tl duot goi Id 
(lifting vnting gor t illing ciia a vd h 

Gia su d cat a, b theo thi'r nr tai M va N. 

Dinh nghia: Doan MN dim goi Id (loan vnong got t illing t tin a vd h Do tltii (loan 
lining MN difOe goi Id khodng t ilt h giitn hoi difting lining t lwo nlnin a vd h. 

Nhqn xet: Khoang each giua hai duong thSng cheo nhau bring khoang each giua: 

■ Mdt trong hai duong thang do va mat phang song song vdi no chua duijng 



■ Hai mat phang song song I3n luot chua hai duong thang do. 

Tir do suy ra " Kliodng each giffa liai (lifting lining t hro nlnin Id he nlnii so vtii 
khodng each giffa liai diem bat ki Idn luot mini lien liai difting lining ay 

II. CAC DANG TOAN LIEN Ql AN 



Hai loan 1: Khoang edeh tir m6t diem tori mb! duong than 


PHLONt; PIMP CHUNG 0 
Dd ttnh khoang edeh tir dieim O tdi duemg thang d. ta 
thuc hien theo cac bude sau: 

Btitit /. Trong mat phang (O, d) ha OH J d vdi H e_^_I 

d. H 

Butie 2: Thuc hidn viec xac dinh do dai OH dua tren hC thirc luoug trong trim 
gidc, tu giac va duong iron. 

Chu y : a _ ° _' _ 

1. Ntfu t6n tai duong thang a qua 0 va song song vdi d 

_b_d 

d(0, d) = d(A, d), vdi Aed. K 

2. Nfiu AO n d = I thi: A 

d(O.d) OI 

d(A,d) AI _l d 

I H K 

Vi du I: Cho hinh chop S.ABCD co day ABCD la hinh vudng canh a. tarn O. 
SA = a va vudng goc vdi mat phang (ABCD). Goi I, M theo thi'r tu la trung diem cua 
SC. AB. 


a. Chung minh rang OI ± (ABCD). 

b. Tilth khoang each tir I den dudng thing CM. tir do suy ra khoang each tu S 
tori CM. 
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Giai 

a. Trong ASAC. la co: 

OI la duimg (rung binh 
> OI // SA -> OI i (ABOD). 

b. (ioi II la hinh chieu vuong got: cita I len CM. ta co: 
CM : III 

~->CM ! (IOH) => CM L OH. 

CM i OI 



Trong AABC co K la trong tam. la co: 

OB = - AC = — 

2 2 

OK = - OB = —V 
3 6 

Trong AOCK vuong tai O. ta co: 

i I t _I_ 

OH' OK’ OC 2 (ax/2/6 r 
Trong AOIH vuong tai O, ta co: 

IH’ = OI : + OH : = (-1 r 4=1 
UI l V20J 


A D 



Vay, khoang each ttr I tdi CM bang 


av3U 

10 


Vi SI n CM = C nen: 

d(S,CM) __ SC _ 2 r> d(S CM) _ 2d( i CM) = 2IH 
ii(I, CM) IC 


u-JM) 

S 


Vi du 2; Cho htnh chop S.ABC co SA = 2a va vuong goc voi mat phiing (ABC), 
AABC vuong tai C voi AB = 2a. BAC = 30". Goi M la mot diem di dong trfin canh 
AC, H la hlnh chieu vuong goc cua S Iren BM. 
a. Chirng minh r3ng AH 1 BM. 


b. Dat AM = x, voi 0 < x < 4 Jinh khoang each tir S den BM theo a va x. 
Tim cac gia tri cua x de khoang each nay co gia trj nho nhat. Ion nhat. 


Giai 

a. Vi SA 1 (ABC) nen AH la hinh chieu vuong goc cua 
SH Iren (ABC), do do: 

AH 1 BM, theo dinh li ba dubng vuong goc. 

b. Ta thay ngay khoang each tir S den BM chinh la SH 
va trong ASAH ta co: 

SH 2 = SA 2 + AH ; . (I) 

Trong AABC vuong tai C co BAC - 30" nen: 

A U __ 

BC = — = a va AC = AB cos BAC = 2a.cos30" = 

2 


S 



Trong ABCM vuong tai C. ta co: 
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BM' = BC° + CM = BC + (AC AM)' 

= a’ + (ax/3 - x)’ = x’ - 2 ax + 4a’ 

BM = \]\~ 2^\w • 4a' 

Nhan xel rang AAMH va \CMB la hai lam giac vuong c6 AMU = CMB nen 
cluing dong dang, suy ra: 

AH AM ^ AH _ AM*C = .. _ (2 ) 

BC BM BM 0 2^a X 4a 

Thay (2) va SA = 2a vao (I). ta duoc: 

SH !- 48 : + *"•*’ - ■' x "K'/3a'x * Wia 4 

x' - 2\/3ax -4a" x" 2>/3ax * 4a" 

V x" — 2v3ax i 4a" 

Tu he ihtrc (I) vdi SA = 2a khong ddi. ta co nhan xct: 

■ Sll dat gin In ldn nhat khi: 

AH M „ o AM m „ oM;Co* = ai/.V 

■ SH dat gia trj nho nhat khi: 

AH Mll , » AM m „, o M : A o x = 0. 

BAI TAP f)£ NGIII 

Bai lap I: Cho hinh chop S.ABCD co day ABCD la hinh thang vuong during cao 
AB = a, BC = 2a, SA = a vA vuong goc vdi mat pitting (ABCD). NgoAi ra con cd SC 
vuong goc vdi BD. 

a. Chdng minh rang ASBC vuong. 

b. Ti’nb dd dai AD. 

c. Goi M la mot diem Iron doan SA. dat AM = x. vdi 0 < x < a. Tilth khoang 
c.1ch tir D den BM theo a va x. Tim cac gia trj ctia x de khoang, each nay co 
gia trj nho nhat, Idn nhat. 

Bai tap 2: Cho hinh chop S.ABCD cd day ABCD la hinh vuong canh a. (Am 0, SA 
= a vA vuong goc vdi mat phang (ABCD). Goi M la diem di dong Iren doan CD, d;)t 
CM = x. Goi K la hinh chieii vuong goc ctia S tren BM. 

a. Tilth do dai doan SK theo a va x. 

b. Tint tap hop cac diem K thoa man tilth chA’t tren. 

Bai tap 3: Cho AABC cd BC = a. AC = b, AB = c. Tren during thiing vuong goc 
vdi (ABC) lai A lay diem S sao cho SA = d. Tmh khoang each tir S den dufrng thiing 
BC, 

Bai tap 4: Cho mat phdng a va mot diem O ngoai a, A la mot client ett djnh thuoc 
d sao cho OA khong vuong goc vdi a, d la duemg thdng di dong trong a nhirng 
ludn di qua A. Goi M la hinh chieu vuong goc ctia O tren d. 

a. Tim tAp hop cac diem M thoa man tilth chat tren. 

b. Tim vj tri cua d dc ; do dai OM la Idn nhat. 





!*ihon<; pii A i* cih’nj; 

De tinh khoang each tir diem O tdi mat phiutg n. ta 
thue hien then cue bude sair. 

liifdi / De dung OH vcVi li la hinh chieu vuong gdc 
cua O len a. ta thue hien: 

■ Lay duong thang a tiam trong «. 

• Dung mat phang > P) qua O vuong gdc vdi a cat « thco giao tuyen 

b (can chon a sao cho mat phang (P) de dung). 

■ Trong (P). ha OH _ b tai H 

Biftii 2: Dung AH i c tai I I.. khi do OH la khoang each tir O den ct. 

Biftic 2: Tilth do dai cua doan OH la khoang each tir A den a. 

Chu y: 

1. Trong bifdc I. trirdc khi chon a va dung mat phang (P) nen xet xem a va (P) da 
cd Stilt tren hinh ve chua. Neu co. cluing ta se gitim ihicu dtroc phep dung hinh. 

2. Neu da co stin duong thang d vuong gdc vdi a (hi chi 
c<tn dung Ox // d ta duoc Ox J a. 

3. Neu OA // a thi: 

d(0, a) = d(A. a). 

4. Neu OA cdt a tai 1 thi: 

d(0, a) OI 
d(A,a) AI 

5. Su dung tinh chat cua true duong Iron, cu the: 

Dinh nghia : Dm'fng vuong got vdi null phang < Infa 
(lifting iron tai him cua tinting Iron goi la true cua 
(lifting Iron do. 

Ta co the dung tilth chat cua true duong tron de: 

a. Chung minh duong thang vuong gdc vdi mat phang 

b. Tilth khoang each tir mot diem deit mot mat phang. 

Cu the vdi trudng hop: 

■ Ndu O la tam duong tron ngoai tiep A ABC va M la mdt diem each c!6u ba 
diem A. B, C thi duong thang MO la true cua dudng tron ngoai tiep AABC. 
Khi do MO 1 (ABC) va MO = d(M, (ABC)). 

■ Ndu MA = MB = MC va NA = NB = NC trong do A. B, C la ba di^m khdng 
thang hang thi dudng thang MN la tnic cua dudng tron qua ba diem A, B, C. 
Khi do MN i (ABC) tai tarn O cua dudng tron qua ba diem A, B, C. 

V i dq 1: Cho hinh chop S.ABCD co day ABCD la hinh vudng tam O canh bang 
a. SA ax/3 va vuong gdc vdi mitt pliimg (ABCD). 

a. Hay dung dudng thang qua Irung diem ciia canh SC va vudng goc vdi mill 
phang (ABCD). 

b. Hay dung dudng lining qua A va vudng gdc vdi mat phang (SBC). Tinh 
khoang each tir A deii miit phang (SBC). 

c. Tinh khoang each tir O den (SBC). 

d. li’nh khoang each tir trong tam cua ASAB deit (SAC). 
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Giai 

Goi M la Irung diem cua SC. 

Trong AS AC, la co: 

OM la dudng irung binh 
=> OM // SA OM 1 (ABCD). 

VAy OM la ducmg thang can dung. 

Nhftn xet r3ng: 

IRC 1 AB BC ± SAB ^ AB ± c 
IBC 1 SA 

Ha AH vuong goc vdi SB, la co ngay AH 1 (SBC). 
VAy AH la ducmg lhang cdn dung. 

Trong ASAB vudng tai A. ta co: 



I _ I _j_ 
AH ! _ SA 2 AB 2 


a>/3 r 


Vi AO r> (SBC) = C ntn: 
d(0,(SBC)) _ OC I 
“ AC 


4‘ A „ a>/3 

—r => AH =-. 

3a 2 2 


- — = -=> d(0. (SBC)) = -d(A, (SBC)) = 


=> EF 1 (SAC) 


^ | d(G. (SAC)) = ^d(E. (SAC)) = 


d(A.(SBC)) 

d. Goi E la trung diem AB, ha EF 1 AC, ta duoc: 

|EF1 AC 
|EF i SA 

do do EF chmh lei khonng cAch lir E tori (SAC). 

Trong AO AB, ta c6: 

EF la ducmg trung b'mh ^ EF = ^ OB = . 

Goi G la trong tarn AABC, vi EG n (SAC) = S nfin: 
d(G.(SAC)) 
d(E,(SAC)) 

Vi du 2: Cho binh chop S.ABC co ASB = 90", BSC = 60". 
SA = SB = SC = a. Goi I la trung di6m cua canh AC. 

a. Chung minh rAng SI 1 (ABC). 

b. Tinh khoang each tir S den mat phAng (ABC). 

Giai 

a. Trong ASAB vudng can tai S, ta co: 

AB = SA 4l = a >/2.. A 

Trong ASBC can tai S c6 BSC = 60" nen la lam giac 
ddu, suy ra BC = a. 

Trong ASAC can tai S, ta co: 

SAC = 30°, 

AC 2 = SA 2 + SC 2 - 2SA.SC.cosASC = 3a 2 <-> AC = a>/3. 
Nhan xel rang: 

AB 2 + BC : = 2a : + a 2 = 3a 2 = AC 2 
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» AABC vuong tai B :• I |;i lam dirdng Iron ngoai licp AABC. 

Vjy vdi SA = SB = SC. la duoc 

SI 1 (ABC)vad(S.(ABCn : SI 
h. Trong \SAI vuong tai I, la c6: 

SI = SA.sinSAI =*SA.si»S\c = a.-un.W = - . 

V;)y, khoang each tir Sden mat phang (ABC) bang - . 

BA I TAP OK NGHI 

Bai lap I: Clio mat phang a. Mot dirfrng thang AB cat u tai diem O sao cho O la 
irung diem cua doan AB. Chung minh rang A va B each de-u a. 

Bai tap 2: Cho hinh chop S.ABC co ABC la tarn giac eftn dinh A, AB = a. 

BAC = a, SA SB SC . Tilth khoang each tir S den mat phiing (ABC) Tim 

die'it kien cua « de bai loan co nghia. 

Bai tap 3: Cho hinh chop S.ABC co day ABC lit lam giac vuong tai A vdi 
BC - 2a. ABC = 60". Goi M la (rung diem cua canh BC Biel SA - SC - SM as/5, 

a. Tilth khoang each tir S den mat phang (ABC), 
h. Tilth khoang each tir S den AB. 

Bai tap 4: Cho hinh chop S.ABC co day ABC la lam giac vuong edit tai B va 
AC = 2a, SA = a va vuong got uVi mat phiing (ABC) 
a. (Iii'rng minh rftng (SAB) 1 (SBC) 
h. Tilth khoang each tir A den mat phang (SBC) 
c. Goi O lit Irung diem cua AC. Tilth khoang each lir O deit (SBC). 

Bai tap 5: Cho hinh chop S.ABCD to day A BCD la hinh vuong canh bang a, 
SA ~ a vii vuong goc vdi mat pltang t ABCD). 

a. Goi I lit (rung difm ctia SD. Chirng minh rang AI I (SCD). 
h. Tilth khoang each tir trong Dm ASBC den mat phiing (ABCD). 

Bai tap 6: Cho hinh chop S.ABCD co day ABCD la hinh chfr nln)t vdi AB = a, 
AD = 2a. SA = a va vuong goc vdi mat phang (ABCD) Goi I. M thco iht'r tir lit 
tiling diem ctia canh SC. CD 

a. Tilth khoang each tir A deit mat phiing (SRI)), 
h. Tilth khoang each tir I den mat phang (SBD). 
c. Tilth khoang each tir A deit mat phiing (SRM). 

Bai tap 7: Cho hinh tltoi ABCD lAm (), canlt hang a vii AC = a. I'ir trintg diem II 
ctia canh AB dung SII vudng goc vdi mat pltang (ABCD) vdi SH = a. 

a. Hay dung dirdng thfuig tjua II vuong gdc vdi mat pltang (SCD) vii tilth 
khoang each tir II deit mat phiing (SCD). 

b. Tilth khoang each lir O den mat ph.ing (SCD). 

c. Tilth khoang each lir A deit mat pltang (SBC) 

Bai tap 8: Cho AABC can dinh A co A - 120'. canh BC a v 3 . I -ay client S d 
ngoai ntat piling chua tarn giac sao cho SA - a. Tilth khoang each tir A tdi mat 
phiing (SBC). 
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Bai lap 9: Cho hinh chop S.ABCD co day ABCD la hinh vudng canh biing a, 
SA = a va vudng goc vdi mat phdng (ABCD). 

a. Tim trdn mill phdng (ABCD) mot diem each deu ba didm S, B, C va tinh 
khoang each chung ay va khoang each lir diem do den mat phdng (SBC), 
h. Tim tren mat phdng (SBC) mdt diem each deu ba diem B, C, M voi M la 
trung didm cua canh CD. Tinh khoang each chung ay. 

Bai tap 10: Trong mat phdng a cho AABC vudng tui A co BC - 2a, ACR = 60". 
Dung hai doan BB' = a, CC’ = 2a cimg vudng goc vdi a va a cuiig mot ben doi vdi 
a. Tilth khoang each tir: 

a. C den mat phang (ABB'). 

b. Trung didni cua B'C den mat phang (ACC). 

c. B' den mat phdng (ABC). 

d. Trung did’m cua BC den mat phdng (AB'C). 

Bai loan 3: Khoang each giua during thang va mat phang song song. 

__ Khoang each giua hai mat phang son g song. 



PHllONU PHAPt 111 N<; 


1. Cho during thdng d song song vdi mat phdng a, de tinh khoang each giua d 
va a ta thuc hicn theo cac bude: 

Bif</f I Chon mot didm A tren d. sao cho khoang each tir A den cc to the 
dune xac dinh de nhdt. 

Bitir, 2: Kct luan d(d. a) = d(A, a). 

2. Cho hai mat phdng song song a va |i. de tinh khoang each giua a vii j) ta 
thuc hien theo cac bude: 

Bifi'ff I Chon mot did-in A tren a, sao cho khoang each tu A den |i co (he 
diroc xac dinh dd nhat. 

Bifih 2. Ket luan d(a, (3) = d(A, P). 

Vi du 1: Cho hinh chop S.ABC co day ABC la tarn giac deu canh bdng a. mat 
ben (SBC) vuong goc vdi day. Goi M, N, P theo thu tu la trung diem AB, SA, AC. 

a. Cluing minh ring (MNP) // (SBC). 

b. Tinh khoang each giua hai mat phang (MNP) va (SBC). 

Giai 


a. Vi M, N, P theo thu tu la trung diem AB. SA, AC nen: 
MN // SB, do MN la during trung hinh trong ASAB 
MP// BC. do MP la during trung binh trong AABC 
suy ra (MNP)//(SBC), 
b Tir ket qua can a), ta co: 

d((MNP), (SBC)) = d(P. (SBC)). 

Mil khac la lai co AP r\ (SBC) = C nen: 
d(P.(SBC')) PC I 

d(A,(SBC)) AC 2 

-> d(P, (SBC)) = -d(A, (SBC)). 



Ha AH vudng goc vdi BC, ta co ngay AH 1 (SBC). Vay AH la khoang each tir 
diem A tdi (SBC). 
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Vi AABC ddu co canh bang a nen AH = 
Tu do, suy ra: 


d(P, (SBC)) = - AH = 


a >/3 
4 


Vfly. khoang each giQa hai mat phang (MNP) va (SBC) bang 


a>/3 



Vi du 2: Cho hinh chop S.ABCD co SA = av6 va vudng goc vdi mat phang 
(ABCD), day ABCD la nua luc giac ddu noi tiep trong duong tron dudng ktnh AD = 2a. 

a. Ti'nh cac khoang each tir A va B den mat phang (SCD). 

b. Ti'nh khoang each tir duong thing AD den mat phang (SBC). 

c. Ti'nh dien ti'ch cua thiCt dien ciia hinh chop S.ABCD vdi mat phang a song 

. , a>/3 

song vdi mat phang (SAD) va each mot khoang bang- 

4 S 

Gidi 

a. Nhan xet ring: 

a) i ac CD ± {SAC) (SCD) x (SAC) 

| CD -L SA 

Ha AH vudng goc vdi SC, ta co ngay AH 1 (SCD). 

Vfly AH la khoang each tir diem A Idi (SCD). 

Trong ASAB vudng tai A, ta co: 

111 1 1 1 A Cl Py 

AH' SA- AC’ (avbr (aV3)- 2a' 

(ioi I la trung diem AD, suy ra: 

BI // CD => BI // (SCD) => d(B, (SCD)) = d(I, (SCD)). 

Mat khac, ta lai co AI n (SCD) = D nen: 

d(I .(SCD» JP. =.— :=> d(I, (SCD)) = - d( A. (SCD)) = i AH = —. 
d( A.(SCD)) AD 2 2 2 2 

b. Nhan xet ring: 

AD // CD => AD // (SBC) ^ d(AD. (SBC)) = d(A, (SBC)). 

Ha AK vudng gdc vdi BC, ta dtroc: 

B ° ' AK => BC 1 (SAK) (SBC) i (SAK) va (SBC) n (SAK) = AK. 
|BC 1 SA 

Ha AG vudng gdc vdi SK, la co ngay AG 1 (SBC). 

VAy AG la khoang each tir diem A tdi (SBC). 

Trong ASAK vudng tai A, ta co: 

I I I I I 


AG' SA- 
Nhan xet ring: 
[AK 1 AD 
AK ISA 


r + 


AK 2 (dy/fy y {dSnr 


3 

2a 2 


> AG = 


a >/6 


=s> AK 1 (SAD). 
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Gia su mat phang a song song vdi mat phiing (SAD) cat AK tai E, khi do: 

d(a, (SAD)) = AE = = ~ AK => E la trung dic'm ciia AK. 

Ta di xac djnh thiit dien tao bdi hinh chop vdi mat phang a qua E va song song 
vdi (SAD), nhu sau: 

«//(SAD) 

ftO(ABCD) = Ex =>Ex//AD 
(SAD)n(ABCD) = AD 

va Ex cat AB, CD theo thu tu tai M. N la trung difi'm cua m6i doan. 

Trong mat phang (SAB) dung My // SA va cat SB tai Q la trung dit*m cua SB. 
Trong mat phang (SCD) dung Nz // SD va cat SC tai P la trung di<m cua SC. 
Vay, thitft di4n tao bdi hinh chop vdi mat phang a la MNPQ. ngoai ra vi: 

MN // CD // PQ => MNPQ la hinh thang 

MQ // SA => MQ 1 (ABCD) => MQ 1 MN MNPQ la hinh thang vudng 
Tir do, ta duoc: 

Smnpv= ^(MN + PQ).MQ 


trong do: 

MN = ^ (AD + BC) = ^, vi MN la duong trung binh cua ABCD, 
PQ = i BC = ^, vi PQ hi dudng trung binh cua ASBC, 



a>/6 


, vi MQ hi dudng trung binh cua ASAB, 


suy ra: 




~ 2 ~ 



BAI TAP Dfc NC*HI 

Bai tap 1: Cho hinh hdp chu nhat ABCD.A^QD, co AB = a, BC = b, CC, = c. 

a. Tmh khoang cdch tit AA, d£n mat phang (BDD,B,). 

b. Goi M, N thco thir tu la trung diem AA,, BB,. Tilth khoang each tir MN deii 
mat phiing (ABC,D,). 

c. Chung minh rang (AB,D,) // (C,BD). Tiiih khoang each giua hai mat phiing 
(AB,D,) vd (C,BD). 

Bai tap 2: Cho hinh lang tru dung ABC.A,B,C, co AA, = a, day ABC Id tarn giac 

vuftng tai A cd BC = 2a, AB - a>/3. 

a. Tinh khoang cdch tu AA, den mat phang (BCC,B,). 

b. Tinh khoang each tu A den (A,BC). 

c. Chung minh rang AB vudng goc vdi mat phang (ACC,A,) va tinh khoang 
each tir A, deii mat phiing (ABC,). 

d. Goi M, N, P thco thu tu la trung didm cua AA,, BB,. CC,. Tinh khoang each 
giua hai mat phang (BMN) va (A,C,P). 
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Bai tap 3: Cho hinh chop S.ABCD c 6 d.iy A BCD la hinh vudng canh a, SA = 2a 
va vudng gdc vdi day. 

a- Ti'nh khoang each tir A den mat phing (SBC), nr C dd'n (SBD). 
b- M. N lAn luot )a trung diem cua AB va AD Chung minh rang MN song 
song voi mat phftng (SBD) va ti'nh khoang each hr MN den (SBD). 
c- Mat phing a qua BC cat cac canh SA, SD then thu tu tai E, F. Cho biet AD 


each tx mot khoang la 


a yjl 
2 ‘ 


tilth khoang each tit S d£n mat phftng ex va dien 


tfch tu giic BCFE. 

Bai tap 4: Cho hinh chop S.ABCD co SA = 2a va vuong goc vdi mat phing 
(ABCD), day ABCD la hinh thang vuong tai A va B. AB = BC = a, AD = 2a. 
a. Ti'nh cac khoang each tit A va B den mat phing (SCD). 
b- Ti'nh khoang each tit dudng thing AD den mat ph.ing (SBC), 
c- Ti'nh dien tich cua (hie! dien cua hinh chop S.ABCD vdi mat phAng a song 


song vdi mat phing (SAD) va each mot khoang bang 


a 

3 


Bai loan 4: Doan vuong goc chung cua hai dudng thing cheo nhau. 
Khoang each gitfa hai dudng thang cheo nhau. 


PHI/ONG PIIAP CHUNG 

I. De dung doan vuong goc chung cua hai dudng thing cheo nhau a va b, ta Iua 
chon mdt trong ede edeh sau: 

O'h Ii I: Ta thuc hien thco cac bude: 

Birth I Dung mat phing a clu'ra b song 
song vdi a. 

Birth 2 Chon M tren a, dung MH vuong 
goc vdi a tai H. 

Birtri .? Tit H, dung dudng thing a. song 
song vdi a, va cdt b tai B. 

Birth 4 Tir B, dung dudng thing song song vdi MH, cAt a tai A. 
Doan AB la doan thing vuoi^g goc chung cua a va b. 

Cdi ll 2: Ta thuc hien theo cac bude: 

Birth / Dung mat phing a vudng goc vdi 
a v& tai O. 

Birth 2: Dung hinh chieu vudng goc b, 
cua b tren a. Dung chieu vudng 
gdc H cua O tr6n b,. 

Bum 3: Tit H, dung dudng thang song 
song vdi a, cAt b tai B. 

Birth-4: Tit B, dung dudng thing song song vdi OH, cAt a tai A. 

Doan AB la doan vudng goc chung cua a va b. 

Ciii h 3 (Ap thing clio tntcrng http a i b ): Ta thuc hien theo cac bude: 

Bum- /. Dung mat phang a chua b, vudng 
gdc vdi a tai A. 



A M a 







Bif&c 2: Dung AB 1 b tai B. Doan AB la 
doan vudng goc chung cua a va b. 

2. Dd’ tinh khoang each giua hai dudng thing cheo nhau, ta 
lira chon mdt trong eric each sau: 

Cdcli I: Tinh dd drii doan vudng goc chnng (nd’u co). 

Cdch 2: Ti'nh d(a, a) vdi a la mat phring chua b song song vdi a. 

Vi du 1: Cho hinh chop S.ABCD co driy la ABCD la hinh vuong trim O canh 
bring a, SA = a vri vu6ng goc vdi (ABCD). Ti'nh khoang each giua hai dudng thing: 

a. SB va AD. d. SC vri AD. 

b. SC vri BD. e. SB vri AC. 

c. SB vri CD. 

Giai 

a. Nhrin xet rang: 

AD _L AB, vi ABCD Iri hinh vuong 
AD 1 SA, vi SA vudng goc vdi (ABCD) 
suy ra AD 1 (SAB). 

Dtflig AM vudng goc vdi SB thi AM la doan vudng goc chung cua SB va AD. 
Trong ASAB vudng crin tai A. ta co: 

AM = -SB = - VSA : + AB 2 = —. 

2 2 2 

Vriy, khoang each gifia SB vri AD bang 



b. Nhrin xdt ring: 

BD 1 AC, vi ABCD Iri hinh vudng 
BD 1 SA, vi SA vudng goc vdi (ABCD) 
suy ra BD 1 (SAC). 

Dung OH vudng goc vdi SC thi OH Iri doan vudng goc chung cua SC vri BD, 
Nhrin xrit rring AHCO vri AACS la hai tarn giric vudng co chung goc nhon C ndn 
chung ddng dang, suy ra: 

SA.OC 


OH 

SA 


PC 

SC 


—— = — => OH = 


trong do: 


OC = — AC = 

2 2 


SC 2 = SA 2 + AC 2 = a 2 + (a Jlf = 3a 2 ^ SC = aS 


suy ra: 


OH = 


a>/2 

a.- 

2 _ 


a>/3 


a -Jb 
~ 6 ~ 


Vriy, khoang each giua SC vri BD bring — 

6 
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c. NhSn xet ring: 

CD// AB t-> CD// (SABi 

d(CD, SB) = d(CD. (SAB)) = d(D. (SAB)) = DA = a. 
Vay, khoang each giua SB va CD bang a. 

d. NhJin xet rang: 

AD// BC => AD//(SBC) 

ax/2 

=> d(AD, SC) = d(AD. (SBC)) = d(A. (SBC)) = AM = 


VSy, khoang each giua SC va AD bang 



Dung: 

Bx // AC => AC // (S, Bx) -^> d( AC. SB) = d( A. (S, Bx)) 

Ha AE vu6ng goc veri Bx. (a duoc: 

(Rx i AF 

Bx 1 (S. Bx) => (S. Bx) 1 (SAE) va (S. Bx) n (SAE) = SE. 

Bx L SA 


Ha AF vuong goc voi SE. (a co ngay AE 1 (S. Bx). 
Vay AF la khoang each lir diem A tdi (S, Bx). 
Trong ASAE vuong tai A, la co: 


AE = OB = ' 


ax/2 


I 

AF 2 


SA' AE- 


(ax/2/2)- 


AF = 


axg 


Vay, khoang each gifra SB va AC bang 


.x/3 


Cho hinh chop S.ABC co SA = 2a va vuong goc vdi mat phang (ABC), 
day ABC la tam giac vuong can tai B voi AB— a. Goi M la (rung didm eua AC. 

a. Hay dung doan vuong goc chung eua SM va BC. 

b. Tilth do dai doan vuong goc chung eua SM va BC. 

Giai 

a. De dung doan vu6ng goc chung eua SM va BC ta co 
(he lua chon mdt trong Itai each trinh bay sau: 

Cik Ii I - Goi N la (rung dient AB. suy ra: 

BC//MN =>BC//(SMN). 

Ta co: 

I MM ■“ MN 1 (SAB) ^ (SMN) J (SAB) va (SMN) rv (SAB) = SN. 

MN ± SA 



Ha BH 1 SN suy ra BH 1 (SMN). 

Tit H dung Hx song song vdri BC va c«it SM tai E. 
Tir E dung Ey song song voi BH va cat BC tai F. 
Doan EF la doan vuong goc chung eua SM va BC. 

Ci'n h 2: Nhan xel ring: => BC i (SAB). 

BC I SA 
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Do do (SAB) chmh la mat phAng qua B thudc BC va vudng goc vdi BC. 

Goi N la trung dife’m AB, suy ra: 

MN // BC => MN 1 (SAB) 

suy ra SN la hinh chi£u vuong goc ciia SM tren (SAB). 

Ha BH 1 SN suy ra BH 1 (SMN). 

Tu H dung Hx song song vdi BC va cat SM tai E. 

Tir E dung Ey song song vdi BH va cat BC tai F. 

Doan EF la doan vuAng goc chung cua SM va BC. 
b. Nhfln xet rang ASAN va ABHN la hai tain giac vuAng co hai goc nhon d6i dinh 
nfin chiing dong dang, suy ra: 

BH BN nlI SA.BN 

—•* Dll — 

SA SN SN 

trong do: 

BN = - AB = - 
2 2 

SN : = SA ? + AN’ = (2a) ; +1-1 = — => SN = — 

(2-J 4 2 

suy ra: 



2ax/l7 

17 


V;)y, khoang c.lch gifra SM va BC bang 


2a Vn 
17 


Vi dy 3: Cho hinh chop S.ABCD to day la ABCD la hinh thoi tAm O. canh a. 
gckr A = 60" va co dudng cao SO = a. 

a. Tfnh khoang each tir O dcit (SBC). 

b. Ti'nh khoang each giua hai dudng titling AD va SB. „ 

Gidi X, 

a. Ha OI vu6ng goc vdi BC va kco dai OI cat AD tai J. / vS, 

Ta co: / \\\ 

I!* 1 !* ^BCl(SOI) /A ; Vy\ B 


(SBC) i (SOI) va (SBC) n (SOI) = SI 
lla OH vuong goc vdi SI, ta co ngay OH X (SBC). 
Vay OH la khoang each tu dic’m O tdi (SBC). 

Vdi hinh thoi ABCD, ta co: 


BD = a, vi AABD den => OB = — 
2 

AC = 2AO = 2. — = a>/3. 
Trong AOBC vuong tai O, ta co: 
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1 I , J_ _ I 
C)I- OB 2 (X' : (a/2) 

Trong ASAE vuong tai A, ta co 


(av^r 


13 

3a' 


>o,^ 

1.3 


OH 


SO- 01 2 a 2 (a>/39/l3r 


= - - rO OH = - 
3a 2 




Vay, khoang each til O den (SBC) bang ‘ K 

4 

b. Nhan xet rang: 

AD // BC => AD // (SBC) 

=> d(AD, SB) = d(AD. (SBC) = d(J. (SBC)). 

Mat khac, ta lai co JO r\ (SBC) = I lien: 

d(j.( SB c» = n 2 d(J (SBC)) _ 2d(0 (SBC)) = 20H = —. 
d(0,(SBC)) O! 2 

Vay, khoang each giua SB va AD bang —- 

Vi du 4: Cho duong iron duong kinh AB = 2R chira trong mat phang ex, SA 
vuong goc voi mat phang rx va SA = h. vdi 0 < h < 2R. Goi M la mot diem di ddng 
trfin duong tron. Xac dinh vi trf cua M de doan noi trung diem hai doan AM va SB 
la doan thang vuong goc chung cua chting. khi do ti'nh do dai cua doan vudng goc 
cluing nay. 

Giai 

Goi E, F theo thd tu D trung di<2m cua AM va SB. 

Nhan xet rang, dua tren ti'nh chat duong trung luyen trong tarn giac vuong, ta co: 

. r I , N , r l CIJ S 

AF = - SB va MF = - SB =- 

2 2 2 
:=> MF = AF <-> AAFM can lai F 
r^> EF 1 AM. 

Nhu vi)y, tic EF la doan thang vuong got chung cua 
AM va SB dieu ki&n la: 

EF 1 SB <-> AESB can lai E 

o se = be:. 

Dilt AE = x, suy ra ME = x. 

Trong ASAE vuong lai A, ta co: 

SE 2 = SA’ + AE : = h 2 + x’ SE = >/li 2 i x 2 
Trong AEMB vu6ng tai M. ta to: 

BE 2 = BM 2 + ME 2 = (AB AM’)’ + ME : 

= 4R 2 - 4x 2 + x : =4R 2 - 3x 2 

—> BE = J 4 R 2 - 3.\'. 

Thay (2), (3) vao (I), ta duoc: 

3x 2 h : + x 2 = 4R 2 - 3x 2 



( 2 ) 


( 3 ) 
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V4R 2 — h 2 —;-; 

<=> x = 2— — AM = 2x = V4R 2 h- 


Trong AMF.F vudng tai I •. in to: 


EF : = MF’ ME’ = 


Ir f 4R- 4R- h 


= => EF = ---. 

2 2 


Vay, vdi diem M thuoc dudng Iron sao cho AM = v4R : h 2 thi EF la doan 
thAng vuong g6c chung cua AM va SB. va khi do EF = . 

BAI TAP Dfi NGHI 

Bai tap 1: Cho hai lam giac eftn ABC va ABD co day chung AB va khdng cung 
nAm trdn mdt mat phAng. 

a. Chung minh rang AB 1 CD. 

b. Xac dinh ro doan thang vuong goc chung cua AB va CD. 

Bai tap 2: Cho tur di^n ABCD co ABC la lam giac deu canh a, AD vuong goc vdi 
BC, AD = a va khoang each tir D den BC la a. Goi H la irung difi'm cua BC, I la 
Irung diem cua AH. 

a. Chung minh riing BC L (ADM) va DH = a. 

b. Chung minh rAng Dl L(ABC). 

c. Hay dung va tmh do dai doan vuong goc chung cua AD va BC. 

Bai tap 3: Cho hinh chop S.ABC co SA = 2a va vuong goc vdi mat phAng (ABC), 
dAy ABC la lam giac vuong tai B vdi AB = a. Goi M la irung diem ciia AB, H3y 
dung va tfnh dd dai doan vuong goc chung cua SM va BC. 

Bai tap 4: Cho Id didn OABC, irong dd OA, OB, OC doi mot vuong goc va 
OA = OB = OC = a. Goi I la irung diem ciia BC. Hay dung va tmh do dai doan 
vudng goc chung cua cac cap dudng ihAng: 

a. OA va BC. 

b. AI va OC. 

Bai tAp 5: Cho hinh vudng ABCD canh bang a, I la irung diem cua AB. Dung IS 

vudng goc vdi mAt phdng (ABCD) va IS = -Goi M. N. P Idn luoi la Irung diem 

cua cac canh BC, SD. SB. H;ly dintg va tmh do dai doan vuong got chung cua cat 
cAp dudng thAng: 

a. AB vA SD. 

b. SAvaBD. 

c. NP va AC. 

d. MN vA AP. 

Bai tap 6: Cho hinh lang Iru dung ABC.A|B,C, co day la lam giac ddu vA 
AA, = h. Biei khoang each gifra A B, va BC, IA d. Tmh canh day cua lAng tin fhco d 
va h. 

Bai tap 7: Cho lang tru ABC. A,B|C ( co cac mat ben ddu IA hinh vudng canh a. 
Goi D, E, F I An luot la trung dic'm cac canh BC. A,C„ C,D,. Hay dung va tinh do 
dAi doan vudng goc chung cua cac cap dudng IhAng: 
a. A,B va B,C. 
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b. DE va AB,. 

c. A,B va B ; C,. 


d. DE va A,F. 

Bai tap 8: Cho hinh lang Iru dung ABC - A B C, co day la lam giac dfiu canh a va 
a>/2 

AA, = —. Goi O, O, ihco thu tu la (rung diem ciia AB va A,B,. 


a. Chi'mg minh rang AB I. ((XX),). 

b. Tinh khoang each gifra hai dudng thSng AB va BC 

Bai tap 9: Cho tu dien ABCD co hai mat ABC va ACD nam trong hai mat phang 
vuong goc vi'ri nhau, AABC vuong tai A. AACD vuong lai D. 

a. Chung minh rang cac tarn giac ABD va BCDddu vuong. 

b. Goi I, J theo thu tu la irung diem ciia AD va BC. Tim dieu kien de IJ la doan 
vuong goc chung cua hai duong thang AD va BC. 

Bai tap 10: Cho tir dien ABCD co bon mat la bon tarn giac co dien tich bang nhau. 
Chung minh rang doan noi Irung diem hai canh doi dien ciia tu dien cung la doan 
vuong goc chung ciia hai canh do. 
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CHU DE 5 

GOC 

I. KIEN THlfC CO BAN 

1. NHAC LAI GOC GlCfA HAI DUONGTHANG 
Dinh nghia: Got giCfa luii (lifting lining hat ki u vd h 
Irong kliong gian Id got gii'ni luii difdng lining cling di 
(/ini mot diem va Ian I inn song song vdi luii dining lining 
do, ki hidu la (a,h ) hay (h.a ). 

DSc bidt: 

■ Khi avilb (rung nhau hoac song song vdri nhau Ihi (tCb) = 0". 

■ Khi a vA b vu6ng goc ihi (a.b) = 90°. 
nhu vAy, ta Iu6n cd 0 < (a.b ) < 90". 

2. g6c giCTa di/Ong thAng vA mAt phAng 

Dinh nghia: Goc gii'M dining lining a vd unit pitting a Id 
gdc giiiti dming lilting a vd hinli chieii a, i lia no Iren a, 
kf hidu la (a.o ) hay (<\.a ). 

DAc bidt: 

■ Khi a thudc a hoac a song song vdi a thi (a, h ) = O' 1 . 

• Khi a vu6ng gdc vdi a Ihi (a.o ) = 90". 

nhu vily, la Iu6n cd 0 < (a.o ) < 90°. 

3. g6cgi0ahai mAt phAng 

Dinh nghia: Goc giita luii null pining a vd P Id got giffu 
luii dining lining Ian I not vudng goc vdi luii unit pining 
do, kf hidu lit (3,a) hay (0,3). 

Dflc bidt: 

■ Khi a va P triing nhau hoac song song vdi nhau Ihi (a.b ) = 0". 

■ Khi a vudng goc vai p ihi (n,3) = 90°. 
nhu vfty, la ludn cd 0 £ (n.3) < 90". 

4 NHIDlfiN 

Dinh nghia: Hinli hop Inii luii nifa nidi pining a vd P t o 
cluing Ini a dupe goi Id nlii dien, kf hidu la [a, a, P] hoAc 

la. PI. 

Cat nhi didn |a, a, PI bdi mat phAng (P) vudng goc vdri a tai didm O va cat a. P 
Iheo thir tu IA cAc nua dudng ihAng Ox va Oy. Khi do, goc xOy duoc goi la got 
pining ciia nhi dien [a, a. p], kf hidu Sd[a, p] hoac vid't tat |a, p]. 

DAc bidt, khi a vudng goc vdi p thi |a, P] = 90’, ta noi |a, PI- IA nhi dien vudng. 
Nhu vAy, ta ludn co 0 < (a, p| < 180". 
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5. DI$N TICH HiNH CHlgu CUA M0T TAM C1AC 
Dinh li: Nett mol him gidt < > .//<•); in li S tlii hinh - Ini'ii 
nia ltd i d dien lit li S’ hung licit < tut S t'l . n\in tin ■.;/n 
<p gn?u mill pliint^ i tin him giin ./ min rhien 
Tuc la: 

S’ = S.costp. 

He qua. Mi’ll S lit dien licit t tin nidi du i>iut pining. S’ Id (lien licit t tin (hi gidc 
chictt i ■</ (p Id fide giihrmdl plaing < ini <hi i >iut vd nidi iiluillft chi fit I hi la cd: 

S’ = S.cos<p. 



6. TAM DI$N 

Dinh nghia: Hinli hop hoi hn tin Ox, Oy, Oz klimig dong pining dtfoc goi Id nidi 
him dien, ki hieu la Oxyz. 

Trong do: 

• Cac tia Ox. Oy, Oz goi la cac canh ciia lam dien. 

■ Cac mien goc xOy, yOz. zOx dupe goi la cac nidi 

cua lam dien. 

• Do Ion cua cac goc xOy. yOz, zOx goi la goc 
pining if dinlt cua lam dien. 

Mol lam dien goi la him dien l ining neu ba goc phung 
d dinh cua no dcu la g6c vuong. 



I L CAC DANG TOAN UFA Ql AN 
[~Bai loan 1: Goc giua hai dudng thang. 






PHliONi; PHAP('HIM; 

Chung la da ihu nh;)n dupe phuong phap tinh goc giua hai dudng thiing trong 
chu de I. 

Vi du 1: Cho tu dien ABCD. Goi M. N Ian luot la trung didm cua cac canh BC, 
AD. Hay tinh goc giua AB va CD. biet AB = CD = 2a va MN = a -Jl. 


Gidi 

Goi E la trung diem AC, la cd: 

[EM//AB -- 

=> ( AB.CI)) = MEN. 

[EN//CD 

Trong AMEbf, ta cd: 

ME = ~AB = a ,vi ME la duemg trung b'mh trong A ABC E 

| p 

NE = - CD = a.vi NF. la dudng trung hinh trong \ACD 



suy ra: 

ME ? + NE’ = a' + a : = 2a’ = MN : <=> AMEN vuong tai E o MEN = 90". 
Vay. goc giua AB va CD bang 90". 

Vi du 2: Cho tu dien ddu ABCD canh bang a. Goi O la tdm dudng Iron ngoai 
licp ABCD. 
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a. Chung minh rang AO 1 CD 

b. Goi M la trung difem cua CD. Tinh goc giua AC va BM 

Girii 

a. Ta co ngay kfet luan AO 1 CD vi A. BCD la hinh 
chop tam gidc dfeu. 

b. Goi N la trung difem AD, ta co: 

MN //AC => ( ACBM ) = BMN . 

Xet ABMN, ta co: 

BM = > v * BM la trung tuyfen trong AABC dfeu 

BN = , vi BN la trung tuyen trong AABD ddu 

MN = ^ AC = ^ ,vi MN la duftng trung binh trong AACD 



cos BMN = 


MB- -t MN- ^N- 
2MB MN 


MN 

2MB 


73 

6 


Vfly, ta dupe cos( AC. BM ) = 


V3 


BAI TAP NGHI 

Bai tap 1: Cho hinh lap phuong ABCD.A.B^D,. Goi M. N, P theo thu tu la trung 
diem cua AB, BC, C,D,. Hay tinh goc giua cac cap dubng thiing: 

a. AB, va BC,. AC, va CD,. 

b. MN va C,D,. BD va AD,. MN va AP, A,P va DN 

Bai tap 2: Cho hinh hpp chfr nhat ABCD.A,B,C,D| co AB = a, BC = b va AA, = c. 

a. Hay tinh goc giua AD, va B,C. 

b. Hay tinh goc giua AB va A,C. 

Bai tap 3: Cho tut difen dfeu ABCD canh bang a. Goi O la lam duftng iron ngoai 
tife'p ABCD. Hay tinh cosin cua goc giua AC va DO. 

Bai tap 4: Cho td difen ABCD. Goi M. N Ian lupt la trung difem cua cac canh BC. AD. 

a. Hay tinh cosin cua goc giffa AB va DM, bife't ABCD la tu dien dfeu cP canh 
bang a. 

b. Hay tinh goc giua AB va CD, bife't AB = CD = 2a va MN = a 73. 

Bai tap 5: Cho tur difen ABCD. co AB = CD = a, AC = BD = b, AD = BC = b 

a. Chdng minh rang doan noi trung difem cac cap canh doi thi vuong goc vdi 
hai canh do, tinh dp dai cua chiing. 

b. Hay tinh goc hop boi cac canh doi ciia tur difen . 

Bai tap 6: Cho hinh chop SABCD co day ABCD la hinh binh hanh voi AB = a, 
AD = 2a, SAB la tam giac vuong can tai A. M la difem tren canh AD (M khac A va 
D). Mat phang a qua M song song vpi mat phang (SAB) cat BC, SC, SD Idn luot tai 
N, P,Q. 

a. Chung minh rang MNPQ la hinh thang vuPng. 

no 



b. Dal AM = x, vdi 0 < x < 2a Ti'nh dien tich cua MNPQ theo a va x. 


[ to a n 2: Goc gidra mot dud ng thang va mol mat phing. 


PHLIOMi PHAPCHUNG 

Dc tinh goc giua dudng thing a va mat phang a. ta thuc hic'n theo cac budc: 
Btftit I: Tim giao di6m O cua a vdi a. 


Birth- 2: Chon diem A e a va dung AH 1 a. vdi 


A. 

H e a. 

/ X 

a, / 

Khi do AOII = (a'n ) 




J: 

V i-duli 


Tinh so do cua AOH dua trcn cac he thuc luong giac. 

Cho hinh chop S ABC day ABC la tarn giac vuong tai A, BC = a, 
aV3 


SA = SB = SC = 

a. Tilth khoang each tit S tdi mat phang (ABC). 

b. Tinh goc giua dudng lhang SA va mat phang (ABC). 

Giai 

a. Goi O la trung dieim cua BC. suy ra O la tarn dudng tron ngoai tidp AABC. 

Ngoai ra, theo gia thiet ta co SA = SB = SC nen SO la 
true dudng iron cua ba AABC, suy ra: 

SO 1 (ABC) vi SO = d(S, (ABO). 

Trong ASAO vuong tai O. ta co: 

I a 

OA = 2 BC = 2 t trung tuyC’n thuoc canh huydn 


SO : = SA : - OA’ = -- 


>so = 



Vi SO 1 (ABC) nen OA la hinh ehicu vuong goc cua SA tren (ABC), do do: 

(SA.(ABC), ( ABC )) = SAO. 

Trong ASAO vudng tai O, ta co: 


cos SAC) = 


SA 


s 

3 


Vay. ta duoc cos( SA.t ABC)) = —. 

Vi d^i 2: Cho hinh chop tir giac deu S.ABCD co canh day bang a, t£)m O. Goi M 
vi N liin I ircfl la trung dic-m cua cac canh SA va BC. Bie't ring goc gifta MN va 
(ABCD) bang 60". 

a. Tinh MN va SO. 

b. Tinh goc giua MN va mat phing (SBD). 

Giai 

a. Goi H la trung diem OA. suy ra: 

III 



MH // SO => MH 1 (ABCD) 
suy ra NH la hinh chicu vuong goc cua MN tren 
(ABCD), do do: 

( MN.(ABCD)) = MNH = 60". 

Trong AHNC, ta co: 

NH : = CN- + CH' - 2CN.CH.cos NCH 

(af f3a -Jl I" . a Ittr 

= - + - -2.-.-.cos45 =- 

V 2 J \ 4 ] 2 4 16 

aNH^. 

4 

Trong AHMN vuong tai H, ta co: 

a n/io 

NH _ Y _ aVlO 
cos MNH cos60 (l 2 



MN = 


MH = NH.tgMNH = .tg60"= 

4 4 


SO = 2MH = 


NI//OC - 


. NI1 (SBD) 


Trong AOSA, ta cd MH la dudng trung binh ncn: 
ay/M) 

~2 

b. Gia stir: 

AN n BD = K (SAN) n (SBD) = SK 
Giii sir: 

MNnSK = J^MNn (SBD) = J. 

Goi I la trung didm OB. (a cd: 

INI 1 BD 
|N! : SO 

suy ra IJ ID hinh chidu vuong goc cua MN trdn (SBD), do do: 

(MN.TSBD)) = NIJ . 

Trong AOBC cd NI la during trung binh ncn: 

NI = -OC = ——. 

2 4 

Trong AABC cd trung tuycii AN va BO ncn K la trong (Am, suy ra: 
KA _ . 

KN 

Dua vao hinh ben, thco dinh If Melelaus, ta duoe: 

KA JN SM . . JN I . 

-. — .- = | <=> 2. — . - = I 

KN JM SA JM 2 

aVlO 




Trong ANIJ vudng tai I, ta co: 

A'Pi 


JN 


avTo 

4 


b. Chiing minh rAng ' 


Vay. ta duoc sin( MN.(SBD)) = 

Vj dy 3: Cho hinh lAng tru dung ABC.A^BiC, co day ABC vudng cAn tai A. 
Doan nd'i trung di£m M cua AB va trung diem N cua B,C, co dd dai bang a, MN 
hop voi day goc a va mat ben (BCC,B|) goc p. 

a. Tmh cac canh day va canh ben cua long tru theo a va a. 

cos a = -s/2 -sin p. A, 

Giai 

a. Goi H la trung didm BC, ta co: 

NH // BB, => NH 1 (ABC) 

suy ra MH la hinh chi£u vuong goc cua MN tren (ABC), 
dodo: 

( MN.(ABC)) = NMH = a. 

Ngoai ra: 

AH ± BC 

=>AHi (BCC,B|). 

AH J.BB, 

G>oi E la trung di£m BH, suy ra: 

ME // AH => ME ± (BCC,B,) 

suy ra NE IS hinh chifi'u vudng goc cua MN tren (BCC,B|), do dA: 

(MN t (BCC,B,)) = MNE = p. 

Trong AMNH vuAng tai H, ta co: 

MH = MN.cos NMH = a.cosct. 

NH = MN.sin NMH = a.sinu AA, = a.sina. 

Trong AABC cAn tai A, vi MH la dircmg trung binh nen: 

AB = AC = 2MH = 2a.cosa. 



BC = >/aB j 4 AC 2 = 2 a.cosa. 

AH = — BC = \}l a.cosa. 

2 

b. Trong AMNE vudng tai E, ta co: 


. „ ME 2 

stnP =-= — 

MN 


AH * >/2a.coso 

7 cosa rr . n 

— = —-= — t =- o cosa = v2..sinB. 

MN a V2 
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BAI TAP D<? NGHI 

Bai tap 1: Cho hinh chop S.ABC c6 SA = SB = SC = 


2.1/3 

3 


va day AFC la lam 


giiic d£u canh a. 

a. Ti'nh khoang each lir S tdi mat phing (ABC). 

b. Ti'nh gdc giua ducfng thing SA va mat phing (ABC). 

Bai tap 2: Cho AABC vuong tai A, canh AB = a nim trong mot mat piling a, 
canh AC = as/2 va tao vdi u mot goc 60". Ti'nh goc giua BC va a. 

Bai tap 3: Cho hinh chop S.ABCD co day ABCD la hinh vuong canh a. 
SA = as/d va vuong goc vdi mat phing (ABCD). 


a. Ti'nh goc giua SB va CD. 

b. Ti'nh goc giua SC va (ABCD). 

c. Ti'nh goc giua cac cap SC va (SAB), SB va (SAC), AC va (SBC). 

Bai tap 4: Cho hinh lAng tru dung ABC.A|B|C, co day la tarn giiic ilSu canh a. 
Biel ring BC, hop vdi (ABB,A,) goc 30°. 

a. Ti'nh AA,. 

b. Ti'nh khoang cich tir trung difim M ciia AC dd'n mat phing (BA 

c. Goi N la trung diem cua canh BB,. Ti'nh goc giua MN va (BA,C,). 

Bai tap 5: Cho hinh chop S.ABCD day ABCD l;i hinh vuong canh a. SA = 2a va 
vuong goc vdi mat phing (ABCD). Mat-phing a qua BC, hop vdi AC goc 30", cit 
SA, SD tin luot tai M, N. Ti'nh dien tfch thiet died BCNM. 

Bai tap 6: Cho hinh chop S.ABCD co day ABCD la hinh chu nliat. SA vuAng gdc 
vdi mil phing (ABCD). Canh SC co dd dai bing a, hop vdi day gdc a vi hop vdi 


milt bdn SAB gdc (3. 
a. Ti'nh SA. 


b. Chung minh rang AB = a 


+ p).cos(tt - P». 


Bai toan 3:- Gdc giua h.ii mai phuiig 




PHUONG PHAP CHONG 


Dc ti'nh gdc giua hai mat phing a va p, ta lira chon mot trong hai each sau: 

Cat h I: (.Sudang (linh nglihi): Ta thifc hidn theo c;ic bitdc: 

Bum I: Chon didm O, tir do ha OB, OF iheo thu nr vuong gdc vdi 

a \ ;i p. 

Bum 2: Ti'nh so do cua gdc HOF . 

Bum 3: Khi do: 

■ ((Cl) = EOF, ne'u EOF - < 90'. 

■ (M ) = I SO" - EOF, ncu EOF 



> 90". 


Ctnh 2: Ta thuc hifin theo cac bude: 

Bum 1: Tim giao tuyfi'n d cua a va p. 
Bu&c 2: Chon diem O tren d, tir do: 

■ Trong a dung Ox 1 d. 
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■ Trong (5 dung Oy 1 d. 

Bum T Tinh so do cua gdc xOy. 

Bum ' 4: Khi do: 

■ () = xOy. neu xOy ■ < 90°. 

■ (O) = I X0 1 - xOy. neu xOy > 90". 

Vi dg 1: Cho AABC vudng tai A co canh huydn BC thuoc mat phang (P). Goi p. 
y la goc hop bdi hai dudng thdng AB, AC vdi (P). Goi a la gdc hop bdi (ABC) vdi 
(P). Chung minh rflng: 

siira = sin : p + siiry. 

Giai 

Ke AH vuong goc vdi mat phang (P), ta duoc: 

ABH = p va ACH ACH = y. 

Ke HI vuong gdc vdi mat phang BC, suy ra: 

BC i AI, theo dinh li ba dudng vudng gdc 
_=• AMI = a. 

Trong AABC vudng tai A, ta co: 

1 I 
IA- ~~ 
o siira = sin : p + siiry. 

Vi dy 2: Cho hinh lang tru dung ABC.A,B,C| co day ABC la tarn giac dtki canh 
a, AA| = a. Tinh gdc giira hai mat phdng (ABC,) va (BCA,). 

Giai 

Goi l; la tarn hinh vudng (ACC.Ai). suy ra: 

(ABC,) n (BCA,) = BE 
Trong (EBC). ha CO 1 BE. O a BE. ta co: 

I BE ICO 


__l AIT 

AB AC' IA 2 


AH' AH 
AB 2 AC 2 



BE1 AC 


^.BEl(OAC) ^BEIOA. 


V Sy, ta nhan duoc gdc AOC AOC. 

Goi F la trung dic’m AC, trong ABFF vudng tai F. (a co: 

1 a 

EF : = — AA, = — . vi no la dudng trung hinh 

2 2 

a73 

BF = ——, trung tuyen trong mot tarn giac deu 



OF 


= -4+-L = 1_ + ' => of = 

EF" BF* (a/2)‘ (av3/2)* 3a' 


Tirong AOFA vudng tai F, ta co: 
OA ? = OF 2 + AF : = 1 


7a- 

.16 


> OA = OC = 


as/3 

4 

aV7 
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Trong AOAC, ta c6: 


cos AOC = 


OA : + PC ~ - AC^ 
20A.0C 


Vay, ta dupe: 

(( ABC, ),(BCA,)) = 180" - AOC 



1 o AOC lu 
7 


=>cos((ABC I ),(BCA,)) = cos(l80 0 - AOC) = - cosAOC = ^. 

Vi du 3; Cho hinh chop S.ABCD co day ABCD la nua luc giac deu noi titfp 
duemg tron duemg kinh AB = 2a, SA = a>/3 va vuong goc voi mat phang (ABCljl). 

a. Tinh goc giua hai mat phang (SAD) va (SBC). 

b. Ti'nh goc giua hai mat phang (SBC) va (SCD). 

Gidi 

a. Ta co the lua chon mot trong hai each trinh bay sau: 

Carh /: (Dung goc dua tren giao tuy£n): Gia su: 

AD n BC = E => (SAD) n (SBC) = SE. 

Nhan xet rang: 

AD 1 BD, vi ABCD la nua luc giac d4u 
SA 1 BD, gia thid't 

suy ra: 

BD 1 (SAD) => BD 1 SE 
Ha DF 1 SE tai F, suy ra: 

(BDF) 1 SE 

Nhu vSy, ta dupe mpt goc phang giua hai mat phang (SAD) va (SBC) la BFD. 

Vi AABE d£u nfin AE = AB = 2a. 

Vi ACDE diu ndn DE = CD = a. 

Trong ASAE vuong tai S, ta co: 

SE : = SA’ + AE : = (as/3 ) 2 + (2a)’ = 7a : => SE = a>/7. 

Hai tarn giac vudng SAE va DFE co chung goc E nen cluing dong dang, suy ra: 
DF DE DF= SA.DE _ aV3.a _ aV27 
SA SE SE a>/7 ~ 7 

Trong AABD vuong tai A, ta co: 

BD = AB.sin BAD = 2a.cos60 n = a>/3. 

Trong ABDF vudng tai D, ta c6 : 

tg BFD = = - ^7 =>BFDnhon. 

DE a>/2T 
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V3y, la duoc tg((SAD),(SBC) > = 77. 

C'u<’h 2: Nhfln xet rang: 

AD 1 BD, v'i ABCD lii nua luc giac den 
SA i BD, gia thiel 

suy ra BD 1 (SAD). (I) 

Trong (SAC) ha AJ 1 SC tai J. ta c 6 : 

BC 1 AC, vi ABCD la nua luc giac deu noi tiep 
BC J. SA, gia thidt 

suy ra: 

BC 1 (SAC) => BC 1 AJ =5 AJ 1 (SBC). (2) 

Trong (SAC) ha OK i. SC tai K, suy ra OK // AJ. (3) 

Ttr (1). (2) va (3) suy ra 

((SADMSBC)) = ( BdTaJ ) = ( BOOK ) = KOB . 

Trong nua luc giac ddu ABCD, la co: 

Oc _ 2 aV3 = a>/3 
“ 3' 2 3 

QB= aS ( 1 a73 = 2aV3 
2 3' 2 3 

Trong ASAC vudng tai S, la co: 

SC’ = SA 3 + AC 3 = SA : + (AB 3 - BC 3 ) 

= (a73) + (4a 3 - a 3 ) = 6 a 3 => SC = aTfi. 



Hai lam giac vuong SAC va OKC co chung goc nhon C ndn chung dong dang, 
suy ra: 


/r a73 

OK = OC ok = SAOC = 1 

SA SC SC aTfi 6 


Trong AKOB vuong tai K, la co: 

a JCi 

cos KOB = — = —= 
OB 2a 73 


7 | 

4 


3 

Vay.la duoccos((SAD).(SBC)) = —. 

4 

b. Trong (SAC) ha AJ _L SC lai J, la co: 

BC I AC, vi ABCD la nua luc giac deu n6i liep 
BC 1 SA, gia thiel 

suy ra: 

BC 1 (SAC) => BC J AJ =5> AJ 1 (SBC). (4) 
Ha AH 1 CD lai H, suy ra: 


S 
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> CD 1 (SAH) 


jCDl AH 
[CD ± SA 

=> (SCD) 1 (SAH) va (SCD) 1 (SAH) = SH. 

Ha AI -L SH tai I, suy ra AI1 (SCD). 

Tir (4) va (5) suy ra 

((SCD).(SBC)) = IAJ. 

Trong ASAH vuong tai A, ta c6: 
aV3 
2 

111 I I 5 


AH = 


AI" 


; J_ + _1_ _ _J_ _1__ 

SA 2 AH : (a S) 2 (a73/2) 2 


Trong ASAC vu6ng tai A. ta co: 

AC = SA = aV3 => AJ = i SC = 

2 2 

Trong AAIJ vuong tai I. ta co: 

av/is 

cos ,a J = ai = 4, = >^. 

AJ a>/6 5 


3a- 

a>/6 

~1~ 


=> AI 


Vdy, ta dupe cos( (SCD),(SBC)) = 


•f \0 


(5) 


a775 
5 


B AI TAP NGHI 

Bai tap 1: Cho hinh chop S.ABC co ABC la tarn gidc vuong cdn dinh B, AB = a. 
SA = 2a va vuAng goc voi mat phing (ABC). Goi M la tmng diem cua AB. 

a. Tmh goc giua hai mat phiing (SCM) va (ABC). 

b. Ti'nh khoang each tir A Ic'ti mat pining (SCM). 

Bai tap 2: Cho hinh chop S.ABC co ABC la tarn giac vuong dinh B. AB ~ 2a, 
BC = a>/3. SA = 2a va vuong goc vdi mat phdng (ABC). Goi M la trung diem cua 
AB. 


a. Ti'nh goc giSa hai mat phiing (SBC) va (ABC). 

b. Ti'nh khoang each tir A idi dudng thiing CM. 

c. Ti'nh goc giua hai mat phiing (SCM) va (ABC). 

d. Ti'nh khoang each tir A Idi mat phiing (SCM) 

Bai tap 3: Cho hinh chop S.ABCD co SA = SB = SD = 


a>/3 

2 


, day ABCD la hinh 


thoi canh a va A = 60". 

a. Ti'nh khoang each tir S tdi mat phiing (ABCD) va do dai SC. 


b. Cht'mg minh rang (SAC) 1. (ABCD) va SB 1 BC. 

c. Ti'nh goc giua hai mat pining (SBD) va (ABCD). 
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Bui tap 4: Cho hinh lang tru ABC.A R C, to day ABC la tarn giac ddu canh a. Cac 
canh lien tao vdi day mot got 60" va hinh chieii vuong goc H cua A len mflt phiing 
(A|B,C,) triing vdi trung diem ciia canh BjC, 

a. Tinh k tuning each giua hai day cua lang tru. 

b. Tinh goc gifta hai dudng lining BC va AC 

c. Tinh goc giira hai mat pining (ABB,A.) va (ABC). 

Bai tap 5: Trong mat phiing a cho dudng Iron (C) tarn O, ban kmh R. Trcn dirdng 
thiing vuong goc tai O vdi a lay diem S sao cho OS = R. Goi M, N la hai diem trcn 
((’) sao cho MON = 90", a va b la hai tiep tuyeii vdi (C) tai M va N. Tinh goc giua 
hai mat phiing (S, a) va (S, b). 

Bai tap 6: Cho hinh chop S.ABCD. day ABC la tarn giac vudng tai B vdi AB - a. 
SA vudng goc vdi mat phiing (ABC). Mat (SAC) hop vdi mat (SAB) mot goc u va 
hop vdi mat (SBC) mot goc p. Dung cac dudng cao AH, AK cua ASAC va ASAB. 

a. Chung minh r;ing BAC = a, AHK = p. 

b. Chung minh ring SA - . - avu * ft- 

v 'cos| n - (a + p) |. cos( a - p) 

Bai tap 7: Cho hinh chop S.ABCD, day ABCD la hinh binh hanh tarn O. Hai mat 
ben SAB va SCD vudng tai A va C. ciing hop vdi day goc a. Bict ABC ABC = cp. 

a. Chung minh SO vuong gik vdi mat phiing (ABCD). 

b. Chiing minh (SBC) va (SAD) ciing hop vdi day ABCD mot goc P thoa he 
thirc cotgp = cotga.costp. 

Bai tap S: Cho hinh chop S.ABCD. day ABC vudng tai B. AB = a, BAC = a. 
SA = a va vuong goc vdi mat pliang (ABC). Goi p la goc giua hai mat ben (SAC) va 
(SBC). 

. . . . Vl + cos’a 

a. Clumg minh rang iga.tep =-. 

cos a 

b. AABC phiii thoa them dieu kicn gi dd P = 60". 
j~Bai toan 4: Gtx: nhj die n 


ZZZJ 


i*m o\t; piiAPCHCNt; 

Cluing la da bict duoc phuong phap giai bai loan vc gcic giua hai mat phiing vdi 
hai each xac djnh goc trung gian de tinh (vi goc giua hai mat phiing chi nlian gia trj 
III 0" dcii 90"). Tuy nhien. doi vdi hai loan vc so do ciia goc nhj didn thong thudng 
cluing ta can xac djnh duoc g<ic phiing. do vay can ihuc hien theo cac bude sau: 

Bii'/rf I: Xac djnh canh ciia nhj dicn va goc pliang 
nhj didn. 

Bifi'ri 2 Tinh so do ciia goc phiing nhj dien dua tren 
cac he tilde lurnig giac trong lam giac. 

Ch it y: De thuc hien dupe bude 1 chiing la thudng sir 
dung mdt trong b;i ket qua sau: 

I. Neu co dudng lining a 1 «thi lua chon mot diem 
A thuoc P rdi: 



I 19 




■ Dung Ax // a va cat p tai B. 

■ Ha AH (hoac BH) vuong goc voi d tai H. 

Ta dupe AHB la goc phang cua nhj diin. 

2. Nfi’u co mpt dudng th&ng a cat hai mat cua nh 
di£n tai A, B va vudng goc voi canh d cua nh 
diin thi ta co thi’ dung goc phang cua nhi dien do 
nhu sau: 

■ Ha AH (hoac BH hoac CH vdi C la diem bat 
ki trin a) vudng goc voi d tai H. 

Ta dupe AHB la goc phang cua nhi diin. 

3. Ni'u hai mat cua nhj dien lin lupt chua hai tarn 
giac can AMN va BMN co chung day MN thi: 

■ Goi H la trung dU?m MN, suy ra: 

HA 1 MN va HB 1 MN 
Ta dupe AHB Ik goc phang cua nhi dien. 

Vi du 1: Cho hinh chop S.ABCD co day ABCD la hinh thang vuong tai A va D 
voi AB = 2a, AD = DC = a, SA = ava vuong goc voi mat phang (ABCD). 

a. Tinh s6 do nhi diin (S, BC, A). 

b. Tinh s6 do nhj diin (A, SB, C). 

c. Tinh g6c giua hai mat phang (SBC) va (SCD). 

Giai 

a. Ta cd ngay: 

BC1 AC 
BC _L SA 

|BC1SC€(S,BC) 

^ |BC.l ACe(A.BC) 

suy ra SCA la goc phang nhj dien (S, BC, A). 

Goi E la trung diim AB, suy ra AE = BE = a va CE = a. 

Trong ASAC vuong tai A, ta co: 

AC = a>/2 , vi AC Hi dirong cheo cua hinh vuong ADCE 
=$ AC = SA => ASAC vudng tai A =3 SCA = 45°. 

Vay, sd' do nhj dien (S, BC. A) bang 45". 

b. Ta c6: 


. BC 1 (SAC) 



CE1AB 
CE 1 SA 


=> CE 1 (SAB). 


Ha CF 1 SB tai F, suy ra: 

EF _L SB, theo djnh li ba duong vuong goc 
Do do, goc CFE la goc phang nhi diin (A, SB. C). 

Hai tarn giac vudng SAB va EFB co chung goc nhon B nen chung dong dang, 
suy ra: 
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rvF 

SA 


EB 

SB 


• EF = 


SA.HB 


aVJ.a 

SB >/(aV2r +(2a) 2 

Trong ACEF vudng tat E, la co: 

= V5 


CE 

tgCFE = — = 
EF 


iV3 


• CFE = 60°. 


VAy, s6 do nhi didn (A, SB, C) bang 60°. 
c. Ha AP 1 SD tai P, suy ra: 

[AP1SD 

=> AP 1 (SCD>. 

AP 1 CD 


Ha AQ 1 SC tai Q, suy ra 
AQ1SC 
AQ1BC 


AQ 1 (SBC). 


aV3 

3 


Tu (1 j va (2) suy ra ((SCD).(SBC)) = PAQ. 

Trong ASAD vu6ng tai A, ta co: 

SD 2 = SA : + AD : = ( aV2 ) ; + a : = 3a : =>SD= aV3, 
i 1 1 1 I 3 aV6 

AP* SA- AD' (aV2 )' a 2 2a‘ 3 


( 1 ) 

( 2 ) 


Trong ASAC vudng tai A, ta co: 

SA = AC = a%/2 AQ = —— = a. 

2 

Trong AAPQ vudng tai P, ta co: 

aVfi 

AP 3 n /6 

cos PAQ = —— = —=— = —. 

AQ a 3 

Vay, ta dtrctc cos( (SBC).(SCD)) = 

Vi du 2; Cho hinh chop S.ABCD co ABCD la hinh vudng canh a, tiim O. 
SA = aV2 va vudng goc vdi mat phAng (ABCD). Tilth so do nhi dien (B. SC, D). 

Girii 

Trong ASAC vudng tai A. ta cd: 

AC = aV2 SC = 2a. 

Goi M la trung diem cita SC. suy ra: 

BM = ^ SC = a, vi ASBC vudng tai B 
ABMC can tai B 

DM = - SC = a. vi AS DC vudng tai D 
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=> ADMC can tai D 

Goi H la Irung diem CM, suy ra BHD la got phang nhi dien (B. SC. D). 
Trong ABHD, ta co: 

BD= a72 , 


Vbc’ -ch’ = Jbc : - s — 

a 

V 1 4 ) 

2 

a>/3 | 

-(aVi) : 

HB" + HD - BD" ( 2 j 

1 

2HB.HD 

2 ' 

aSf 3 

2 


VAy, nhj dien (B, SC, D) co cos( B.SC.D ) = 

Vi du 3; Cho hinh chu nhflt ABCD co AB = a, AD = b. Tren hai (ia Ax, Cy ciing 
chidu va cung vudng goc vdi mat phAng (ABCD) Ian luot lay hai diem M, N. D;)t 
AM = x, CN = y. Chung minh ring di<*u kicn cAn va du de nhi dien (M, BD, N) co 
s6’ do bang 60° la: 


(x +y)ab 


■fa^ 


+ b 




xy- 


a'b" 
a : + b : 

Giai 



Ta dung: 

* AE vudng goc vdi BD lai E 
■ CF vuong goc vdi BD tai F 
suy ra AEM va CFN theo thu tu la goc nhi dien cua 
(A. BD, M) va (C, BD. N). 

Ta co: 

(A, BD. M) + (M, BD, N) + (C, BD, N) = (A. BD, C) = 1X0" 

VAy, ditht kidn cAn va du dc nhi dien (M, BD. N) co so do bang 60“ la: 

(A, BD, M) + (C, BD. N) = 120” o AEM + CFN = 120“ 

co tg( AEM + CFN ) = tg 120“ co (| j 

I - IgAEM.lgCFN 

Trong AABD vudng tai A. ta co: 

J_ I 1 I I ah 

AE : AB" AD ~ a : b : 


AE = t=--=-- = CF. 

V a" + b 


Trong AAEM vudng tai A, ta co: 

TcTi xv/a' - + b 

tg AEM = - = —- 

AE ah 

Trong AACFN vudng tai A, ta co: 


( 2 ) 
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IgCFN = ™ h ' 

CF ah 

Thay (2), (3) vao (I), ta duae: 

\\l a : + b : y\f ^~+ h‘ 

_ ah __ah__ _ 

j . *>/“*+" b ‘ yVa' +b‘ 

ah ah 

<=> ab Vir F b ? (x + y) = \/3 |xy(a’ + b : ) - a : b : ) 
(x 


Va 2 + b- 1 a* + *»" 


(3) 


baitap»6nghi 

Bai tap 1: Clio tur dien ABCD co ABC la tam giac vuong cAn vdi AB = AC = a, 
DBC la tam giac ddu. nhi dien canh BC co so do bang 30". 

a. Tinh AD vi khoang each tir A den mat phang (BCD). 

b. Tinh sd do cua cac nhi dien canh BD va AD. 

Bai tap 2: Gio hinh chop S.ABC co day ABC la tam giac vudng cfln vdi AB - BC 
- a, SA - a va vudng goc vdi mat phAng (ABC). Goi E vA F lin lupt la trung diem 
ede canh AB vA AC. 

a. Tinh so do cita nhi dien (A, SC, B). 

b. Tinh goc gifia hai mat phang (SEF) va (SBC). 

Bai tap 3: Cho hinh chop S.ABCD co ABCD la hinh vuong canh a, tArn O, SA = a 
va vuong goc vdi in At piling (ABCD). Tinh so do nhi dien (B, SC, D). 

Bai tap 4: Cho hinh vudng ABCD canh a, SA = av3 va vudng goc vdi mat phang 
(ABCD). Tinh s6 do cua cac nhi dien sau: 


a. (S, BC, A). 

b. (S, BD. A). 

c. (SAB, SCD). 

Bai tap 5: Cho hinh vudng ABCD canh a. Tir trung diem H cua canh AB dung HS 
vudng goc vdi mat phing (ABCD) sao cho nhi dien canh AD cua hinh chop 
S.ABCD co s6 do bang 60". Goi K la trung ditfm cua canh AD. 

a. Tinh SH va khoang each tir H den mat phang (SCD). 

b. Tinh so' do nhi difin (A, SD, C). 

c. Tinh sd' do nhj didn (B, SC. K). 


Bai tap 6: 


Cho chop S.ABCD co ABCD la hinh thoi canh a, tam O, 


OB - 


aV3 

3 


SO 


3 


va vudng goc vdi mat phAng (ABCD). 


Chung minh ring ASC vudng 
Chung minh (B, SA.!)) la nhi dien vudng. 
Tilth so do cua nhi dien (S. BC, A). 


a. 

b. 

c. 



Bai lap 7: Tir diem M ngoai mat ph;ing a ta ha dudng vudng goc MA va hai 
dudng xidn MB. MC tori mat phang a. Bic't MA = a va MB. MC d£u lao vdi mat 
phang a cac goc 30°, MB va MC vuong goc vdi nhau. 

a. Tfnh dd dai doan BC 

b. Ti'nh s6 do cua nhi dien (M. BC. A). 

Bai tap 8: Cho hinh lang tru dung ABC.A,B,C| co day ABC vuong can dinh A, 
BC = 2a. Cho bifc't nhj didn (A. B,C.. B) co so do bang a. 


a. 

b. 


, . . . . . 2 acosa 

Chtrng minh rang AA, = —. — ■ 

■J- cos 2 a 

Goi H, K lin lupt la hinh chieu vuong goc cua A tren B.C va A,C. Chung 
minh rang AHK la goc phang cua nhj dien (A. B,C, A,) va AHK - n - 2a. 


| Bai loan 5: Phep chieu vtidug goc va ling dung. 


zz:n 


PHlIONi; PHAP CHUNG 

1. Tir cdng thdc dien ti'ch hinh chieu: 

S’ = S.coscp, 

neu bid't hai trong ba dai lupng S, S’, <p ta tfnh dupe dai iupng con lai. Dae biet 
dua vao cdng thirc nay la co the ti'nh goc giua hai mat phang ma khdng cSn dung 
goc phang. 

2. Tir dinh If hinh chid'u cua mot goc vuong: 

" Hinh chieu vuong goc cua mol goc vuong la mol goc vuong khi va 
clii khi goc vuong dem chieu co ii nhut mol canh song song vt'ti mat 
chieu hay ntini Hong mat chieu " 

ta cd thS chung minh dupe dudng thdng vuong goc vdi dudng thiing hay dudng 
thdng song song vdi mat phang. 

Chu y: Gin luu y den hai ti'nh chat sau cua phep chic'u vuong goc: 

1. N£u doan thang A,B, la hinh chieu vuong goc cua doan AB tr£n mat phang a 
thi A,B| < AB. Da'u dang thdc xay ra khi va chi khi AB // a hay AB c; a. 

2. Phep chid’u vuong goc bao loan ti sd' cua hai doan thang ciing phuong. 

Vi' du 1: Cho hinh chop S.ABC co SA = a vii vudng goc vdi mat phang (ABC), 
SB = 2a, SC = aV2, BSC = W 

a. Ti'nh goc ip giua hai mat phang (ABC) va (SBC). 

b. Ti'nh dien ti'ch AABC. 

Giai 

a. Ha SI 1 BC lai I, suy ra: 

AI1 BC, dinh li ba duimg vudng goc. 

Suy ra, goc gida hai mat pining (ABC) va (SBC ) la SIA = <p. 

Trong ASBC vudng tai S, ta co: 

I = _j_ + 11.1 3 _ OT 2a>/3 



ST SB 2 SC- 
Trong ASAI vudng tai A. ta cd: 


■f ■ 

4a* 2a" 


4a" 


=>SI= - 

3 
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SA a v/3 

sirup = - = -=- = - - tp = 60 

SI 2a>/3 


b. Ta c 6 : 


S.\ahc ~ SxsBr.cosrp = * .SB.SC.cos60“ = ~ 


2 2 


Vi dy 2: Cho AABC c6 dinh A nim irong mat phing a, hai dinh B. C co hinh 
chi^’u tr 6 ri a Idn luot la B, va C ; sao cho AAB.C, Id tam giac d<*u canh a. Gia sir 

CC, = a va BB, = — . Goi 1 la giao diem cua BC va B ; C,. 

2 

a. Chung minh ring IA 1 AC. 

b. Tilth dien ti'ch AABC rbi suy ra gia tri cua goc cp giiia hai mat piling a va (ABC). 

Giai 

a. Tir gia thiet CC, = 2BB,. suy ra B. B, theo thu tu la trung difim cua IC va IC,. 
Trong AAIC,, ta co: 

B,A = B,C, = B,I =o AAIC, vuong tai A 
Vdy, ta c 6 : 

IA J. AC, 

1 => IA 1 (ACC,) => IA 1 AC. 

IA ICC, 


b. Taco: 


Saabc — “ S.\aic — ~ AC.AI 
2 4 


(I) 


trong do: 



AC 2 = C,C : + C,A : = a : + a : = 2a 2 => AC = 

AI’ = C,I : - C,A : = 4a : - a 1 = 3a 2 => A! = 
Thay (2), (3) vao (I), ta duoc: 

1 nr rz a'76 

S\abc = ~ av2 . av3 =-- 


( 2 ) 

(3) 


Ta co: 
S, 


2 73 


, vi AAB C, la tam giac d£u canh a 
a 3 73 


c- c 4 72 „ 

Sa AB ,c, = s aarc-cos<p costp = —-= = — => <p = 43 

6 AABC !» VO L 


VI du 3: Cho hinh h 6 p chu nhdt ABCD.A,B,C,D,. Mot milt phing a cdt AA,, 
BB,, CC„ DD, I An lum tai A’. B\ C, D Dal AA' = a, BB' = b. CC' = c, DD’ = d. 
Churng minh ring: 

a. Td giac A’B’C'D' la hinh binh hanh va a + c = b + d. 

b. Di£u kien edn va du de A’B’C'D' la hinh thoi la a = c hay b = d. 


125 



c. Neu a = b thi A’B'CD' la hinh chir nhat. Menh dt ; dao co dung khdng ? 
Giai 

a. NhAn xet rang: n a 


(ABB,A, )//(CDD,C l ) 

/ B 


o n(ABB,A,) = A'B' o A’B'//C’D\ c > 

/ B 

/ 

D', 

/ 

c\ n(CDD,C,) = C D' 

O' 

/ 

n 




ftn(BCC,B l )=B'C' 3A'D'//B C\ 

6 

/ 

ft n(ADD,A,)= A'D’ C 


B 


suy ra, ttr giac A’B'C'D' la hinh binh hanh. 

Gia sir AC r> BD = O va A'C' n. B’D' = O', la co: 

OO' = ~ (AA’ + CC"). vi OO' la ducnig trung binh cua hinh thang ACC'A’ 

OO' = — (BB‘ + DD'), vi OO' la dubng Irunc binh cua hinh thang BDD’B’ 
2 


suy ra: 

i(AA’ + CC') = ^ (BB' + DD') <=>a + c = b + d. dpcm. 

b. Nhan xet rang hinh chicu vuong goc cua goc A’OB' Icn (ABCD) la AOB . 
D£ A'B'C'D' la hinh thoi dieu kien can va dii la: 


A OB' = 90° <=> 


O'AV/OA 

: A'C 7/AC 

AA— CC 

<=> 


o 

O'BV/OB 

BD7/BD 

BB' — DD' 


b - d 


c. Ne'u a = b, ta ducre: 

AA' = BB* => A’B’ //AB A'B'C' = 90° => A'B'C'D' la hinh clulnhat. 
Thay ngay, dao lai khOng dung vi vdi vai tro b, d nhu nhau n£n A’B'C’D' cung 
sc la hinh chd nhAt khi a = d. 


BAI TAP NGHI 

Bai tap I: Cho AABC cin lai dinh A va « la mat phAng chiia dudng cao AH. Goi 
B,. C, theo thir tir la hinh chien vuong goc cua B va C Ion a. Cluing miitii riing 
AAB|C, cAn. 

Bai tap 2: Cho AABC vuOng lai B. AB = 2a, BC = a. Tren hai nira dirdng thang Bx 
va Cy vuong goc voi mat phang (ABC) va a cung mot phia doi vdi (ABC) lay cac 
di£m B, vA C, sao cho BB, = a, CC- = x. Tinh theo a va x do dai cac doan AB,, B|C, 
va AC,. Tir do suy ra gia tri ctia x sao cho goc AB,C, = 90". 

Bai tap 3: Cho hinh thoi ABCD co dinh A b trong mat phang a, cac dinh khac 
khdng a trong «, BD = a. AC - a72. Chieu vuong goc hinh thoi len mat phang a ta 
dirge hinh vuong AB'C'D'. 

a. Tinh dien tich ciia ABCD va AB'CD'. Suy ra goc giua (ABCD) va a. 

b. Goi E va F Ian luot la giao diem cua CB. CD vdi mat phang a. Tinh dicn 
tfch cua tu giac EFDB va EFD'B'. 
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Bai lap 4: Cho hinh chop S.ABCD co day ABCD la hinh vudng canh a, SA vudng 
goc vdi mat piling (ABCD) va SA = a. Tinh dicn tich thiet dien cua hinh chop da 
cho vori mat phang a trong mdi tnnmg hop sau: 

a. a qua SB va hop voi (SAB) goc 45' 

b. a qua AC va hop voi (ABCD) goc 30". 

Bai tap 5: Cho AABC cAn tai A. during cao AH = a>/3,day BC = 3a; BC chua 
trong mat phang a. Goi A‘ la hinh ehieu vudng goc cua A tren a. Khi tain giac 


A'BC vuong tai A’, tmh goc giira a va (ABC). 

Bai tap 6: Cho AABC dcu, canh a chua trong mat phang a. Tren cac dudng thing 


av/2 

ns: -v>c .oi a vc ttr B va C lav cac doan Bl) - . CK — ; 

c 2 


ben doi voi a. 

a. Chung minh ring AADIi vudng. Tmh dicn I ich cua lam giac nay. 

b. Tinh goc giira hai mat phang (ADI:) va u. 

Bai tap 7: Cho hinh chop S.ABC co cac mat ben hop voi day mot goc <p. 

a. Chung minh hinh ehieu vudng goc cua S tren mat piling (ABC) la tim cua 
ductng iron ndi tiep tarn giac ABC. 

S 

b. Chung minh ring S svlt • S SBl + S s( , = 

COS T ' 

Bai tap 8: Cho iilng tru ABC.A B'C' co day la tarn giac deu canh a, AA‘ vuong 
goc voi mit piling (ABC) va AA' = h. Mot mat phang a cat ba canh ben cua lang 
tru. Tinh dicn tich cua thidt dicn cua king tru voi a trong cac trudng hop sau: 

a. Goc gitra a va (ABC) bang 60'. 

b. a vuong goc vdi BC 


[ Bai t oan 6; 


Pill ONt; PiiAPciHNt; 

!|. Nim vTmg dinh ngliia va cac tinh chat cua lam dicn dd ve hinh va cluing 
minh mot so tinh chat kliac 

2. Vide xac djrih thiet dien cua tarn dien cit hoi mot mat phing dupe thuc hidn 
dua trdn nhung phuong phap da biet cho tii dicn. 

Vi 1: Cho ba tia Ox, Oy, Oz khong dong phang va xOy = 90°, x()z = yOz 


= 60". Tinh goc gitra hai mat phing (xOz) vi (yOz). 

Girii 

Tren Oz liy diem C sao cho OC = I. 

Trong (xOz) dung Ct 1 Oz va cit Ox tai A. 
Trong (yOz) dung Cm 1 Oz va cit Oy tai B. 

Khi do, ta dupe mot goc phang la ACB ACB. 
Trong AABC, ta co: 

AC = BC = OC.lgM) = & , 
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AB _ OAy /2 - 20 C >/2 = 2V2 J 

AC 2 + BC 2 - AB : 2( n /3) 2 - <2 s /2) 2 


cosACB = 

2AC.BC 

V3y, ta diroc: 

((xOzMyOz)) = 180" ACB 


nS ) 2 


ACB til. 
3 


=>cos((xOz),(yOz)) = cos(l80°- ACB ) = -cosACB = —. 

Vi du 2: Cho td difen OABC co ba mat OAB, OAC, OBC la nhfnig tam giic 
vudng tai dinh O. Goi a, p, y ldn luot la goc giua mat phing (ABC) voi cac mat 
phing (OAB), (OAC), (OBC). Chung minh ring: 

cos’ct + cos 2 P + cos 2 y - I. 

Gidi 

Goi H la hinh chife'u vuong goc cua O Ifen (ABC). 

OA 1 OB _ =>QAL (QBC) OA j_ BC 
OAIOC 
Mat khac, vi: 

OH 1 (ABC) => OH 1 BC o (OHA) L BC 
HA 1 BC. 

Chtfng minh tirong tu, ta co HB1 AC, do do H la true 
tim AABC. 

Dat OA = a, OB = b, OC = c va gia sir 

AH n BC = A,, BH n AC = B,. CHnAB = C, 
suy ra OA,A = a, OB,B = p, OC,C = y. 

Trong AAOA, vudng tai O. ta co: 


cosa = cosOA,A = cos(90"- OA,A) = sinOAA, = 


„ OH , OH 

Tuerng tu, ta cung co cos|) =- va cosy =- 

b c 



OA 


Trong ede AAOA, vd AOBC vudng tai O, ta co: 

1 

OH 


1 | j_ __ 1 | 1 _i_ _ _i_+_L + J_ 

OA 2 OA 2 OA 2 OB : OC 2 ~ a 2 b 2 c 2 


OH 2 OH- OH- , , , . . 

o —-—1 --—l-— = 1 o cosa + cos-p + cosy = I, dpcm 

a b‘ c‘ 

Vi du 3: Cho tam difen Sxyz co Sx, Sy, Sz doi mdt vudng goc. Lay cac dife’rm \, 
B, C trfen Sx, Sy, Sz. Goi H la true tdm cua AABC. 

a. Chung minh ring SH 1 (ABC). 

b. Chung minh ring (S^c) 2 = S ABt . S HBC , Tu do suy ra: 

(Sabc)* = (Ssab)’ + (Ssbc)’ + (Ssca)*- 
Gidi 


a. Ta cd: 
128 




SA 1 SH 
SA A. SC 


> SA 1 (SBC) > SA .1 BC 


(I) 


b. 


Mill khac. vi H la true lam cuu AABC non: 

AH i BC (2) 

TCr (I) va (2) suy ra: 

BC 1 (SAH) => BC I SH (3) 

Chung minh tuong tu, la duot AB 1 SH. (4) 

Tu (3) va (4) suy ra SH 1 (ABC). 

Trong ASAA| vudng tai S. la co: 

SA; = AA,.HA, co - SA; BC’= - AA .HA,.BC' 
4 4 

^ (Ssbc)~ = • S,, B1 . dpem. 

Chung minh tuong tu. la co: 

(Ssab)" = S A8C . S, (AB va (Ss,- A )' = S ABC . S H( A . 

Khi do: 



(Ssah)- + (Ssbc)' + (Ssc. I - S ARC . S HAH + S ABr . S HBC + S ABC . S MC 
= (S„ AH + S HM - + S HCA i.S VBr = (S ABr )'. dpem. 


BAl TAP Oj? NGHI 

Bai Jap I: Cho ba tia Ox, Oy, Oz khong cung iuim tren mol mat phang sao cho 
xOy = xOz = a (0<a<^)va yOz= p. Goi y la goc gitfa Ox va mat phang 


(yOz). Chung minh rang - 


Bai tap 2: Cho tu difin ABCD co ba mat ABC, ACD, ADB la nhirng lam giac 
vubng tai dinh A, M la mol diem d trong ABCD. Goi a, p. y Idn iuat la goc giua 
AM va cac mat phang (ABC). (ACD), (ADB). Chung minh rang: 
siira + sin’p + siiry = I. 

Bai tap 3: Cho ba lia Ox. Oy, Oz khdng cung nam Iren mol mat phang sao cho 

xOz = yOz = a (0 < a < ^); M la mol diem Iren Oz. Chung minh rang hinh 

chifiu vuong gp^cua ditim M Iren mal phang (Oxy) nam Iren dudng phftn giac cua 
goc xOy. 

Bai tap 4: Cho ba tia Ox. Oy. Oz khong ciing niim tr£n mdt mat phiing va 
xOy = a; xOz = P (0 < a. p < 90"), yOz = y. Lay A Iren Ox vdi OA = I - Qua A 
ve mat phang vuong goc vdi Ox c;it Oy, Oz Kin Urol tai B va C. 

a. Tinh cac canh cua tarn giac ABC theo a, p, y. 

b. Suy ra di<ki kien can va du de hai mat phang (xOy) va (xOz) vuong goc vdi 
nhau la cosy = cosa.cos p. 
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Bai tap 5: Cho tu dien OABC co cac cap canh doi difin bang nhau tirng doi midt. 
Chirng minh rang diSu kien can va du d£ hai mat phing (OAB) va (OAC) vucing 
goc vdi nhau Id AABC co tgB.tgC = 2. 

Bai tap 6: Cho ba tia khong dong phang Ox, Oy, Oz doi mot hop vdi nhau goc <60" 
A la mot didm co dinh tren Oz vdi OA = a. 

a. Chung minh hinh chieu vudng goc cua Oz tren mat phang (Oxy) la ducmg 
phan giac cua goc xOy . 

b. Goi A’ la hinh chieu vuong goc cua A tren mat phang (Oxy). Ti'nh AA' theo a. 

c. M, N la hai di£m tikn luot tren Ox, Oy. Gia su M co' dinh, N di dong tren Oy. 
Tim tap hop hinh chieu cua A tren MN. 

d. Dat OM = x, ON = y. Chiing minh rang di£u kien cin va dii dd tarn giac 
AMN vudng tai A la a(x + y) — xy = 2a\ 

Bai tap 7: Cho ba tia Ox, Oy. Oz khong dong phang va vudng goc vdi nhau tirng 
doi mot. Tren Ox, Oy, Oz lin luot Itfy cac diem A, B, C sao cho AC = 20B vjt 
BC = 20A. Dat a = OA. 

a. Ti'nh OB, OC theo a. 

b. Goi M va N la chan cac dudng vudng goc ke tir O Ian luot den AC va BC. 
Chung minh ring MN vudng goc’ vdi OC. 

c. Ti'nh cos MON. 

d. Goi D la trung diem cua AB. Chung minh rang: 

tg 4 OCD MN , 

**—-,+-= 1 . 

tg 4 OCA AB 

Bai tap 8: Cho ba tia Ox, Oy, Oz khong dong piling, doi mot hop vdi nhau goc 
60". Tren Ox, Oy, Oz. kin luot lay ba diem A, B, C. Goi H la hinh chieu vudng goc 
cua A Irdn mat phing (yOz). Dat OA = a. OB - x. OC - y. 

a. Ti'nh cac goc BOH , COH va do dai cac doan OH, AH. 

b. Tim he thuc giua a. x, y dd BAC = 90". 

c. Gia sir BAC = 90". Ti'nh y theo a va x. Tjm dieu kien cua x d^ y ton tai. 

d. Chung minh neii ducmg thing BC qua H thi ta co he thirc 3xy = a(x+y). 

e. Ti'nh x, y theo a, cho bie't BAC = 90" va H thuoc dudng thing BC. 

Bai tap 9: Cho hinh chop O.ABC co OA, OB, OC va doi mot vudng goc vdi nhau 
OA = OB = OC = a. Goi K, M, N lin luot la trung diem cac canh AB, BC va AC, E 
la diem doi xung cua O qua K. 

a. Chung minh ABCE va AOME la nhung tarn giac vudng va mat piling (ABC) 
vudng goc vdi mat phang (OCK). 

b. Goi I la giao didm cua CE vdi mat phing (OMN). Chung minh mat phang 
(OMN) vudng goc vdi CE va MN vudng goc vdi OI. Ti'nh dien tich tir giac 
OMIN. 

c. Ti'nh fhoang each giua hai dudng thing OB va CE. 

d. F Ih mdt diem di dong tren canh OA, CH la dudng cao cua tarn giac BCF. 
Tim tap hop didm H. 

Bai tap 10: ITnih chop O.ABC co cac canh OA, OB, OC ddi mdt vudng goc vdi 
nhau va Ian luot hop vdi mat phing (ABC) cac goc a, p. y. 
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a. Chung minh he thuc cos 2 « + tos’p + cos y = 2. 

b. H la true tarn tam gi.ic ABC Cac canh OA. OB. OC hap vai OH cac goc 
a', p\ y*. Chung minh rang 

cos’a’ +cos : p - + cos y’ = sin d‘ + sin'fT + sin 2 */’ = 2 
Dang thuc tren con diing nua khong neu H la mot diem tuy y trong mat 
phiing (ABC). 

c. Dat S = S (>AB + S OBr + S IK - s va h la khoang each tu O den mat phang (ABC). 

S 

Tim gi.1 tri nho nha't cua ti s6‘ —. 


Bai tap 11: Clio tu dien SABC co ba goc a dinh S dcu vuong. Dat a = SA, b = SB, 
c = SC. Goi H, G Kin luat la true tam, trong tarn cua AABC. 

a. Tmh SH. SG theo a. b. c. 

b. Chung minh rang AABC co ba goc nhon va a : tgA = b : tgB = c : tgC. 


c. 

d. 


^SAB + S sw 

Chung minh rang 

Gia su b + c = a. Chung minh 


+ S<jc a > ^ SH 2 . 

rang SAB + SAC + BAC = 90° 
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bAi tAp On chi/ong iii 


Bai tap 1: Clio hinh chop S.ABCD, day ABCD la hinh viionj* canh a. Cioi I. .1 Ian 
luot la hinh chieu cua S tren AB va CD. 

a. Chung minh mat piling (SIJ) vuong goc vdi mat piling (ABCD). 

b. Biet hai mat SAB va SAD cling hop vori day goc a, con SC hop vdi day gdc 
|5. Chirng minh ring mat piling (SAC) vuong goc vdi mat phing (ABCD). 
Tinh khoang each tir S dcii mat piling (ABCD). 

Bai tap 2: Clio hai tia chco nhau Ax. By hop vdi nhau gdc 60'. nlian BA = a lam 
doan vuong gdc cliung. Tren By lay diem C vdi BC = a. Goi D la hinh chicu vuong 
gdc cua C tren Ax. 

a. Tilth AD va khoang each tir C den mat phing (ABD). 

b. Tinh klioang each giira AC va BD. 

Bai tap 3: Clio hinh chop S.ABCD. day ABCD la hinh vuong, SA vuong gdc vdi 
mat piling (ABCD). 

a. Chung minh mat phing (SAC) vuong gdc vdi mat phing (SBD). 

b. Tinh so do nhj dien (A, SD, C). 

c. Goi BE, DF la hai dudng cao cua tarn giac SBD. Cluing minh rang mat 
phang (ACF) vuong gdc vdi mat piling (SBC); mat phang (AHF) vudng gdc 


vdi m;)l piling (SAC). 

Bai tap 4: Cho hinh chop S.ABCD, day ABCD la hinh vuong canh a, n at bfin 
(SAB) la lam giac deu va vuong gdc vdi day. Goi I lit trung diem ciia AB. 

a. Chirng minh rang SI vuong gdc vdi mat phang (ABCD); AD vuong gdc vdi 
miit phing (SAB). 

b. Tinh gdc giira BD va mat phing (SAD). 

c. Tinh gdc giira SD va mat phang (SCI). 

Bai tap 5: Cho tarn giac ABC vuong tai A co AB = c, AC = b. Goi (P) la mat 
phing qua BC va vuong gdc vdi mat phang (ABC); S lit mot diem di dong Iren (P) 
sao cho S.ABCD la hinh chop co hai mat ben (SAB), (SAC) hop vdi day (ABC) hai 

gdc co so do liin luot la a va - - a. Goi H. 1. J Ian luot lit hinh chiCu vuong gdc 


cua S tren BC, AB. AC. 

a. Chung minh ring SH = HI. HJ. 

b. Tim gia trj Ion nhat cua SH vit khi do hay tim gia tri cua a. 

Bai tap 6: Cho hinh chop S.ABC, day ABC lit tarn giac deu canh a, SA = SB = SC, 
khoang each tir S ddii mat phing (ABC) la h. Tinh tlico a de hai mat phing (SAB) va 
(SAC) vuong gdc vdi nhau. 

Bai tap 7: Cho hinh chop S.ABCD, day ABCD la hinh vuong canh a, SA vudng 
gdc vdi mat phing (ABCD). Goi M, N la hai difi'm lin luot a tren hai canh BC, DC 


&i 3a 

sao cho BM = ^;DN - Chirng minh hai mat phing (SAM) va (SMN) vudng 


gdc vdi nhau. 

Bai tap 8: Cho hinh chop S.ABCD, day ABCD la hinh vudng canh a, SA vudng 
gdc vdi mat phing (ABCD); M va N la hai did'm lin luot nim tren cac c;nh BC, 
CD. Dat BM = x, DN = y. 
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i. Chung minh rang dieu kien c.-in va du dc hai mat phang (SAM) va (SMN) 
vu6ng goc vdi nhau la \1N vudng goc vdi mat phang (SAM). Tfr do suy ra 
he thi'rc lien he gifta x. \ 

h. Chung minh rang dieu kicn can va du de nhj dien (M. SA. N) co so do hang 
30" la a(x + y) + -Jixy - a’ >/3. 

Bai tap 9: Cho hinh binh hanh ABCD co khoang each tir A den BD bang h. Trfen 
hai tia Ax, Cy cimg vu6ng goc vdi mat phiing (ABCDO va ciing chieu, ta kin luot 
lAy hai di6m M, N. Dat x - AM, y = CN. Chung minh rang dieu kien can va du dc 
hai mat phang (BDM) va (BDNl vudng goc la xy = h : . 

Bai tap 10: Cho hinh chop S.ABC co SA = SB = SC. Goi O la tAm cua dudng iron 
ngoai tiep tarn giac ABC: I la trung diem cua AB. K la giao diem cua OI vdi BC. 

a. Chung minh rang dieu kien can va du dc hai mat phang (SAB) va (SBC) 
vuong goc vdi nhau la ISK = 90". 

b. Bifi’t biin kinh cua dudng iron (ABC) la R. SO = 2R, BAC = a, ACB = [5. 
Chung minh rAng dieu kien can va du dc* hai mat phiing (SAB) va (SBC) 

vuong goc vdi nhau la tarn giac ABC co ba goc nhon va tga.lgP = —. 

4 

Bai tap 11: Clio tarn giac ABC vuong tai C. Tren dudng thang (A) vuong goc vdi 
mat phang chua tarn giac tai A ta lay mot diem S. Goi D va E kin luot la hinh chieu 
vuong goc cua A tren SB. SC. 

a. Clurng minh cac mat cua tir dien S.ABC deu la tarn giac vuong. 

b. Tim tAp hop cac diem D va E khi S di dong tren (A). 

c. Chung minh rAng AE vuong goc vdi mat phiing (SBC); DE vuong goc vdi 
SB va AE. 

d. Chung minh dudng thang DE qua mot di^m co dinh khi S di ddng tren (A). 
Bai tap 12: Cho tarn giac deu ABC canh a. Tren dudng thang d vuong goc vdi mat 
piling (ABC) tai A ta laiy mot diem M. Goi h va O l;in luot la true tAm cac tarn giac 
ABC va MBC. 

a. Chung minh OH vuong goc vdi mat piling (BMC). 

b. Tim tAp hop diSm O khi M di dong tr£n d. 

c. Dudng thang OH cat d tai N. Chung minh tit dien BCMN co cac cAp canh 
vudng goc 

d. Chung minh AM.AN khdng ddi. Tilth AM. AN de do dai MN nhd nhA't. 

Biii tap 13: Cho hinh chop S.ABCD day la nua luc giac ddu ABCD vdi BC = 2a, 
AB = AD = CD = a. Mat ben SBC la tarn giac d£u. Goi O la giao diAm cua AC va 
BD. Cho bic't SD vudng goc vdi AC. 

a. Tilth SD. 

b. a la mat phang qua M tren canh BD va song song vdi SD va AC. XAc djnh 
thiet dien cua hinh chop S.ABCD vdi mat phing a. PhAn biet 2 trudng hop. 

c. Ttnh dien ttch cua thidt dien theo a va x vdi BM = x>/3. Dinh x dd diAn tich 
Ay Ion nhA't. 

Biii tap 14: Cho tu dien ABCD co AB = 2a. tarn giac BCD vudng tai C cd BD = 2a, 
BC = a. Goi E la trung diem cua BD. Cho biet ( AB.CE ) = 60°. 
a. Tilth 2AC 2 — AD theoa. 
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b. la m6t mat phang song song vdi AB va CE, cat cac canh BC. BD, AE, AC 
theo thu tu tai M, N, P, Q. Ti'nh didn tich tur giac MNPQ cheo avh = BM, 
voi 0 < x < a. Djnh x de dien tich ay Ion nhat. 

c. D|nh x de tdng binh phuong cua cac dudng cheo cua MNPQ la nho nhat. 

d. Goi O la giao diem cua MP va NQ. Dinh a de’ OA 2 + OB 2 + OC : + OD 2 nho 
nhat. 

Bai tap 15: Trong mat phang a cho dirdng tron (C). Ve SA = 2R va SA vu6ng gdc 
vdi a. Goi AH va AK ldn luqt la dudng cao cua tam giac SAB, va -SAM. 

a. Chung minh rang mat phang (SAM) vuong gdc voi mat phang (SBM). 

b. Chung minh tu giac BHMK noi tiep duoc va giao didm T cua HK va BM d 
tren mot ducrng thang cd' dinh. 

c. Dat goc BaKI = <p, voi 0 < ip < 90". Tim gia trj ciia ip dd dien tich lam giac 
AHK Idn nhat. 

Bai tap 16: Cho hinh vudng ABCD nini trong mat phang a. Ve tia Ax vuong gdc 
vdi a, M la mot di£m tren Ax. Dudng thang qua M va vuong goc voi mat phang 
(MBC) cat a tai R, dudng thang qua M va vuong goc vdi (MCD) cat a tai S. 

a. Chung minh: A, B, R thang hang va A, D, S thang hang. 

b. Tim tap hop trung didm 1 cua RS khi M di dong tren tia Ax 

c. Goi AH la dudng cao cua tam giac AMI. Chung minh AH vudng goc vdi 
mat phang (MRS) va H la true tam cua tam giac MRS . 

Bai tap 17: Cho tam giac BCD vuong tai B co CD = a, BCD = a; BA vudng goc vdi 
mat phang (BCD) va BA = a. 

a. Ti'nh khoang each Id B den mat phftng (ACD) theo a va a. 

b. Goi I la trung didrn cua CD. Xac djnh a de mat phang (ABI) la mat phang 
trung true cua CD. 

c. Gia sir C, D cd djnh, B di dong tren dudng tron dudng ki'nh CD. Chung minh 
rang AC 2 + AD 2 khdng doi. 

Bui tap 18: Cho tam giac deu ABC co chidu cao AH = 3a. Lay diem O trdn doan 
AH sao cho AO = a. Tren dudng thang vudng goc vdi mat phang (ABC) tai O lay 
didm S sao cho OS = BC. 

a. Chung minh BC vudng goc vdi SA va ti'nh SO, SA, SH theo a. 

b. Tmh sd do nhj didn (B, SA, C) 

c. Qua didm I tren doan OH, dung mat phdng a vudng goc vdi OH, a cat cac 
doan AB, SB, SC Idn lirqt tai M, N, P, Q. Chung minh rang MNPQ la hinh 
thang can. 

d. Ti'nh didn tich MNPQ theo a va x = AI. Xac dinh x dd didn tich nay cd gia 
trj ldn nhat. 

Bai tap i9: Cho trong mat phang (P) dudng iron (C) dudng kinh AB = 2R. Tren tia 
Ax vudng goc vdi (P) lay diem S sao cho SBA = 30"; m lit did’m tren (C). Dat 
BAM = a. 

a. Tilth tong cac binh phuong cac canh cua tu dien S.ABM theo R va a. 

b. Tinh do diii doan vudng goc chung cua SB va AM theo R va a. 

c. Qua A ve mat phang vudng goc vdi SB tai H, cdt SM tai N. Tim t;)p hop etc 
didm N khi M di dong tren (C). 

d. Goi P la so' do goc phang nhj dien canh SB. Chung minh rang tga . tgp = 2 . 
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Bai tap 20: Cho lur dien S.ABC day ABC la tam giac vudng tai A, AB = 2a, 
AC = 3a. SB vuong goc vdi mat phang (ABC). SB - a -Jl. 

a. Goi M la mdt diem di dong iron canh SC. dat x - MC. Gpi H va K kin luot 
la cac hinh chieu vuong got cua M Iren mat phfing (ABC) va (ASB). Mat 
phAng (MHK) cal AB tai L. Chiing minh rang KMHL la hinh chfr nhat. Vdi 
gia tri nao cua x thi KMHL la hinh vuong ? 

b. Tmh theo a va x do dai dirdng cheo ML cua hinh chfr nhat KMHL. Vdi gia 
tri nao cua x thi ML co do dai nho nhat ? Uiig vdi gia trj nao cua x hay neti 
len dac tinh hinh hoc cua doan ML. 

Bai tap 21: Cho hinh thang vuong ABCD co day Ion AD - 2a. day nhd BC - a, va 

AB =a. SA vuong goc vdi mat phang (ABCD) va SA = a » z . Goi M la la mot diem 
tren dtrdng cheo AC, dat AM - x. Mat phang a qua M va vuong goc vdi AC. Tuy 
theo vj tri cua M tren doan AC hay xac dinh thief dien cua hinh chop S.ABCD vdi 

a. Tinh dien ti'ch cua thief dien nay theo a va x. Xac dinh x de thiet dien co dien 
ti'ch Idn nhat. 

Bai tap 22: Trong mat phang a cho Uudng iron (C) tam O, ban kinh R; AB la mot 
day cung di dong cua (C); I la tiling diem cua AB. Tren dirdng thang vuong goc vdi 
a tai O lay diem S. 

a. Chi'fng minh mat phang (SOI) vuong goc vdi mat phang (SAB). 

b. Tim tap hop hinh chieu vuong goc cua O tren mat phang (SAB) khi AB di 
dong nlnrng luon ludn cung phuong vdi mot dirdng thang co djnh. 

c. Dal AB - 2x (0 < R). SO = h. Tinh x de dien ti'ch tam giac loll nhat. 

Bai tap 23: Cho hinh chop S.ABC la tain giac vuong tai A vdi AB - a va BC = 2a. 


Diem H a trdn canh AC sao cho CH - 


1 

3 


CA, SH la dirdng cao cua hinh chop va 


SH = -— Goi I, J Ian lirot la Hung diem ciia BC va SA. Tim thiet dien va tinh 

3 

dien ti'ch thic't dien ciia hinh chop da cho vdi cac mat phiing: 

a. Qua H va vuong goc vdi AI. 

b. Qua BJ va vuong goc vdi mat phang (SHI). 

c. Qua I va vuong goc vdi BC. 

Bai tap 24: Td dien ABCD co DA = . cac canh khac ddu bang a; DH vudng 

goc vdi mitt phang (ABC) tai H. 

a. Chiing minh rang ABH va ACH la nhfrng tam giac vudng bang nhau va cac 
mat ph;ing (DBC) va (ADH) vuong goc vdi nhau 

b. Tinh so do nhi dii^n canh AD. 

c. Mat phiing qua H va vuong goc vdi AD cat AD, BD va CD ldn luot tai A', 
B\ C'. Tinh AH, DH. DB' va chung minh rang tu giac HB’A'C la hinh 
vudng. 

Bai tap 25: Cho hinh chop S.ABC co SA vudng goc vdi mat phang (ABC) va 

SA = Ai, AC - 2a. Cac dinh S. A, C co dinh: dinh B di dong sao cho nhi dien 
v3 
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canh .SB luon la nhi di£n vuong: AD va AH lan lunt la during cao cua lam giac SAC 
va SAB. 

a. Chung minh lam giac ABC va SBC vuonc va AH vuong gbc vbi mat phing 
(SBC). 

b. Tinh goc BAC de khoang each tu E den mat phing (SAC) Ion nhat. 

c. Gia su DE cal BC tai M va dubng thung vuong goc vbi mat phang (SBC) tai 
D cit mat phang (ABC) tai N. Chung to A. M. N lhang hang v.i n'ch AM, 
AN khong dbi. Dinh goc BAC de MN co do dai nho nhat. 

Bai tap 26: Cho mat phing a. mol diem A b trong mat piling a va mot diem B d 
ngoai m;)t phing a sao cho cac khoang each tir A va B den A bang nhau. Goi M va 
N la hinh chieu vuong goc cua A va B tren A. 

a. Goi B‘ la hinh chieu vuong goc cua B tren a. Chung minh rang trong a 
during trung true cua MN qua mot diem F co djnh. 

b. Goi I la trung diem cua MN. Tim tap hop cac diem I khi A di dong. 

c. Goi Q la hinh chie’u vudng goc cua A tren mat piling (B, A). Cluing minh 
ring AQ co dd dai khong dbi. 

Bai tap 27: Hinh chop S.ABCD co day hin vuong canh a. Cac nhi dien canh AB, 
BC. CD, AD, co so do lin lupt la a, p. y, p. Goi h la hinh chieu vuong goc ctia S 
tren mat phing (ABCD). 

a. Tinh SH theo a va p. 

b. Cho y = 4a. Tinh ti so — theo a. 

SH 

c. Tinh a, p, y cho biet y = 2p = 4a. 

Bai tap 28: Trong mat phing a cho doan thang AB = 2a va mot dubng thing y'By 
vuong goc vbi AB tai B. Tren dubng thing x'Ax vuong goc voi a tai A, ta lay doan 
AC = x va tren y'By ta lay BD = y. 

a. Cac mat nao cua tu di^n ABCD la tarn giac vuong? 

b. Tinh CD. Tim h^ thuc gifra x va y de CD = x + y 

c. Gia sir he thirc do dupe tlioa, tinh tong cac hinh phirtmg cac dien tich tac 
mflt cua tu didn ABCD theo a vii x + y. Suy ra gi;i trj cua x v;i y de tbng do 
nho nhit. 

Bai tap 29: Trong mAt phing u cho hinh Ihoi ABCD canh a, gbc BAD = 120 ’. Tir 
cac diem B, C, D ta ve ba tia By. C/. Dt ciing vuong gik vbi a va cling chieu. Tren 
By. Dt Ian lupt liy cac diem B‘. D’ vbi BB' = DD‘ = x. Mat phing (AB'D'l c3t Cz 
tai Chting minh. 

a. Chirng minh mat phang (AB’D‘) chua mot dubng thing co dinh khi x thay 
dbi. 

b. Tu giac AB'C'D' la hinh gi ? Tinh theo a va x do dai CC’ va dien tich tu g ac 
AB'C'D'. 

c. Goi tp la goc gifra hai mat phing a vii (AB'CD ). Tinh tg rp va cos tp tlneo a 
va x. 

d. Tinh x de’ AB'C'D' la hinh vuong. 

Bai tap 30: Cho tarn giac ddu ABC canh a. Ve cac tia Bx. Cy ciing chieu vii cung 
vuting gbc vbi mat phing (ABC). Tren Bx lay doan BM = x, tren Cy lay doan CN = y 
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a. Cioi P la trung diem ciia MN. Chung minh ring PM < PB < PA. Suy ra tam 
giac AMN chi co the vudng tai M hay N. 

b. Tim he (hire giua x. y de lam giac AMN vudng tai M. 

c. ('ho M, N cii dong ludn thoii dieu kien CN = 2BM. Chung minh ring mat 
phing (AMN) cit mat phing (ABC) ihco mol dirdng thing cd dinh (A). 11m 
dudng vuong goc cluing cua Cy va (A) 

d. Ciia sir vin co CN = 2BM. Dinh x va y de tam giac AMN vuong tai M. 
Trong triremg hop nay. ncu goi I la trung di6m ciia BC. Chihig minh ring 
IAM la tam giac vuong cAn. 

Bai tap 31: Cho tam giac ddu ABC canh a. Tit B va C dung hai tia Bx, Cy cimg 
chi6u va cimg vuong goc vcVi mat phang (ABC). Goi M. N la hai di£m di ddng I An 
luot tren Bx. Cy sao cho BM + CM = I (1 la do dai cho sin). 

a. Chimg minh ring mat phing (AMN) chua mot dudng thing co djnh. 

b. Goi I la trung dieim cua BC va H la hinh chieu vuong g6c ciia I trfin mat 
phang (AMN). Tim tap hopcac diem H. 

c. Djnh vj cua MN de dien tich tam giac AMN co gia trj nho nhit. 

Bai tap 32: Cho hai dudng thing cheo nhau d,. d ; : A va B la hai die'm tr6n d,: C vi 
|) la hai di£m trdn d ; sao cho AB = CD. 

a. Chung minh ring cac mat trung true ciia AC, BD cit nhau theo giao tuyen d. 

b. Chung minh ring do dai cic doan vuong goc chung cua d. d, va d, d. bing 
nhau. 

c. Chung minh rang goc giua d, d, va goc giuua d, d- bing nhau. 

Hai tap 33: Cho hinh tir dicn ABCD. 

a. Chimg minh ring: 

AB 1 CD « AC A D : = BC BD . 

b. Tir do suy ra neu mot ni dicn co hai cap canh doi vuong goc vdi nhau thi cap 
canh doi con lai cung vuong goc vdi nhau. 

Bai tap 34: Hai hinh vuong ABCD va ABEF co canh a d trong hai mat phing 
vuong g6c. 

a. Tinh do dai DE. Chung to rang DE vuong goc vdi Ac va BE. 

b. Dudng thing song song vdi AC ve tit D cat AB tai A', dudng thing song 
song vdi BE ve tir E cat AB tai B'. Chirng minh ring AA’ = BB‘ = a va A'D 
= BE. 

c. Tim doan vuong goc chung ciia hai dudng thang A’D vi B'E. 

d. Goi I la mot diem tren tia A'D va .1 la mot diem tren tia B'E sao cho 
A'l = B'J = x. Tmh IJ theo a va x tim gia trj nhd nhit cua 1.1. 

Bui tap 35: Cho hai mat phang (P) va (Q) vuong goc vdi nhau, giao tuyen la (A) li'y 
ba diem co djnh O, A, D vdi OA = AD = a. Trong (P) vc tam giac OBD vudng cin 
dinh B. Trong (Q) ve tia O/ vdi goc DO/ = a (0 < a < 90"). Goi C la hinh chi^u 
vudng goc ciia A tren Ox. 

a. Chihig minh rang AB vudng goc vdi (Q) va ABC la lam giac vudng. 

b. Tinh theo a va a do dai cac canh cua lam giac ABC. 

c. Trong (Q) ve dudng thang vuong goc vdi (A) tai D, cat Ox tai E. Chirng 
minh rang BDE = W \a EB vudng goc vdi OB. Goi p la sd do ciia nhj dien 
(E, OB. D). Tinh tg p theo tg a 
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Bai tap 36: Trong m;)t phing (P) cho hinh chu nhat A BCD, AB - a, BC = b. Goi I, 
J la (rung diem cua cac canh AB, CD. Trong mat phing qua IJ va vuong goc vdi (P) 
vc nua dudng Iron (V) co dudng kiiihju IJ. Goi S la mot diem bat ki Iren (V). 

a. Goi AA’ la dudng cao ve tfir A cua ASAB, Chirng minh rang AA' vuong gdc 
vdi BJ. 

b. Goi H\ K'lan lirpt la cac hinh chieii vuong goc cua cac true tarn H, K cua 
cac tarn giac SAB va SCD tren (P). Chung minh tich so HU’. KK‘ khdng ddi 
khi S di dong tren (V). Tinh tich so do theo a va b. 

c. Mot diem M chay tren dutmg lhang AD va mot diem N chay tren dudng 
thing BC sao cho goc MH’N luon biing 90". Tun vi trt cua M, N sao cho 
dien tich tarn giac MH’N la nhd nhat. 

Bai tap 37: Cho hinh chop S.ABCD, day la hinh chu nhat co AB = a. BC : a '& , 
mat ben SBC vuong tai B, mat ben SCD vuong tai Deo SI) — av5. 

a. Chirng minh ring SA 1 (ABCD) va tmh SA. 

b. Duong thing qua A vuong goc vdi AC, cal cac dudng thing CB. CD lan luot 
tai I, J. Goi II la hinh chicu vuong goc cua A tren SC. Hay xac djnh cac giao 
diem K, L cua SB, SD vdi mat phang (H1J). Chung minh rang AK L (SBC), 
AL 1 (SCD). 

c. Tmh dicn tich tu giac AKHL 

Bai tap 38: Cho hinh vuong ABCD canh a, M la mot diem di dong trong khdng 
gian sao cho M nhin cac doan AB va AD dudi mot goc vuong. 

a. Chung minh M ludn di dong tren mot dirOng iron (C) co djnh. 

b. a la mat phing qua AB va vuong goc vdi mat phang (ABCD). Dtrdng lhang 
DM cit a tai N. Chung minh ANB = 90". 

c. Dal DM = x. Tim mien bieii thicn cua x. Tinh MN thco a va x. Gia sir 
MN = k hay suy ra diiu kien ciia k de l6n tai x. 

d. Dudng thing CM cat duinig iron (C) tai M\ Dutmg lhang DM’ cat niat 
phing a tai N'. Chihig minh rang NN' song song vdi AB tir do suy ra tdng 
S = sin 2 BDN + sin BDN' khdng doi khi M di dong. 

Bai tap 39: Cho dutmg trim (O) tluimg kinh AB = 2R; (()) a trong mat phang o. 
Dung AS = 2R vuong goc vdi mat phang a. Goi T la mot diem di dong tren ticp 

tuyen cua dudng iron (O) tai A. Dat <p = AB T (0 < <p < 90"). Dutmg thing BT gap 
dudng troll (O) tai M. Goi N la hinh ehieu vuong goc cua A trfin SM 

a. Chung minh cac m;)t cua tudicn SAMB deu la cac tarn giac vuong. 

b. Chung minh ring khi T di dong, dudng thing TN luon di qua mot diem c 6 
djnh H. 

c. Tinh tp dci tarn giac AHN can. 

Bai tap 40: Cho hinh chop S.ABCD. cd day la hinh lhang ABCD vuong tai A v.i D, 
AB = 2a, AD = DC - a. Hai mat SAB. SAD cimg vuong goc vdi day, SA = a. Goi R 
la (rung diem cua SA, M la mot dicin tren canh AD vdi AM = x, vdi 0 < x < a. Goi 
a la mat phang chua EM va vuong goc vtri (SAD). 

a. Xac djnh ro a. 

b. a cit hinh chop S.ABCD thco tliiet dien la hinh gi? tinh dien tich tliiet di£n 
theo a va x. 
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e. Tim tAp hop hinh chicu vuong goc ciia diem D tren a khi M di dong tren 
canh AD. 

Bai lap 41: Cho h'mh chop S.ABC to ABC la tain giac can. AB = AC - a, BAC = cx. 
Biel SA. SB. SC deu hop vdi mat phAng (ABC) goc a. 

a. Chung minh rAng hinh chicu vuong goc ciia S tren mat phAng (ABC) lii tarn 
ciia dudng tron ngoai tiep tarn giac ABC. 

b. Tinh khoiing each tit S den mat phAng (ABC). 

Bai tap 42: Cho tu dien A.BCD. Chung minh rAng tong ciia hai trong ha itch 
ABCD. BC.DA. CA.BD Ion hon nth tint ba. 

Bai tap 43: Cho king tru dung ABCD. A'B'CD' day la hinh thoi co g6c nhon 
A = a. Tir giac ABCD' co dien lich Q hop vdi mat phAng (ABCD) mot goc (1. 

a. Ttnh theo Q, a, [5 dien tub xting quanh. dien tich loan phan va the itch lang 
tru. 

b. Goi I la (rung die’m ciia CD. Biel a = 60", |l = 45" va Q — a’v6. Hay tinh 
dien tich thief dien tao hoi (A'BI) va lung tru theo a. 

Bai tap 44: Cho lang tru dung OAB. O’A’B". day OAB la tarn giac vuong d O va 
OA = a, OB = b. CX)’ = h. Goi < P) la mat phAng qua O va vuong goc vdi AB'. 

a. Chi ro each dung thiet dien do (P) cat lang tru. Thict dien la hinh gi ? Phan 
hiet 2 trudmg hop. 

b. Tim lien he gifra a. b. h tie thict dien la tam giac. Khi do hay tinh dien lich 
thict dien. 

B;ii tap 45: Cho lung tru dung ABCD. A B C,!),, to day la nira luc giac deu vdi 
AD = CD = BC. Mat phAng (ABCD) hop vdi day goc 60". Mot mat phAng a di 
ddng qua AB, cAl CC,. DD. theo tint tu tai C. D. 

a. Tu giac AB,CD" la hinh gi ? Cluing to AB, = 2CD’. 

b. Dung thict dien AB,CD‘ to dien tich nho nhat. 

c. Bict dien tich nho nhat co gia tri la Q. Tinh the tich lang tru theo Q- 

Bai tap 46: Cho lAng tru dung ABCD.A’B’CD'. day la nira luc giac deu vdi 
AD = 2a, AB = BC = CD = a. Duimg caocua lang tru la h. a la mat phAng qua AD', 
cAl cac canh BB', CC’ Idn luqt tai B . C,. 

a. Tliiei dien ciia lAng tru cat bdi a la hinh gi ? Tun lien he gifra a va h va tim 
vi tri ciia B,, C, sao cho it vuong goc vdi A'D. 

b. Dinh a de dien tich tliiei dien nhd nhAi. Tinh gi;i trj nho nhai Ay. 

c. Dinh vj tri ciia a de chu vi thiet dien nho nhat. Tinh gia trj nhd nhat ay. 

Bai lap 47: Cho lAng tru tam giac den ABC. A'B'C co chitui cao a\/3, canh day a. 
Mot mat phAng (I’) quay quanh A cal cac canh BB*, CC' kin luqt tai M. N. Dal 
BM = x, CN = y. 

a. Chung minh tam giac AMN kliong the vuong tai A. Tim lien he gifra x. y de¬ 
tain giac AMN vuong tai M Khi do tim cac khoiing each bicii thicn ciia x. y. 
b Khi lam giac AMN vuong tai M. tinh gia trj nhd nhat va Idn nhat ciia dien 
tich tam giac AMN. 

Bai tap 48: Cho hinh king tru diing ABC.A'B'C cd day ABC la tam giac vudng tai 
B, AB = a. BC = b va canh hen A A' = e. Goi (P) lii mat phAng qua A va vuong goc 
vdi CA’. 
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a. Bidn lutjn theo a, b, c cac eking cua thiet dien cua lang tru vdi mat phang (P). 

b. Tinh difin tich thiet dien khi no la tam giac. 

Bai tap 49: Cho king tru tam giac deu ABC.A'B'C, canh day a, duong cao h. 

a. Tim dieu ki€n giira a va h de t6n tai tren AA" mot diem M sao cho (MBC) 
va (MB'C) vuong goc. Dieu kien nay dupe thoa trong nhung can tiep theo. 

b. Tmh tOng cac binh phuemg cac dien tich cac tam giac MBC la MB’C theo a 
va h. 

c. Chung to rang m;)t phang qua M va vuong goc vdi B’C cAt lang tru theo mot 
tam giac. Tinh dien tich tam giac ay theo a va h. 

Bai tap 50: Cho hinh lap phuemg ABCD. A'B C D' canh bang a. M lit mot dieim di 
dong tr6n canh AB. Dilt AM = x. vdi 0 < x < a. Mat phang (A’MC) cat hinh lap 
phuemg theo mot thiet dien. 

a. Chung minh thiet dien la hinh binh hanh co mot duong cheo co dinh. con 
dudng cheo kia vuong goc vdi CB\ 

b. Vdi vj tri nao cua M. thiet dien la hinh chit nhfit ? lieu no co the la hinh 
vudng dupe khong? 

c. Dinh M de dien tich thiet dien nho nhat. Khi do hay tinh goc ma (A’MC) 
hop vdi day. 

d. MC cat BD tai I. NC cat DC tai J. Chung to IJ qua mol diem co dinh va 
mat phang (A'MCN) vudng goc vdi mat phang (BIX"). 

Bai tap 51: cho lang tru luc giac deu ABCDEF. A'BCD’F'F’. Ducmg cheo AD' 
hop vdi mat bdn (CDD’C) mot goc a = 30°. Mat phang (3 qua AB va D'F/ cat lang 
tru theo thiet dien co dien tich Q. 

a. Chung minh (3 qua cac trung diem cua CC’ va FF’. 

b. Tinh dien tich xung quanh cua lang tru. 

c. Tinh khoang each giira AD' va BD. 
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CHtfdNG IV 

WAT t U \ \ WAT I RO!\ XOAY 

(HU DE 1 

mAt cAu 

I. KIKNTHICCG BAN 

1. MAT CAU 

Dinh ngltia: Cho mol diem O dinli vii mol so thfinig R 
Tap hop i tie diem M Irong thong gian nieli diem O mol 
tinning hang R it not goi It) nun ton him O him kinli R. 

Nhu viy, la c6: c 

S(0. R) = |M|OM = R| 

Cho mat cau S((). R) va mol diem A nao do. la co: 

■ Ncu OA < R thi diem A nam Irong mat ciu S(0. R). 

• Neu OA = R thi diem A nim tren mat ciu S(0, R). 

• Ni v u OA > R thi diem A nim ngoai mat ciu S(0. R). 

2. BAN KINH, DLfONG KINH CUA mAt CAU 

Dinh nghia: Neu dic-rn A mini tren mat ciu .S(0. R) thi doan thing OA diroe goi la 
ban kinh cua mat ciu (S). Tren dirong thing OA lay die’m B sao cho O la trung 
difim cua AB thi OB = R nen B cung thuoc mat ciu (S). Doan thing AB duoc goi la 
dirong kinh cua mil ciu S(0, R). 

Nhu viy, mot mat ciu hoan loan duoc xac djnh khi: 

■ Bi6i tim va ban kinh cua n6. 

■ Biet mot duemg kinh cua no. 

11 . CAC DANG TO AN LIE N Ql AN 
|Bii t oan 1: Xic dinh mit ciu 

PHUONU PHAP CHUNG 

Dc chung minh mot diem M thuoc mit ciu S(0, R) ta co lua chon mot trong hai 
cich sau: 

Cdt h I: Chung minh OM = R. 

Cdeli 2: Chirng minh AMB = 90" vdi AB la mot dudng kinh cua S(0, R). 

V i du 1: Chung minh ring tarn dinh cua mot hinh h6p chu nhit ciing nim trftn 
mot mit ciu. Hay tmh ban kinh cua mat ciu do biet ba ki'ch thuoc cua hinh hop chit 
nhit la a, b, c. 

Giai 

Goi O la trung di£m AC,, la co: 

OA =OC, = - AC,. 

2 

Vi AACC cu6ng tai C nen: 

oc=1ac. 



-J 
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LAp luAn tuang tif, (a cung co: 


I 


OB = OD = OA, = OB, = OD, = - AC 
VAy, ta duoc: 

OA = OB = OC = OD = OA, = OB, = OC, = OD, = — AC, 

AC, 


<=> A, B, C, D, A,, B,. C,, D, cung thuoc mat cau S(0, ). 


Ta co: 
R 


= - ac, = - Jac 2 +c.c 2 = - Jab 2 
2 2 v ' 2 v 


+ BC- +C.C- 


Vay, mat c«iu di qua 8 dinh ci'ia hinh hop co ban kfnh R = ~ Va’ + b" + c 2 . 

Vi du 2: Cho tu dien ABCD co DA = 5a va vuong goc vdi mat phAng (ABC), 
AABC vuong tai B va AB = 3a, BC - 4a. 

a. Xac dinh mat cdu di qua bon diem A, B, C, D. 

b. Tinh ban kfnh cua mat cau noi tren. 

Giai 

a. Goi O la trung di^m CD. 

Vi DA ! (ABC) nen: 

CD 

DA 1 AC => OA = OC = OD =-. 


Ta co: 

JBC X AB 
1 BC 1 DA 
VAy, ta duoc: 


:=> BC J (ABD) BC 1 BD ro OB = - 



OA = OB = OC = OD = 


CD 


CD 

o A, B. C, D cung thuoc mat cAu S(0, ). 

b. Ta co: 

R = — CD = — /AD 2 + AC 2 = - JAD 2 +AB 2 + BC 2 
2 2 2 

5a /* 


= — J25a 2 +9a 2 + 16a 2 = 

2 2 

Vay, mat cdu di qua 4 difem A, B, C, D co ban kfnh R = 


5a/> 
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Vi (l M 3: Trong mat phing (P) cho hinh lhang can ABCD vdi AB = 2a, BC = CD 
= DA = a. Trcn nira dudng thing Ax vuong g<k vdi mat phing (P) ta lriy mot diem 
di dong S. Mot mat phing qua A vu6ng got vdi SB cit SB, SC, SD tai P. Q, R theo 
thu tu do. 

a. Chung minh rang bay diem A. B, C, D. P. Q. R luon thudc mot mat ciu co 
dinh. 

b. Chung minh ring tu giac APQR la mol tu giac noi tiep va dudng thing QR 
luon di qua mot didm co dinh khi S chay trcn dudng thing Ax. 


c. Cho SA = aV3 . Hay tilth dien tfch cua tu giac APQR. 


Giai 

a. Goi O la trung diem cua AB. ta co: 

SB 1 (APQR) => SB 1 AP 

OA = OB = OP = ^ = a. 

Tj> co: 

I BC 1 AC 

BC j (SAC) BC 1 AQ. (I) 

1 B(' i SA 
Ngoai ra, ta co: 

SB 1 (APQR) => SB ± AQ. (2) 

Tir(l) va (2)suy ra: 


S 



AQ 1 (SBC) r>AQ i QB^OQ = 


AB 


= a. 


Ta co: 


J BD 1 A ° => BD 1 (SAD) -> BD 1 AR. 

(3) 

[BD1SA 

Ngoai ra, ta co: 


SB 1 (APQR) SB i AR 

(4) 


Tif (3) va (4) suy ra: 


AR I (SBD) r:> AR L RB ^ OR = ^ = a. 


Vay, ta duoc: 

OA = OB = OP = OQ = OR = a 

bay dic’m A. B, C. D. P. Q. R luon ihuoc mot mit cdu S(0, a). 

b. Dull tren ket qua trong cau a), la co: 

AQ J (SBC) => AQ 1 PQ 
AR 1 (SBD) AR i RP 

suy ra, tu giac APQR noi tiep trong dudng tron dudng kinh AP. 

Goi K la giao diem cua QR vdi CD, ta co: 

I AK 1 SB ^ j_ (sab) dudng thing AK co dinh. 

(AK 1. SA 

Viy, dudng thing QR luon di qua diem co dinh K khi S chay trdn dudng thing Ax. 

c. DC ni;lii bun (tor lifltnn. 
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BAI TAP t)£ NGHI 

Bai lap I: Chung minh rang lain dinh cua mol hinh lap phirnng cung mini tren 
mol mat ciu. Hay tfnh ban kinh cua mat cAu do biel hinh lap pinions co canh bAng a. 

Bai tap 2: Cluing minh rang sail dinh cua mol hinh lang tru dt'mg cling nam tren 
mot mat can. Hay tfnh ban kinh ciia milt c.iu do biel hinh lang tru dimg id day la 
tarn giac d<*u canh bAng a va chicu cao lang try bAng h. 

Bai tap 3: Cho tir dien ABCD co DA = 4a va vudng goc voi mal phAng (ABC), 
AABC vuong tai A va AB = 6a. AC = 8a. 

a. Xiic djnh mat ciu di qua bon diem A, B, C, D. 

b. Tfnh ban kinh cua mAl c;iu noi Iren. 

Bai tap 4: Cho hinh chop S.ABCD co day ABCD la hinh vuong canh bang a, 
SA = 2a va vuong goc vdri mal pining (ABCD). 

a. Xac dinh mal cAu di qua nam diem A. B. C. D. S. 

b. Tfnh ban kinh cua mal can noi ircn. 

Bai tap 5: Cho hinh chop nr giac deu S.ABCD co canh day AB - a va canh ben SA = b. 

a. Xac djnh mat cAu di qua nftm diem A, B, C. D. S. 

b. Tfnh ban kfnh ciia mAI cau noi tren. 

Bai tap 6: Trong mat phAng (P) cho hinh chu nhat ABCD voi AB = a, BC = h. I ren 
nua dirdng lhang Ax vuong goc voi mal pining (P) la lA'y diem S sao cho SA = c. 
Mot mAt phAng qua A vuong goc voi SC cal SB. SC, SD tai P, Q, R theo lln'r ru do. 

a. Chung minh rang 7 dielm A. B. C, D, P, Q. R luon Ihuoc mol mal cau. Xac 
dinh lam va tfnh ban kinh ciia mal cau do. 

b. Cho SA = a>/3 . Hay tmh dien tfch cua lu giac APQR. 

Bai loan 2: QuT tfch diem la mal can. 


PIIKJNi; PHAPt HtlNt; 

De tim quT tfch diSm M thoa man tfnh chat K (qul tfch la mot mat cAu) la co li/a 
chon mot trong hai each sau: 

Cut h I: Tim mot diem O co djnh r6i tu do dua Iren Ifnh chit K chuug minh 
OM = R vdi R la do dai khong d6i. 

Cat'll 2: Tim hai di6m A, B to' djnh r6i tit do dua Iren (fnh chat K during minh 
AMB = 90 n . 

Vi du 1: Cho hai diem co dinh A, B. Tim lap hop tihunig diem M uong khong 
gian sao cho MA 3 + MB 3 = k : , vdi k la hAng so. 

Gidi 

Goi O la trung di£m AB. khi do vdri diem M la co: 

, 1 Ag : 

OM" = — (MA 2 + MB') ——-, dinh If dudng irung luyen 

k 2 AB 2 

o OM* =-. 


VAy, ta duqrc: 

{M | MA 2 + MB 2 = k : ] = JmI0M 2 =^— — 
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I sr do: 


kIA . k' AB 2 .. , n Ik 2 AB . 

■ Neu — > —— ini dal R = ,■ - ladiroc: 

2 4 \ 2 4 

(M| MA + MB' = k : | = |M|OM = R| =S(0, R). 

■ Neu ^ ihi OM = 0 <r> M = O. Vay qui tich M chi gdm mot diem O. 

k 2 AB 2 

■ Neu — < —— thi qiu tich li\ tap rdng. 

C'hu y: Vdi mdi diem A va mat cau S(0. R), dal OA = d ta djnh nghia: 


■^sirtoi ~ d R 

Vi du 2: Cho AB = 4 va hai mat cau S ; (A, 2) va S.(B. 3). Tim tap hop cac diem 

M Ihoa man: 

M 

•*Ua.+-*Wb,= 27. 

Gidi 

Ta co: 

4*.= MA : - R 2 =MA 2 -4. (2) 

// m „ b ,= MB 2 - R 2 =MB : 9. (3) 

Thay (2), (3) vsko (1). ta duoc: 

MA : + MB' - 13 = 27 o MA 2 + MB 2 = 40. (4) 

Goi I la lrung diem AB, ta bien doi (4) v£ dang: 

AR* 

2MI + —-- = 40 <=> Ml = 16 o MI =4. 

2 

Vay, tap hop di6m M thuoc mat cdu (1,4). 

Vj dp 3: Cho dirdng thing (d) va mot diem I khong thuoc (d). Goi M la mot 
diem di dong tren (d). Tim quy lich cac diem N sao cho: 

IM . IN =k. k la hang so khac 0. 

Gidi 

Goi H la hinh chidu vuong gdc cua I len (d), khi do lay trSn dircmg thing Ill 
difim E sao cho: 

IH . IE = k => E co dinh. 

Khi do. ket hop vdi di£u kien gia thiet. ta duoc: 

IH . IE = IM . IN <=> lir giac MHNE ndi tiep 
Suy ra, hai tarn giac AIHM va AINE dong dang 
=> N nhin El dudi mol gdc vuong. 

V;)y, tap hop di6n N thuoc mai cau duong ki’nh El. 

BAI TAP f>£ NGHI 
Bai tap l: Tim tap hop lal ca nliung diem M trong khdng gian nhin doan AB c6" 
dinh dirdi goc vu6ng. 

Bai tap 2: Cho hai diem cd dinh A. B. Tim lap hop nhCrng did’m M trong khong 
gian sao cho AMB = a. voi 0 < a < 90°. 
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CHU DE 2 

VITRI Tl/ONG D6l CUA MAT cAu 

vcji mAt phAng vA di/3ng thAng 


I. Kl£N THirc CO BAN 

1. VI TRI Tl/ONG d6i CUA M0T MAT CAU VA M0T MAT PHANG 

Clio mat cAu S(0, R) va mat phAng (P) bat ki. Goi H la hinh chie'u vubng goc 
cua O Ifin (P) va d = OH 15 khoang each tit O tdi (P), khi do: 

■ Neu d > R o (P) n (S) = 0. 

■ N£u d = R o (P) tiC'p xuc vdri (S) tai H. Khi do (P) dupe goi la tiep dien cua 
(S). 

■ Ne'u d < R o (P) n (S) = (C) la mot duong tron nam trong m(it phang (P) 
voi C(H. a/r : -d' ). 



Chit y: Truong hop dac biel d = 0, khi do O = H do do: 

C(0, R), dupe goi la duong iron Ion cua mat efiu S(0, R). 

2. VI TRi TlfONG D0I CUA M0T MAT cAu VA M0T DUtJNG THANG 

Clio mat cilu S(0. R) va duimg thAng d bat ki. Goi H la hinh chifiu vuong goc 
cua O Ion d va h = OH la khoang each ttr O tdi d. khi do: 

■ Neu h>Rodn|S)= 0. 

■ Neu li - R <-> d tiep xuc voi (S) tai II. Khi do d duoe goi la tit•)> niven cua 

(S). 

■ Ncii h < R odn(S)= {A. B|. 



Chii y: Trucmg hop dac biel d = 0. khi do O - H do do AB la mAl duong ki'nh cua 
mat ci'iu. 

3. CAC TiNH CHAT CUA TlfiP TUYf-N 
Dinh li 1: Qua diem A mini H en unit t int StO. R) i d vd 
so tiep ttiyen vita mat can (S). Tat <</ ear tiep tuyeu do 
den mini Iren tiep dien i lia (S) tai diem A. 
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Ta c 6: 

a L OA tui A => a e a. 

f)inh li 2 : Qua diem A mini ngont nun r <hi SO. R l < 6 \o 
.sdHep tiiyen nia mat cun (Sj Do Jin < d< Joan thang Ice tit 
A t('n cm tiep diem den luing iiliuu. 

Ta co, vdi OA = d thi ncu: 

AM 1 OM => AM = v il R' 



IRC AC DANG TOAN L1KN Ql AN 
j Bai toan 1: 


Mat cau va mat phang. 


phcom; ph apc hi n<; 

Sir dung kien thirc ve v| tri tuong doi ciia mat piling vdi mat cau dc giai. 

Vjdji y Clio mot mat cau dirdng kmh AB = 2R Cat mat c;iu bdi mat phdng a 
vudng gde vcVi AB ini H sao cho AH = x. vdi 0 < x < 2R, ta diroc thiet dien la hinh 
Iron (Ct. Goi MNPQ la hinh vuong noi tiep trong dirdng trim (C). 

a. Tinh ban kmh va dien tich ciia dirdng Iron (C). 

b. Tilth canh ciia hinh vuong MNPQ va cac doan thing AM. BM. 

Giai 





Vdi 0 < x < R 

OA - AH vdi 0 < x < R 


Vdi R < x < 2R 


[AH-OA vdi R < x < 2R 
suy ra S(0. R)na = C(H. MH) = C(H. r) vdi: 

r = -Jr 2 d‘ = yfo 2 -<R X)-’ = v2Rx - x : , 

S, r , = n.(R - x)’ = —^ 

4 

b. Gpi y la do dai canh hinh vuong MNPQ. ta cd ngay: 
MP = MNV2 <=>2r = y/2 
«.» y = 4l . V2Rx - x- = 7S2Rx - x-). 


= I OA - AH | = | R - x | < R 



Vay, do dai canh hinh vuong MNPQ bing yfl{2Rx - x 2 ). 0 
Trong AM AB vudng tai M, dirdng cao MH, ta co: 

AM : = AB.AH = 2Rx AM = V2Rx . 

BM’ = AB.BH = AB.(AB AH) = 2R(2R - x) => BM = V2R(2R - x). 
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Vi du 2: Cho hinh cAu S(0. R), A la diem d trdn mat cau. a la mat phAng qua A 
sao cho goc giua OA va a la 30°. 

a. Tilth dien tich cua thid't dien tao bdi a va mat cAu, 

b. Ducmg thAng qua A vudng goc vdi a cAt mAt cau tai B. Tilth do dai doan 


a. Goi H la hinh chid'u vuong goc cua O I6n a. 
Trong AOAH vudng tai H, la co: 

OAH =30°, 

AH = OA.cosOAH = R.cos30" = --— . 


d = OH = — OA = - <R 
2 2 


suy ra S(0, R) n a = C(H, AH) = C(H. 


R-v/3 . . 



S, r = 



3tiR : 

4 


b. Trong AOAB c.in tai O, ta co: 

BAO = 90° - 30° = 60" AOAB la tarn giac d^u => AB = OA = R. 

VAy, ta duqc AB = R. 

Vi' du 3: Trong mat phang a cho Itai diem A. B. Tren ducmg thang vudng g«ic vdi a 
tai A ta lA'y diCm C sao cho AB = AC = a. Chung minh rang co mot mat c;'iu (S) di qua 
C va tiep xuc vdi a tai B. Xac djnh tarn va ti'nh ban kinh cua (S). 

Giai 

a. Tren dudng thAng a vuong goc vdi a tai B ta I Ay 
diem O sao cho OBAC la hinh vudng. khi do vdi mat cAu 
S(0, a) ta cd: 

OC = a => C e (S), 

OB = a va OB 1 a => (S) ticp xuc vdi a tai B. 

VAy, mat cAu S(0, a) thoa man dieu kien dAu bai. 

Vi du 4; 

a. Cho td dien ABCD. Goi A,. B,. C„ D, theo thu tu la trong tarn cac ABCD, 
AACD. AABD. Chung minh rang cac doan AA,. BB,. CC,. DD, ddng quy tai 



mot di£m G va 


GA 

GA, 


GB 

C,B, 


GC GD 
GC, ~ GD, 


b. 


Xac dinh tAm va tfnh ban kinh cua mAt cAu tifip xiic vdi c;i bon mat cua mdt 
td didn deu canh a. 

Giai 


a. Goi M la trung didm CD va G = AA, r\ BB,. 
Ap dung dinh If Melelaus cho AMAB, ta dupe: 
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B,N1 GA^ BA^ 
B,A ' GA, BM 
GA 


! G A_ 2 
2 GA,'3 


co 


GA, 


= 3. 



Chung minh 11 rang nr, la co kdt lufln cac doan 
AA,, BB|, CC,, DD, d6ng quy lai mdt diem G va 
GA GB _ GC GD ^ 

GA, ~ GB^ ~ GC, “ GD, 
b. Vdi tddidn ddu ABCD canh a, ta co AA,, BB,. CC,, DD, lan Iirot vudng goc vdi 
cac mat (uang dng cua td dien va: 

a>/6 


AA, = BB, = CC, = DD, = 


3 


=o GA, = GB, = GC, = GD, = - AA, = - —. 

4 12 

Vfty, mflt cdu S(G, 3 ^ ) lien xuc vdi cac mat cua tu didn ddu ABCD. 

12 

Chit y: 

1. Mat cAu ndi tidp hinh chop la mat cdu nAm ben trong hinh chop va tidp xuc vdi 
tat ca cac mat cua hinh chop. 

2. Didu kidn edn va du de mot hinh chop dinh S c6 hinh cdu ndi tidp tarn I 1A Iren 
mat day cd mdt didm M each ddu tat ca cac mat ben cua hinh chop va khi do I nam 
trdn doan SI. 

BAI TAP I)fi NGHI 

Bai tap 1: Xac djnh thidt dien tao bdi mat phang a vdi mat cAu S(0, R), bidt 
khoang each tir O ddn a bang - . 

Bai tap 2: Cho hinh cAu S((). R), A la didm d trdn mat cAu, a la mat phang qua A 
sao cho goc giua OA va a la 45". 

a. Tmh didn tich cua thief diet! tao bdi a vA mat cAu. 

b. Duong thang qua A vudng goc vdi a cAt mat cAu tai B. Tmh dd dai doan AB. 

Bai tap 3: Cho hinh cAu tarn O ban kinh R. A la mdt didm a trdn mat cAu, a la 
mat phang qua A sao cho goc giua OA va a la 60 u . 

a. Tmh didn tich S cua thidt didn tao bdi a vA hinh cAu. 

b. Goi P IS mat phang cat hinh cAu thco mdt thidt dien cd didn tich bang 

—. Tmh khoang each tu O dd'n p. 

Bai tap 4: Cho mdt mat etui dtrdng kmh AB = 2R. Goi H IS didm trdn AB sao cho 
4R 

AH = —. Mat phang a qua II va vudng goc vdi AB cat mat cAu theo thidt didn la 
hinh trdn (C). Goi MNP la tarn giac ddu ndi tidp trong ducmg trdn (C). 
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a. Ti'nh ban ki'nh, chu vi va dicn lich dudng iron (C) 

b. Tinh canh cua AMNP va c.lc (loan lining AM, BM. 

Bai tap 5: Cho hinh cfiu tim O ban ki'nh R va dudng kinh SS.. Mot mat piling 
vudng goc vdi SS, cfit hinh cau then mol dirdmg iron lain H. Goi ABC la null lam 
giac deu noi tift'p trong dircmg iron nay. Dal SH = x, vdi 0 < x < 2R. 

a. Ti'nh cac canh cua td dicn SABC ihco R va x. 

b. XAc djnh x dd SABC la td dien ddu, khi do cluing minh ring S,A, S,B, S,C 
doi mol vudng goc vdi nhau. 

Bai tap 6: Xac djnh tim vi ti'nh ban ki'nh cua mat cfiu ticp xuc vdi ca sail mat cua 
mot hinh lap phucmg co canh bang a. 

Bai tap 7: Xac djnh tim va tinh ban ki'nh ciia mat cAu ticp xuc vdi ca nam mat ciia 
mol hinh chop lu giac ddu co canh day bang a va canh bthi bing b. 

Bai tap 8: Trong mat phing (P) cho hinh lhang ABCD can co AB = 2a va BC = 
CD = AD = a, Gpi O la trung diem AB. Tren dircmg ihring (d) vudng goc vdi mil 
phing (P) tai O, lay didm S sao cho OS = 2a. 

a. Chdng to ring O each ddu 4 mat ben ciia hinh chop S.ABCD 

b. Xac djnh tim va tinh ban ki'nh cua mat cAu ticp xuc vdi ca nam mat ctia hinh 
chdp. 


01 


toan 2: Mai cdu va dircmg thing 




l»Ht ONt; PH AP CHUNt; 

Sir dung kie'n thde ve vj tri tuong doi cua dudng lhang vdi mat cau dc giiii. 


Vi du 1: Chdng minh ring neii mol mat cau ticp xuc vdi sau canh cua mot hinh 
Id didn thi tong cac cap canh doi ciia Id dicn bang nhau. 

Giai 

Gia sir mit ciu (S) tiep xuc vdi cac canh AB. AC, AD, BC, (^D, BD Ihco Ihd iu 
tai M. N, P, Q, E, F. Khi do, sir dung djnh li 2 la co: 

AM = AN = AP = a, cac ticp tuye'n ke Id A 
BM = BF = BQ = b, cac tiep tuye'n ke ttr B 
CE = CN = CQ = c, cac tiep luye'n ke id C 
DE = DF = DP = d, cac tiep luyeh ke id D 
Tir do, suy ra: 

AB + CD = AM + BM + CE + DE = a + b + c + d 
AC + BD = AN + CN + BF + DF = a + b + c + d 
AD + BC = AP + DP + BQ + CQ = a + b + c + cl 
Vfly, tong cac cAp canh doi cua U'r dicn bing nhau. 

Vi du 2: Cho hinh chdp lam giac deu S.ABC co canh day bing a v«\ canh hen 
hcrp vdi day mol goc 45". Mai cfiu (S) tiep xuc vdi mat piling (ABC) tai A va ticp 
xuc vdi canh BS kco dai vd plu'a S. 

a. Tinh ban ki'nh cua mat cfiu. 

b. Mat piling a qua tim cua mat ciu (S) vi dudng cao BM cua AABC. Tinh s6' 
do goc Imp bdi hai mat phing a va (ABC). 

Gidi 

a. Gia sir mit ciu S(0, R) tiep xuc vdi mat phang (ABC) tai A va licp xuc vdi 
canh BS kco dai v6 phi'a S tai E. 

150 




Cipi I la hinh chit'll vuong goc ciia S len (ABC), la co: 

n a -Jl 

SAI = 45 :4> SI = Ah . 

3 

I a v 6 

SC = SB = S A = A1 v 2 -- 

3 

Vi BA va BE deu la tiep tuycn cii (S) nen BE = BA = a. 
Ha OF 1 SI lai F. khi do voi hai lam giac vuong OES 
va OFS la co: 



OS 2 = OE ? + SE 2 = OF + SF 2 o OE + (BE - SB) 2 = AI 2 + (SI - IF) 2 


R : + 


17, 


a v6 


ay 3 
+ 3 


a oR - 


a(2v/2~y/5) 


V;)y, mat cAu (S) co ban kinli R 


a(2>/2 - S) 
2 


b. 


Ta co ngay, goc hop boi hai mat pining a va (ABC) la OH A 
Trong AOAH vuong lai A. la co: 


IgOHA 


OA 

AH 


R 

a/2 


2y!l-S. 


Vay. hai mat phAng a va (ABC) hop voi nhau mol gik IgOHA = 2-Jl V3 . 
Vi di|i .3: Tim quy rich lam cac mat cau licp xiic voi ba canli ciia mol lam giac. 

Giai 


Voi AABC, goi .S(0. R) la im)l cau tiep xuc voi ba canh AB, BC, CA Iheo thir lu 
lai M, N. P. Goi I la hinh chieii vuong goc ctia O len mat phAng (ABC). 

Nhan xet rAng: O 

(ABIOM => ABi (OIM)r^ AB 1 IM 
[AB 1 OI 

Chimg minh urong lit, la dupe BC 1 IN, AC L IP. 

NgoAi ra. ta co: 

OM = ON = OP = R > AOIM = AOIN = AOIP 
=> IM = IN = IP = r. 

Suy ra l la lAm dutrng iron noi tiep AABC. 

Vfly, quy rich lam cac mat can tiep xuc voi ba canh cua AABC ihuoc true d ciia 
dirong iron noi tiep AABC. 

Vi du 4: Cho mat can StO. R) va diem A co djnh o ngoai (S). Dal OA = d, voi 
d > R. Ttr A ke tiep tuyen AM toi mat can M la liep dic'm, lu A kc hai dirong lhAng 
cAt mat cAu lAn hroi lai C. D va F.. F. 

a. Chung minh rAng AC.AD = AF..AF = d 2 R’ va hinh chicu vubng goc cua 
M Iren OA la mol diem co dinh. 

b. Tim uip hop cac diem M. 
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Giai 

Goi I la trung diem cua CD. la co: 

AC.AD = (AI - CI)(AI + DI) 

= AI 2 + AI.DI CI.AI -CI.DI 
= AI 2 - Cl 2 = (AO 2 - OI 2 ) - (CO 2 - OI 2 ) 
= d 2 - R 2 . 

Chung minh tircmg tu, ta nhan dupe AE.AF = d 2 - R 2 
VSy, !a ludn c6 AC.AD = AE.AF = d 2 - R : . 

Goi H la hlnh chilu vu6ng goc cua M tren OA. 

Trong AOAM vudng tai M, la co: 

d 

Nhan xet rang: 

MH 1 OA tai diem H c6‘ dinh H 



OA.OH = OM 2 : 


OA 


H co dinh 


MH 


= V OM 2 - OH 2 = Jr 2 


R 4 R^/d^-R 2 


R 


Vd 2 ^ 


R- 


do do, tap hop cac dilm M thuoc duong iron C(H. -) nam trong mat 

d 

phang a qua H va vu6ng goc vdi OA. 

Vi du 5: Trong mat phang a cho ducmg tron ducmg kinh AB, M la mol diem di 
ddng trfin duong trdn (AB), C la mol didm nam Iren ducmg thfing vu6ng goc vdi a. 
tai A. Goi H la hinh chid’u vudng goc cua A Idn CM. 

a. Chting minh rang H nam tren mat c3u duong kmh AB, tim lap hop cac die’rn 
H. 

b. Tifi’p tuyln tai A va M cua ducmg tron (AB) cat nhau tai K. Chung minh rang 
KA = KM = KH, tirdo suy ra KH la tiep tuyen cua mat cau duong kmh AB 

c. Chung minh rang KH tilp xuc voi mat cAu duong kinh AC. 

Giai 

a. Ta co: 

|BM 1 AM ^ BM i (MAC) => BM i AH. 

[BM 1 AC 

Ngoai ra, ta co: 

CM 1 AH => AH 1 (MBC) ^ AH i BH 
=> H nam trdn mat cflu ducmg kmh AB. 

■ Tim tap hop did’m H: Ta nhan thay: 

AH 1 (MBC) AH 1 BC 

=> H thudc mat phang p qua A va vuong gdc vdi BC. 

VSy, tap hop didm H thuoc duong Iron (C) la giao tuyln cua mat ci)u ducmg 
kinh AB vdi mat phang p. 

b. Goi O la trung didm AB, ndi KO cat AM tai E la trung didm cua AM. 

Ta co: 

AAHM vudng tai H => E la tarn ducmg tron ngoai tiep AAHM 
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[OK i AM 

rr> ()K 

[OK 1 AC 


( \HM) tai E 


suy ra OK la true duemg Iron ngoai tiep AAHM. do do: 

KA = KM = KH.dpcm 
Tu do: 

KIT + OH’ = KA : + 0a' = OK' => AOHK vudng tai H ^ KH 1 OH 
Vay, KH la tiep tuyen cua mat cAu duemg kmh AB. 
c. Gpi I la trung diem AC, suy ra: 



NhAn xet rang: 

KH : + HP = KA : + AI-’ = KT => AIHK vudng tai H-^KH1 IH 
VAy, KH la tiep tuyd'n cua mat cau duemg ki'nh AC. 


BAITAPD^ NGHI 

Bai tap I: Cho AABC co AB = 4, BC = 5, AC = 6. Mat cAu (S) co ban ki'nh bang 8 
tiep xuc vdi ba canh cua AABC tai cac tiep diem nim trtn ba canh. Tmh khoang 
each tir tarn mat cau (S) tori mat piling (ABC). 

Bai tap 2: Cho mat cAu S(0, a) va mot diem A, biei OA = 2a. Qua A ke mot tiep 
tuy&'n lifi’p xuc vdi (S) tai B va cung qua A ke mot cat tuyd’n cat (S) tai C va D, biet 

CD = aS 

a. Tmh dd dai AB. 

b. Tmh khoang each tir O den duemg thing CD. 

Bai tap 3: Trong mat phAng (P) cho AABC vuong tai A, C = 60° va BC = 2a. Dung 
cac duemg thing Bx vi Cy vuong goc vdi (P). 

a. Xac djnh did’m M trdn Bx sao cho mat cdu dutmg ki'nh BM tiep xuc vdi Cy. 

b. E la mdt difim di dong tren Bx. Hoi E phai a vj trf nao dei Iren Cy de co the’ 
tim dupe did’m N sao cho ABEN co goc N vudng. 

Bai tap 4: Cho tir difin d£u canh a. 

a. Chung minh rang cac doan vuong goc cluing cua cac canh do'i dien cat nhau 
tai trung didm cua mdi doan. 

b. Xac djnh tarn va tmh ban kinh cua mat cAu tiep xuc vdi ca sdu canh td didn. 

Bai tap 5: Tren duemg thang Ax vudng goc vdi mat phang chua hinh vudng A BCD 
co canh a va tarn O ta I Ay me>t diem S di dong. Gpi B, la hinh chieu cua A tren canh SB, 
va O, la diein do'i xi'fng ciia tam O qua canh AB. Chimg minh rang khi S thay ddi, 
dutmg thang 0,B, ludn ludn tiep xuc vdi mot mat cAu cd djnh. 

Bai tap 6: Cho hinh chop lam giac deu S.ABC canh diy bang a vi dirdng cao 
bang h, goi I IA tAm cua AABC. Gpi (S) la mat cAu tiep xuc vdi cac mat ban va cic 
canh day cua hinh chop. 

a. Chdng minh ring tim ciia (S) thude duemg thing SI. 

b. Chirng minh ring cac tid'p didm cua (S) veri cac canh day la trung di&n cua 
cac canh nay. 

c. Xac djnh tAm va tmh ban ki'nh cua (S). 
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I’HI ONG PI1AI* </IIUN<; 

Ta co hai trudng hop thudng gap: 

1. Neu mat cau S(0, R) lhay doi nhung luon chua 
hai diem co djnh A, B va lam O chay tren duong 
true a cua AB thi mat c;iu (S') luon chira duong 
tron co djnh (C) duong kinh AB va nam trong mat 
phdng a chua AB va vuong goc vdi a. 

2. Mat cdu (S) thay doi nhitng neu (S) luon clura 3 
di£m c 6 djnh A, B. C kh6ng thdng hang thi (S) 
ludn chua dudng tron (C) la duong iron ngoai liep 
AABC. 

Vi du 1: Cho nipt diem A co djnh mini ngoai dudng 
I hang a co djnh. Mot diem () lhay doi tren a. Chung minh 
rdng S(0, OA) luon chira mot dirong iron co djnh. 

Gidi 

Goi B la diem ddi xi'mg vdi A qua a, suy ra B co djnh. 

Vay, ta tha'y mat cdu S(0, OA) thay ddi nhirng ludn 
chira hai diem co djnh A. B vh lam O chay tren duong 
true a cua AB do do (S) luon chua duong Iron co djnh 
(C) duong kinh AB va ndm trong mat phdng a chiia AB 
va vudng goc vdi a. 

Vi du 2: Trong mat phang u cho AABC vuong tai B, 
tren dudng thdng vuong goc vdi mat phdng a tai A lay 
diem S di dpng. 

a. Chung minh rdng boil diem A, B, C. S cimg thupc mat cau (S) 

b. Chting minh rdng (S) luon chira mot duong iron co djnh. 

Gidi S 

a. Goi O la trung diem SC. 

Vi SA 1 (ABC) nen: 

SA X AC => OA = OC = OS = —. 

2 

Ta co: 




BC1 AB 
[BC1SA 
Vdy, ta dupe: 


^ BC 1 (SAB) BC1 SB ^ OB = 


SC 



OA = OB = OC = OS = — 


<=> A, B, C, S cling thupc mat can S(0, 


SC 


). 


b. Vi ba diem A, B, C luon thupc (S) nen mat c.lu (S) luon dura dirong iron co 
djnh (C) la dudng tron ngoai liep AABC. , 
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Vi du 3: Cho mat can (S) lam () ticp xtic vdi mat phiing u tai I M la mot diem 
di dong tren (S). Hai tiep luyen cua (S) tai M cfit a tai A va B. 
a. Cluing minh rang AMU AIU. 

h. I la diem doi xi'rng cua I qua AB. Clu'rng minh rang bon diem I. I". M, () 
dong phiing va I’M di qua mol diem cd dinh J tren (S). 
c. Cho M di dong lien (S) sao cho goc AMB - 90", cac diem A va B liin loot 
chay Iren cac dudng lhang d, d' nam Irong u va d vu6ng goc vdi d' tai K. 
Hay cluing minh rang khi ay mat edit dudng kinh AB luon luon chtra mot 
ducnig non co dinh. 

Giai 

a. Xct hai A A MB va AAIB. ta co: 

AB cluing 

AM = AI, vi cung la tiep liiyeii qua A tori (S) 

BM = BI. vi cung la tiep luyen qua A tai (S) 

suy ra: 

A A MB = \AIB (c.c.c) > AMB AIB.dpcin. 
h. Nhan xel r.ing: 

AB L II’, do tinh doi xi'rng 
a i 01 -> AB L Ol 


!OM i MA 


> OMKMAR) - > AB 1 OM 


[OM L MB 

Vay, bon diem 1,1‘. M, O dong phiing vi cung tluioc mat piling qua O va vtiong 
giic vdi AB. j 




Oiii sir 10 ciit (S) tai J, ta cd nhan xct: 

El ; la dudng trung binh ciia Al’IM - > I'M // EE ;•> I'M // OE 
OF la dudng trung binh cua AJIM > JM // OF -> JM // OE 
life la I', M, J thfing hang. 

Vay, dudng thiing I'M di qua mdl diem cd dinh .1 tren (S) va la diem doi xi'rng 
vdi I qua O. 

c. Ta tliiiy ngay, mat cfin dirdng kinh AB luon luon chita mol dudng iron (C) 
duong kinh IK iuim irong mat phiing |1 chira IK v.i vudng goc vdi a. 
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BAI TAP d£ NGHI 

Bai tap 1: Co bao nhieu mat c;'iu di qua mot dircmg Iron cho trade ? Tim qui tich 
tarn cua cac mat ciu do. 

Bai tap 2: Cho hai dirdng thing cheo nhau (A) va (A,) co A A, la doan vuong goc 
chung, diem A thude (A). Mat phAng (P) eh da A A, va vuong goc vdi (A,). Dal AA, = 
a. Mot dircmg thing thay doi Ition Iu6n song song vdi mat piling (P) lin luot cat (A) 
va (A,) tai M va M,. Hinh chieu cita M tren mat piling (P) la H. 

a. Xac djnh tdm O cua mat c;iu (O) di qua 5 diem A, A,. M. M : , H. Tiiih dien 
tich cua (O) theo a, x = A M, va <p = (A, A,) 

b. Quing ininh ring khi \ thay ddi mat c<iu (O) luon chira mdt difong tron c6 
djnh 
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MAT CAU NGOAI Tlf> HINH CHOP VA LANG TRU 


I. KlfcN THlTC CO BAN 

Dinh nghia : Mol mul run goi lit ngnui tiep liinli < hop (hour hinh lung tin) nett no 
<li t/itu moi dinh run hinh < hop do lltoth hinh lung ti n do). 

II. CAC I) ANG T O AN LIEN Ql AN 

j Bai Joan 1: Mai can ngo ai m.phinh lane mi ] 

pinroNc; piiap cHUMi 

1. Dieu kifin citn va du de mot hinh lang tru dung co I \ 

mat cdu ngoai tiep la day cua no co duong iron 

ngoai tiep. I () j 

2. Tam mat edit ngoai tiep hinh lang tru dung each l 13 . C / 

den tA't cacac dinh mot doan bang R. Dodo, tdm V1 A 1 ] 

mat ctiu ngoai ti£p hinh lang tru la trung dieim 

cua doan thang noi Ulm dueling iron ngoai tiep hai \_ 

day. 

Vi dp 1: Cho hinh lang tru dung ABC.A,B,C. day la tarn giac deu canh a, 
AA, = b. Xac dinh tam va ban kinh mat ciiu ngoai tiep hinh king tru. 

Gidt R 

Goi G. G, thco thur tu la trong tam AABC va AA,B,C, 
va O la trung diem GG,. \2—— 

Vi GG, la true duong non ngoai tiep AABC va cY^ 

AA,B,C,. ta co: 1 ;p 

OA = OB = OC, 

OA, = OB, = OC|, Bl \\ 

OA = OA,, \ r/ 

suy ra: 

OA = OB = OC = OA i = OB, = OC C 

mat cdu S(0, OA) ngoai tiep hinh lang tru dung ABC.A,B,C,. 

Trong AOAG, ta co: 


OA' = AG’+OG : = f—At] r-f—GG. 1 =f 2 -.— 
3 i 12 j 3 2 


_ a ^ 
“T + T 


o OA = ,1—+— . 
V 3 4 


Vay. mat ci|u ngoai tiep lang tru ABC.A,B|C, la S(0. 


/- + ■- )• 
I 3 4 


Vi du 2: Cho hinh lang tru dung ABCD.A,B|C|D, co day ABCD noi tifip duong 
Iron duong kinh CD = 2a va AA, = 2b. Xac djnh tam va ban kinh mat cdu ngoai 
lii’p hinh lang tru. 
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I 


c, 

7\ 


Giai D, 

Goi I, I, ihco thu lir la Irung dic'm CD va C,D, va O la 
(rung diem II,. 

Vi II, la true ditirng Iron ngoai tiep ABCD va 
A,B|C|D|, la co: 

OA = OB = OC = OD, D 

OA, = OB, = OC, = OD,. 

OC = OC„ 

suy ra: 

OA = OB = OC = OD = OA, = OB, = OC, = OD, 

<r> mill ciiu S(0, OC) ngoai tiep hinh lang iru dung ABCD.A,B,C,D,. 

Trong AOIC. la co: 

OC =10 : + IC = | ~Cd] + j'll,j = a J + b’<=>OC = Vir + h : . 

V;)y, m;)l ciiu ngoai tie'p lAng iru ABCD.A,B,C|D, la S(0. Va* + b" ). 

BAI TAP Df] NGIII 

Bai tap 1: Cho hinh lang Iru dung ABC.A,B,C,. day lu lam giac dfiu canh a, 
AA, = 2a. Xac djnh lam va ban kinh mSt ciiu ngoai tie'p hinh l;lng iru. 

Bai lap 2: Gio hinh lang Iru dung ABC.A,B,C,. day ABC la lam giac vu6ng ciiu dinh 
A. AB = a, AA, = b. Xac dinh him va ban kmh mat ciiu ngoai tiep lang try. 

Bai lap 3: Cho hinh lang Iru dung ABC.A,B,C,. day ABC lit lam giac vudng tai A 
va AB = 3a. AC = 4a. AA, = 5a. Xac dinh tarn va ban kmh mat ciiu ngoai tie'p hinh 
king tru. 

Bai tap 4: Cho hinh hdp cliff nhftl ABCD.A,B,C,D| co AB = a, BC = b, OC, = c. Xac 
djnh lam va ban kinh mat ciiu ngoai tiep hinh hop. 

Bai tap 5: Cho hinh hop dinig ABCD.A'BCD' co AB = 2a. ADB = ACB = 90". 
Duong can hinh hop la h. Xac dinh lam va ban kinh mal ciiu ngoai tiep hinh hop. 

Bai lap 6: Cho hinh lang iru dung ABCD.AiBCD, co day ABCD Id nun luc giac 
deu day Ifni AB = 2a vii AA, = 2b. Xdc djnh liim va ban kinh mal ciiu ngoai tie'p 
hinh lang Iru. 

Bai lap 7: Clio lang iru luc giac deu ABCDEF.A,B,C,D|E,F|, canh ddy a, duong 
cao h. Xac djnh liim va ban kinh mat cAu ngoai licp hinh lAng Iru. 

Bai tap 8: Cho lAng iru luc giac deu ABCDEF.AiBiCiD^F,. Dufmg cheo AD, 
hop vdi mat ben (CDD,C,) m6l goc a = 30°. Milt piling (3 qua AB va D,E, efu lAng 
iru theo Ihiei dien co dien lich Q. 

a. Chung minh p qua cac irung diem cua CC, vii FF,. 

b. Thlh dien lich xung quanh cua lang tru. 

c. Tinh khoang each gifra AD, va BD. 

J^Bai loan 2: Mal cAu ngoai licp tirdien. _ { 

PHUONG PHAPCHUNG 
Vdi ui dien SABC la thuemg gap cac tracing hop sau: 

Tnfdiig hop I: Neu SA = SB = SC = a la ihuc hien: 
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Dung SH 1 (ABC) gia su SH - h, suy ra: 

HA = HB = HC 

< > H la tOm duimg trim ngoai tiep AABC. 

Trong ASAH dung dirdng trims true ct'ia SA cat SH 
tai O. ta duoe: A 

OA = OB = OC = OS 

mat cau S(0, OS) ngoai tiep lir dien. 

Vi ASMO va ASHA dong dans nen ta co: 

„ SA SA , • 

“ = »*=»R S 0S B -2 ^=11. 

SA SH SH 2SH 2h 



Vay, mat cdu ngoai tiep tir diin SABC la S(0. - ). 

2li 

Tnn'mg http 2: Neu SA 1 (ABC) ta thirc hien: 

Goi I la trim duimg Iron ngoai tiep AABC gia sir S 
IA = r, dung lx song song veri SA 

Trong mat phang (SA, lx) dirng dudng trung true cita 
SA ciit lx tai O, ta duoc: M 

OA = OB = OC = OS 

<r> mat ciiu S(0, OA) ngoai tiep tir dien. A 

Trong AAMO vuong tai M, taco: 


R = OA = VMA" + MO- = . 



V:)y, mat c;iu ngoai tifip tir dien SABC la S((). ^ —- i r : ). A\ 

Tnrtfni; hap o’: Neu ASB = ACB = 9(f la thirc hien: / / 

Goi O la trung did'm cita AB. dira trim tfnh chat trung / I t 
tuyen ctia tarn giac vuong suy ra: A i / 

OS = OA = OB = OC \ / 

c> mat ctiu S(0, OA) ngoai tiep tir dien. \L^^' 

AB C 

Vay. mat cau ngoai tiep lir dien SABC lit S(0, — ) 

Tfitting http 4: Neu SA va BC cd doan trung true cluing 1.1 ta thirc hien: 
Gia sir IJ = d, SA = a va BC = b. S 

Goi O la tarn mat c.iu ngoai tiep lir dien SABC. ta cd' 

fOeU , // 


[OA- =OC- 

Dat OI = x, ta hien ddi didu kien OA : = OC° thanh: 
IA : + 10- = JC' + .10' 


C 
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a' > b' b' 

< > ^ X' = — + (a ■ x) <>\ = 

4 4 


a" t 4d‘ 
Nd 


V;)y, mat can ngoai tieptudien SABC la S(0. ,|x' 


4 


(*) 

) viVi x iboa man (*). 



Vi du 1; Cho hinh chop tain giac ddu c6 canh day biing a. canh ben hop vo'i day 

mot goc <p. Xac djnh t;1m ban kinh cua mat ciiu ngoai tiep hinh chop. 

Gidi 

Dung SH ± (ABC), suy ra: 

HA = HB = HC 

o H la tarn duemg iron ngoai tiep AABC. 

Trong ASAH dung ductng tiling true cua SA cat SH 
tai O, ta duoc: 

OA = OB = OC = OS 
« mat cdu S(0, OS) ngoai tiep tit dien. 

Vi ASMO va ASHA d6ng dang nen ta co: 

SA 

- S ^ 2 
” 2SH ' 

Goi F. la trung di£m cua BC. ta co: 

(BC I SE e (SBC) 

(BC 1 AE e (ABC) 

Trong AABC ddu canh a, ta c6: 

AE = . 

AH = --AE = -— = i£. HE. !aE- I.i£ - 

3 3 2 3 3 3 2 6 


OS SM „ SA 9 

— =-=> OS =-- 

SA SH SH 


=> SEA la goc gitra mat ben va day SEA = <p. 


Trong ASHE vudng tai H, ta co: 

■- a a/3 

SH = HE.tgSEH =-tgep. 

6 

Trong ASHA vudng tai H. ta co: 

SA' - SH' + AH : = ,tg : (j) + -— = (tg’q> + 4). 

36 9 12 

Thay (2), (3) vito (I), ta duoc: 

+ a^tg>,4) 


( 2 ) 


(3) 


R = OS = 


_I2_ 

2- , tgip 
6 


I2lgip 


Vay. mat cdu ngoai tiep tu dicn SABC la S(0. a ~~-). 

12tgq> 
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Vi dy 2: Clio nr (lien OABC co AOB = 90", BOC = 60 . COA = 120" va 
OA = OB = OC = a. 

a. Co nhAn xet gi v& AABC ! 

h. Chi ro vj tri hlnii chieu vuong g6e cua O Iren mal phiing ( ABC), 
c. Xac djnh l Am vA tmh bdn kinh nilit cAu ngoai liep ti'r dien OABC. 


Gidi 


Trong AOAB vti6ng can lai O. la co: 
AB = OAx/2 = aV2 . 


O 



> OH . (ABC) 


Trong AOBC can lai O va co goc BOC =60’ nen: 

BC = OB = a. 

Trong AOAC can lai O, ta co: 

AC ? = OA' + OC : - 20A.OC.cosm CO A 
= 2a’ - 2a : .cos 120" ~ 3a’ 

=> AC = aV3 . 

Tirdo, nhAn xet rang: 

AB : + BC : = 2a" + a’ = 3a = AC AABC vuong lai B 

b. Goi H la tiling didm cua AC. la co: 

JOA -- OB - OC 
| HA = HB = HC 
luc la. H la hinh chieu vuong goc cua O Iren mat phiing (ABC). 

c. Trong AOAH dung dirong irung true cua OA cal OH lai I. la dupe: 

IA = IB = IC = 10 o m;)l cau S(l. 10) ngoai liep ludien. 

Vi AMOI va AHOA d6ng dang nen la co: 

OA ° A 

ol _ om QI = OA _i 

OA ~ OH " OH 

Vfty, mal cAu ngoai lifip Hi dien OABC la S(I, a). 

Vi du 3: Cho AABC can lai A. BAC = 120" va dirfrng cao AH = a->/2 . Trftn 
duemg thAng a vuong goc vbri mat phiing (ABC) lai A IAy hai diem 1, J a hai bdn 
didm A sao cho AIBC d£u va AJBC vuong ciln. 

a. Tfnh ede canh cua AABC. 

b. Tfnh Al, AJ va chtfrig minh cac lam giac BI.I, C1.1 lii tam giac vuong. 

c. Tim tAm va tfnh bdn kinh mat cAu ngoai tifi'p cac ti'r dien IJBC. 

d. Tim lAm va tfnh ban kinh mat cAu ngoai tiepcac tu dien IABC 

Gidi 

a. Ta Idn lupt co: 

CAH = 60°, ACH = 30". 

AB = AC = 2AH = 2aV2 , 

BC = 2CH = 2AH.tgCAH = 2 a>/2 .lg60" = 2aV6 . 
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Ta co ngay: 

IB = IC = BC = 2a V6 , vi AIBC deu, 
BC>/2 


JB = JC = 


= 2aV3 , vi AJBC vuong can. 


Trong AAIC vuong tai A, ta co: 

AI’ = 1C 2 - AC 2 = 24a : - 8a 2 = 16a 2 => AI = 4a. 

Trong AAJC vudng tai A. ta co: 

AJ 2 = JC 2 - AC 2 = I2a ; - 8a 2 = 4a : => AI = 2a. 

Nhan xet rang: 

IB' + JB : = 24a : + I2a : = 36a 2 = IJ 2 ABIJ vuong tai B. 

IC 2 + JC 2 = 24a 2 + 12a : = 36a 2 = IJ 2 ACIJ vuong tai C 

Dua tren ket qua cdu b), ta co: 

IBJ = ICJ = 90" 



ncn neu goi O, la trung diem cua IJ thi mat cdu S(0,, —) ngoai tidp tudien IJBC. 

Vdy, mat cdu ngoai tiep Hi dien IJBC la S(0„ 3a). 
d. Goi E la diem doi xung vdi A qua H. la co: 

EB = EC = 2EH = EA 

E la tdm ducmg Iron ngoai tiep AABC. 
dirng Ex song song vdi I A. 

Trong mat phang (IA. Ex) dung ducmg trung true 
cua IA cat Ex tai O, ta duoc: E 

OA = OB = OC = OI 



o mat cdu S(0. OA) ngoai tiep tudien IABC. 
Trong AOEA vuong tai M. ta co: 


OA = VoE 2 r EA 2 



= Via 2 + 8a 2 = 2aV3 . 

Vdy. mat cdu ngoai titfp tddipn IABC la S(0, 2aV3 ). 

Vt du 4; Mot doan thang IJ co chiPu dai d. Tren ducmg vuong goc vdi IJ tai I ta 
lay 2 diem A, A, ddi xung qua I vdi IA = IA, = a. Tren ducmg vuong goc vdi IJ tai J 
va khdng song song vdi AA, ta lay hai diem B, B, ddi xung qua J vdi JB, = JB = b. 

a. Chung minh rang tarn O cua hinh cdu ngoai titfp tu elicit AA,B,B ndm tren 
ducmg (hang IJ. 

b. Xac djnh tdm va trnh ban kinh cua hinh cdu ngoai tiep tu dipn AA,B,Btheo 
a, b, c. 

Gidi 

a. Goi O Id tarn mat cdu ngoai ti£p td diftn AA,B,B, ta co: 

OA = OA, => O thupc mat phang trung true a cua AA, va IJ e a 
OB = OB, => O thupc mat phang trung true p ctia BB, va IJ g 3 
suy ra: O g a o p = IJ. 

Vdy, tdm O cua hinh cdu ngoai tiep tu dipn AA,B,B ndm tren ducmg thdng IJ. 
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A 


fOe IJ 
(OA- = OB 2 

Dal OI = x, ta bi£n ddi di£u ki£n OA 2 = OB 2 thanh: 
IA' + IO 2 = JB 2 + JO' 

, ’ , ^ . b 2 a 2 + d 2 

a - + x" = b + (d - x) - <=> x =-. 

2d 

Khi do, ban kinh OA cua mat c<iu c6 gia tri: 




Vay. mat cau ngoai liep lir dien AA,B,B to S O fa 2 -t 



BAI TAP NGHI 

Bai tap 1: Cho td di£n d£u SABC canh a, goi H la hinh chid’u vuong goc ciia A len 
(ABC). 

a. Cltdng minh rAng H IA I Am ducfng tron ngoai liep AABC. Tilth SH. 

b. Xac dinh tAm va Itnh ban kinh mat ciiu ngoai liep ur di£n. 

c. Goi K la trung diem SH. Chung minh ring KA, KB, KC doi mot vuong goc 
vdi nhau. 

Bai tap 2: Xac dinh (Am va tmh ban kinh mat cAu ngoai tiep hinh chop (am giac 
den SABC, biet: 

a. Canh day a, chi£u cao bang 2a. 

b. Canh day a, canh ben b. 

c. Canh day bang a, mat ben hop vdi day mot goc ip. 

Bai tap 3: Cho tu di£n OABC cd OA, OB. OC ddi mdt vuong goc. Dat OA = a, 
OB = b, OC = c. 

a. Xac dinh tAm I vA tilth ban kinh mat ciiu ngoai tiep td difin OABC theo a, b. 
c. 

b. Chung minh rAng I, O va trong tarn AABC la ba didm thAng hang. 

Bai tap 4: Cho tu di£n S.ABC cd SA = a va vudng goc vdi mAt pitting (ABC), 
AB = AC = b. Xac dinh tAm va tilth b;hi kinh mAt ctlu ngoai ti£p tddidn trong cdc 
trirdng hop sau: 

a. BAC = 60°. 

b. BAC = 120". 

Bai tap 5: Mot hinh tu dien co cite canh doi bAng nhau. Chung minh rAng tAm mat 
cAu ngoai tiep tu dien do la trong tam ciia tu dien. Chung minh rAng (Am mat ciiu do 
each ddu bon mat cua tu dien. 

Bai tap 6: Cho td dien ABCD cd CD = 2a va cac tam giac ABC, ABD ddu canh a. 
Xac dinh tam va tmh ban kmh hinh cAu ngoai tiep td dien 
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Bai tap 7: Trong mat phAng (a), cho dudng trdn dudng k^nh AB = 2R. M la mot 
didm di dong tren dirdng Iron, MH vudng goc vdi AB tai 11, vdi AH = x. vc'rj 0 < x < 
2R. Dung dirang thAng vuong goc vdi (a) tai M tren do lay MS = MH. 

a. Xac djnh tAm va tfnh ban kinh hinh cAu ngoai tidp ti’r dicn SABM. 

b. Tilth x dd> ban kinh do dal gia tri Ian nhat. 

Bai tap 8: Cho 2 tia Ax, By vuong goc vdi nhau va nhAn doan AB - k lam doan 
vuong goc chung. Tren Ax I5y diem M, tren By IJy diem N, dal AM = x, BN = v. 

a. Xac djnh tAm va tfnh ban kinh mat can ngoai tiep tu dien ABMN. 

b. Gia sir M chay tren Ax, N chay tren By sao cho ta luon Iu6n co 
MN = AM + BN. Chirng minh rang MN luon luon tiep xiic vdi mat c;1u 
ducmg kinh AB. 

c. Vdi didu kien trong cau b) hay xac djnh x vay sao cho tir dicn ABMN co 
didn tfch toan phan nho nhat. 


jfBai t oan 3: 


□ 



I’Hl’ONU PHAP CHl'NG 

Tnrde hei chung ta cAn biet: 

1. Dicu kien cAn va dit de mot hinh chop co mat cAu 
ngoai tiep la day ciia no co dirdng trdn ngoai tiep. 

2. Tam mat cAu ngoai tiep hinh chop each den tat ca 
cac dinh mot doan bang R. Do do, tarn mat cau 
ngoai tiep hinh chop IA giao ciia true ducmg Iron 
ngoai tiep mot day vA mat phAng trung true cua 
mdt canh ben. 

V) du 1; 

a. Chung minh rang hinh chop co cac canh ben bang nhau thi co mat cau ngoai 

tiep. 

b. Xac djnh tAm va tfnh ban kinh mat cAu ngoai tidp hinh chop lu giac ddu 
S.ABCD co canh day bang a va chidu cao bang h. 

Giai 

a. Vdi hinh chop S.A,A ; ...A„ co SA, = SA : = ... = SA U . goi H 
la hinh chidu vuong goc cua S let) mAt phAng day, suy ra: 

HA, = HA ; = ... = HA, ; 

o H 1A tAm dudng trdn ngoai tiep da giac A,A-...A„ 

=> SH la true ducmg trdn ngoai tiep da giac A,A-...A„. A. A ( 

Khi do, trong ASHA, dung dudng trung true cua SA, cAt SH tai O, ta duoc: 

OA, = OA : = ... = OA„ = OS 
o mat cAu S(0, OS) ngoai tidp hinh chop S.A, A ; . .A„. 

VAy, hinh chdp co cac canh ben bAng nhau thi co mat cAu ngoai tidp. 

b. Goi O la tAm cua hinh vudng ABCD, suy ra: S 

SO 1 (ABCD) 

suy ra SO = h la true dudng trdn ngoai tidp hinh vuong ABCD. 

Trong ASAO dung dudng trung trite cua SA cat SO 
tai I, ta ducrc: / q 

IA = IB = IC = IS 7 

o mAt cAu S(I, IS) ngoai tiep hinh chdp. ^ 
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Vi ASM I va ASOA ddng dan;; nen ta co: 

SA 

IS _SM _ 2 _ SA" _ SO' + OA- _ a’ > 2\v 

SA SO “ SO ~ 2SO ~ 2SO 4h 


Vay, mat cau ngoai tiep hinh chop la S(l, -—■-). 

4h 

Vi du 2: Cho hinh chop S.ABCD co day ABCD la nua luc giac deu noi tiep duong 
tron duong kinh AB = a, SA = h va vudng gdc vdi mat phang (ABCD). Xac djnh tarn va 
ti'nh ban kmh mat can ngoai liep hinh chop 

Giai 


Gpi I la trung dieim AB, dung lx song song vdi SA suy ra: 
lx la true duong trdn ngoai tiep ABCD. 

Ix n SB = O. O la trung diem SB. 

Ta co nhAn xet: 

OA = OB = OC = OD = OS 

mat cau S(0, OS) ngoai tiep hinh chop. 

Trong ASAB vudng tai A, ta co: 

OS = SB = - VSA- +AB : = - v/a^Tb 2 . 

2 2 2 

Vay, mat cAu ngoai tifi'p hinh chop la S(0, ^ >/a 2 + b : ). 



BAI TAP Dfs NGHI 

Bai tap 1 : Xac djnh t;lm vit ti'nh ban ki'nh mat cau ngoai tid'p hinh chop tii giac d£u 
S.ABCD. biet: 

a. Canh day a, chidu cao bang 2a. 

b. Canh dAy a, canh bdn b. 

c. Canh day bang a, canh ben hop vdi day mot got- <p. 

d. Canh day bang a. mat ben hop vdi day mot goc <p. 

Bai tap 2: Cho hinh vuong ABCD canh a. Trdn duong vudng gdc vdi mSt phdng 


(ABCD) dung tfr tAm O ctia hinh vudng , lAy clieim S sao cho OS = Xac djnh tAm 


va ti'nh ban kfnh mat cAu ngoai tiep hinh chop S.ABCD. 

Bai tap 3: Cho hinh chop tu giac ddu SABCD co day bSng a va ASB = a. 

a. Xac dinh tAm va ti'nh ban kfnh mat cAu ngoai liep hinh chop. 

b. Xac djnh tAm vA ti'nh ban kmh mat cAu noi tifi'p hinh chop (mat cAu tidp xuc 
vdi tAt ca cac mat cua hinh chop). 

c. Chung minh ring tAm hai mat cAu do trung nhati khi va chi khi a = 45". 


Bai tap 4: Cho tu giac loi ABCD co AB = 2a, BC = AC = a>/2 , AD = a vA 


BD = aV3 . Trong mat pining vudng gdc vdi mat pining (ABCD) chua AB I Ay diem 
S sao cho ASAB ddu. Xac dinh tAm vA ti'nh ban kfnh mat cAu ngoai tifip hinh chop 
SABCD. 



CHU DE 4 

mAt tron xoay 


I. KIEN THlTC CO BAN 

l. khAi ni£m mAt tr6n xoay 

Dinh nghia I: Trout’ killing gian cho dudng fining d i -a 
mot diem M. goi O Id liinli chieu vndng got cua M len d. 
Duong n on (C M ) t o tarn O Inin kinh OM ndm Iren mat 
pining a vndng got vdi d tqi O duoc goi Id dudng Iron 
sinh hoi diem M klii M quay t/iunili d. 

Dinh nghia 2: Trong mat pining a cho difcnig thong d vd 
mot dudng I ndo do. Vdi nidi diem M ndm tren I ta lav 
dudng iron (C M ) siith hoi diem M khi quay qiianh d. 
Hinh (T) gom tat i d cue dudng Iron (C M ) vdi M tlindc I 
duoc goi Id mat Iron \oay sinh hoi dudng / khi quay 
quan Ii d. 



2. MAT TRU TR6N XOAY - HiNH TRU TRON XOAY 
Dinh nghia 3: Mat iron way sinh hoi dudng thdng / khi 
quay quanli d (I song song vdi d) goi Id unit ti n Iron xoay 
(hay van tat Id unit tru). 

Khi do: 

■ d goi la true cua mat tru. 

■ / goi la dudng sinh cua mat tru. 

Nhfln xet rang: 

a. Neu cat mat tru boi mot mat phAng tuy y vudng goc vdi d thi thict dien nhan 
dupe la mdt duefng tron co tarn thude d va ban kmh bang R, ngudi ta cung 
goi R la ban kmh cua mat tru. 

b. Mat tru ndi trdn cd the dinh nghia nhu la tap hop ta't ca nhung didm M each 
dirong thing d c6 djnh nipt dp dai R khong ddi. 

c. NPu M, la rript didm bit ki nim tren mat tru thi duong thing /, qua M| va 
song song voi d se nim tr£n mat tru. 

Dinh nghia 4: Hinh tru Iron xoay Id hinh sinh hoi mdt 
hinh t ht? nhat quay mdt vong quanli mot cqnh. 

Chu y: Cdc thid't dipn qua true cua mot hinh tru la cac 
hinh chu nhit bing nhau. 

3. mAt non tr6n xoay - h!nh non tr6n xoay 

Djnh nghia 5: Cho hai dudng thdng I vd d cat nhau tqi O vd too thdnh mot gdt (p, 
trong do 0 < (p < 90”. Mat tron xoay sinli hoi dudng thdng I khi quay quanli d goi Id 
mat non trdn xoay (hay van tat Id mat non). 

Khi do: 

■ d goi la true cua mat ndn. 

■ / goi la dudng sinli cua mat non. 
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• Diem O goi la dinh cua mat non. 

Nhan xei rang: 

a. Non cal mat non hoi mot mat phang tuy y vuong 
goc vdi d thi thiet dien nhan duoe la mol din mg 
Iron co tarn thuoc d va ban hinh thay ddi khi mat 
phang thiet dien thay doi. 

b. Neu M la mot diem bat ki 11 am tren mat non va 
khiic O thi ducmg thing OM nam tren mat non. 

t. Moi mat phang di qua d cat mat non thco hai ducmg sinh tao voi nhau goc 
2<p. Goc 2rp goi la goc d dinh cua mat non O 

Dinh nghia 4: Hinh non Iron \on\ Iti hinh sinli inti nitil 
Inin giac voting e/nay nitil r dug i/iumh mot < tnih goc 
vi i dug. 

Chit y: Cac thiet dien qua true cua mot hinh iru la cac 
(am giac cAn bang nhau. 

4 HiNH NON CUT TR6N XOAY 

Ta co: 

a. Hinh non cut la phan cua hinh non gidi han bdi mat 
day va mdt thiet difen song song vdi day. 

b. Hinh non cut co the tao thanh bdi mot hinh thang 
vuong quay mdt vong quanh canh goc vuong. 


II. CAC DANG TOAN LIEN QI AN 



PHl'ONG PHAP CHltNG 

1. Voi ht'ii loan t/nT licit: Neii mol diem M di ddng trong khong gian co: 

a. Hinh chieu vuong goc tren mat phang a la diem M' di dong trfen mot 
ducmg tron (C) co dinh thi M ihupc null tin co djnh ( T) chua (C) va co 
true di qua tAm cua duong iron (C) va vuong goc vdi a. 

b. Khoiing each tir M tdi dui'mg thing d co dinh bang h khong doi thi M 
thuoc mat iru co dinh ( 7) true d va ban kinh bing h. 

2. Vdi hai loan dinh tinh id dinh lifting: Dc giai cac bai loan djnh tmh va dinh 
luemg ve hinh iru ta thuemg diing phep chieu vuong goc xudng mat day rdi 
sir dung cac tnih chit hinh hoc phang cua ducmg iron day del thuc hifen. 

dy I: Cho hai difem A, B cd dinh. AB = a. Tim tip hop nhung di^m M trong 
khong gian sao cho difen tich tarn giac MAB bang S khdng ddi. 

Gidi 

Goi khoiing each tir M tdi AB la d(M. AB). ta cd: 

Samab = AB.d(M. AB) <->S= ~ .a.d(M. AB) 

2S 

od(M, AB)= —.khong ddi 
a 
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<^> M thudc mat tru ( T) true AB va ban krnh R = —. 

a 

Vi du 2: Cho mat phang a, mot di€m A ndm tren a, mot diem B ndm ngodi a 
sao cho hinh chieu vudng goc H cua B tren a kh6ng triing vdi A. Mdt diem M chay 
trong a sao cho ludn co ABM = BMH. Tim tAp hop diem M. 

Giai ? 

Goi N 15 hinh chieu vuong goc cua M len AB. /I 

Xet hai tarn giac vuong AMBN va ABMH. ta co: N / 

BM chung /./( / 

MBN= BMH / A \\// H 

ABMN = ABMH => MN = BH, khong doi ^- M 

=> M thudc mat tru ( T) true AB va ban ki'nh R = BH. 

Vay, tap hcrp difim M thuoc giao tuyen cua mat phang a vdi m;)t tru ( T). 

Vi du 3: Mdt hinh tru co hai day la hai dirdng tron uim O va O’ ban ki'nh R, co 
dudng cao R>/2 . Goi A la mol did’m trfen dirdng iron (O), B la mot di£m trtn difdng 
tron (O’) sao cho OA vuong goc vdi O’B. Goi a la mat phang qua AB va song song 
vdi OO’. 

a. Chung minh riing ede mat ben cua hinh chop OABO’ la nhung tarn giac 
vudng. 

b. Ti'nh khoiing each giira OO’ va a. x-- 

c. Ti'nh didn t/ch thiet didn. 

Giai 

a. Ta co: 

OO’ 1 (O) => OO’ 1 OA => AOO’A vudng. () :. 

OO’ 1 (O’) => OO’ 1 O’B => AOO’B vudng, --—: j 

fOA J. OO’ _ _ 

< => OA 1 (OO’B) => OA 1 OB ^ AOAB vudng, 


O’BiOO’ 

< => O’B 1 (OO’A) =5. O’B 1 O A => AO’AB vudng. 

{OBIOA 

Vay, cac mat bdn cua hinh chop OABO’ la nhifng tarn giac vudng. 
b. Dung Ax // OO’ cat (O’) tai N va dung By // OO’ cat (O) tai M. Ta nhAn di/oe 
thid't didn la hinh chu nhAt AMBN. 

Ha OH 1 AM, ta co nhAn x6t: 

d(6o\a) = d(Oa) = OH 
Trong AOAM vudng cAn tai O, ta cd: 

AM = OA-\/2 = R->/2 9 

AII AM Ryf2 / \ 


, = AM.AN = AM.OO’ = R>/2 .R>/2 = 2R : . 
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Vi _di|i 4 : Mol hlnh tru c6 hai day lii hai dudng iron tarn O va O’ ban kinh R, to 
ducmg cao Rv3 . Goi A la mol diem Iren dudng Iron (O). B la mol diem Iren dudng 
iron (O') sao cho goc hop bdi AB va true ciia hinh iru bfing 30". 

a. ‘Tinh dicn tich ihiet dicn <|iia AB va song song vdi OO'. 

b. Tinh goc giira hai ban kinh day qua A va B. 

c. Dung va tinh do dai doan vuong got chung ciia AB va OO’. 

Giai 

a. Dung Ax // OO’ cat (O’) tai N va dung By // OO' cat (O) tai M. Ta nhftn dirge 
Ihiet difin la hlnh chO nhat AMBN. 

Ta cd: 

( ABXX)') = 30" o ABN = 30". 

Trong A A BN vuong tai N. la co: 

BN = AN.cotg ABN = OO’.cotg30" = = 3R. 

Ta co: 

S AMBN = AN.BN = R/3 3R = 3R’V3 . 

b. Ta co: 

( oaxfb > = ( oa7om ) = AOM . 

Trong AOABM, ta co: 

—- OA 2 -tOM : -AM : 2R : (3R) : I 

cos AOM =- -=-;- =- 

20A.0M 2R- 2 

O AOM = 120". 

c. Ta thire hien: 

■ Ha OH J_ AM, dung Hz // AN va cat AB tai E. 

■ Dung Et // OH va cdt OO’ tai F. 

Khi do EF chmh la doan vuong goc chung cua AB va OO’. 

Trong AOAH vuong tai H. la co: 

EF = OH = — OA = - . 

2 2 

BAI TAP BE NGHI 
Bai tap I: Cho mot dudng iron (C) Irong mat pining ex. Tir mol diem M tr£n (C) ta 
ke dudng thing m vu6ng goc vdi rx. Qurng minh ring nhfrng dudng thing m nhu 
vuy niim Iren mot mat tru Iron xoay. 

Bai tap 2: Cho ducmg thing a co djnh, b la ducmg thing di dong nhung ludn di 
qua diem c 6 djnh B. Goi MN la doan vuong goc chung cua a va b vdi M thuoc b. 
Chitng minh ring diem M Iuon thuoc mol mat cong co djnh. 

Bai tap 3: Cho mot hinh tru co true OO’. ban kinh day la R. M6l difim S co dinh 
each OO' mot doan la a. Mol ducmg thing d di dong nhung Iuon qua S va cal mat 
tru tai M va N. 

a. Chung minh ring tmng diem I cua MN Iuon thuoc mot mat tru co dinh. 

b. Gia su d Iuon hop vdi (X)‘ mot goc cp. Chung minh ring SM. SN khong doi. 
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Bai tap 4: Mdl khoi tru co ban Vinh day R, chidu cao h. Cat khd'i tru bdi mdt mat 
pining song song vdi true va each tru mot doan bang a, vdi 0 < a < R. Tinh didn tich 
cua thid't didn. 

Bai tap 5: Cho mot hiith tru co hai day la hai dudng tron tarn O va O', ban kinh R, 
chidu cao hinh tru la R>/2 . Tren hai dudng iron O va O' co hai didm di dong A. B 
sao cho (OA.O'B) = <p khong ddi. 

a. Tinh AB theo R va tp. 

b. Dirng doan thing vudng goc chung IK cua AB va OO' vdi I e AB. 

c. Chirng minh ring khi AB di dong I ludn thuoc mot dudng tron co djnh. 

Bai tap 6: Cho mot hinh tru co tarn cua hai day li O va O'. M la mdt didm cr 
ngoai hinh tru. Qua M dung 2 mat phing a va p tiep xuc vdi mat tru thco cac 
dudng sinh AB va CD. Goi A la giao tuyen cua a va p. Chiing minh rang: 

a. A vtiong goc vdi day hinh tru. 

b. Mat phing (ABCD) vudng goc vdi mat phing (OO'M). 

Bai tap 7: Trdn cac dudng tron day cua mot hinh tru co chieu cao h vh ban kfnh 
day R, ngirdi ta 1 Ay theo thir tu cac diem A va B. Xac dinh khoang each giua dudng 
thang AB va true cua hinh tru trong cac trudng hop: 


b. Goc giua AB va mat day la tp. 

Bai tap 8: Mot hinh tru co hai day la hai dudng tron tarn O va O' ban kinh R, co 
dudng cao R>/2 . Goi A la mdt diem co dinh tren dudng iron (O). Tim hai diem B, 
C tren dudng iron (O’) sao cho ABC la lam giac deu. 


nTai toan 2: Hinh non - Hinh non cut. 




PHUONt; PHAP CHUNG 

1. Viri hai loan qui rich: De chung minh mot dudng thang / di ddng nhimg ludn 
thude mdt mat non tron xoay co dinh ta lira chon mdt Irong hai each sau: 
Cdcli 1 . Ta thuc hidn iheo cac buoc: 

Bifctc I: Chirng minh / di qua did’m co' dinh O Ihudc dudng 
thfing d co dinh. 

Bum- 2: Gnhig minh (/, d ) = ip khong doi. 

Bifdrc 3: V;\y, dudng thang / thuoc mat non (A/) true d dinh O 

va goc a dinh bang 2<p. 

Cdch 2: Ta thuc hien thco cac birdc: 

Btf<h I: Chung minh / di qua didm cd djnh O. 

BifOf 2: Chirng minh / ludn cat mdt dudng tron (C) cd dinh cd 
true di qua diem O. 

Bif&c 3: Suy ra / ludn thuoc mat non tron xoay co dinh O va 
dudng chutin la (C). 

2. Vdi hai loan dinli tinh vd dinli I iron g: De giai cac bai toan djnh tinh va djnh 
lumig vd hinh non ta thudng dung phep chieu vudng goc xud'ng mat day roi 
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sir dung cac tinh chill hinh line pining cua duemg tron day va cua tam giac 
viiong, lam giac can de then hicn. 

V i dul: Cho hai diem A. B co dinh. AB = a. Mol duemg thing / lhay doi I non di 
qua A, k being vuong goc v«i AB va each B mol doan khong d6i d. Chung lo / luon 
n;im Iren mot mAt non. 

Giai 

Goi H la hinh chieu vuong goc cua B len / suy ra BH = d, dat ep = BAH , (p < 90". 
Trong AHAB vuong tai H. la ce>: 

BH d . , 

simp --= —, khong doi 

AB a 

Vay, duemg thang / (di qua diem A co dinh) thuoc mat non (AO true AB dinh A 
va goc a dinh bang 2<p. 

Vf dp 2: Trong mat phang a cho mot goc xOy = 2ep. Mot mat phang |i thay dcSi 
luon vuong goc veW duemg phan giac cua goc xOy cal Ox, Oy tai A va B. Trong mAt 
phing p lAy diem M nhin doan AB eludi mot goc vuong. Chung minh ring cac diem 
M luon niim tren mot mat non xac dinh. 

Giai 

Gia sir Oz la tia phan giac ciia goc xOy, Oz cat AB tai H. suy ra: 

OH 1 AB, vi AOAB can tai O OH L p ^ OH i HM. 

Xet hai tam giac vuong AOHM \a \OHB. ta co: 

OH chung 
HM= ilB 

suy ra: 

AOHM = AOHB 
=> MOH — BOH = «p. khong dcii 
Vay, M thuoc mat non ( V) true Oz dinh O va 
goc a dinh bang 2tp. 

Vi d 4 3: Mot hinh non co ban kinh day R va co thiet dicn qua true la m6t tam 
giac deu. Goi A la m6t didm co dinh tren duemg Iron day (O). M la mot difim di 
de>ng trCn (O). Dat AOM = 2a. vdi 0 < a < 90". 

a. Goi H la hinh chieu vuong geic cua O tren (SAM). Tinh OH theo R va a. 

b. Goi P la goc giua (SAM) va day. Cluing minh rang cosa.tgP = y/3 . Xac 
dinh a sao cho tgP = 2tget. 

c. Tim tAp herp didm H khi M chav het duemg iron (O). 

Giai 

a. Ha OI1 AM tai I. 

Trong mat phang (SOI) ha OH J SI tai H. Khi do. H la hinh chid'u vuAng geic 
ciia O trein (SAM). 

Vi ihifit dien OAB la lam gi:ic eleu nen: 

so 

- 2 2 

Trong AAOI vuong tai I, ta co: 
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OI = OA.cos AOI = R.cosa. 

Trong ASOI vuong tai O. la c6: 

I 1 1 I _ \ _ J_ _ I_ 

OH" OS 2 OI 2 (Rh/5) 2 (R.cosa) 2 3R 2 R 2 .cos 2 a 

V cos' a + 3 

Ta co ngay: 

((SAM),(0)) = SIO = (3. 

Suy ra: 

OI OS OS Ra/3 r; 


cosa.lgB =-.— =-= - 

OA OI OA 

De igP = 2tga didu ki£n la: 


R 


= v3, dpcm. 


V3 


cosa.2tga = V3 o 2sina = >/3 <=> sina = — « a = 60". 

VSy, vdi a = 60" ta duoc IgP = 2tga. 
c. Ha OK 1 SA tai K, suy ra: 

SA X (OHK) => mat phang (OHK) co djnh 
Trong mat phang (OHK), ta co: 

OH 1 HK => H thu6c dirrmg Iron duOng kfnh OK. 

Vay, tflp hop didm H thu6c dircrng tron ducmg kfnh OK trong mat phang qua O 
va vu6ng goc vdi SA. 

Vi du 4: Cho hinh non cut co cac bdn kfnh day R va — , goc gitfa dirfrng sinh va 

mat day la a. Ttnh dien Itch thiet dien tao boi mat phang chtia true cua non cut voi 
non cut. 

Giai 

Ta thdy ngay thiet dien ABCD la hinh (hang can va: 


Sabcd= ^(AB + CD).00- 


trong do: 



AB -2. — = R va CD = 2R 

2 


OO' = I R-I .tga - — .tga 


suy ra: 


S m =i(R + 2R)A.ga=*3£ 
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BAI TAP o£ NGHI 

Bai tap 1: Trong mat phang a cho diem O co dinh. Xel mol dudng I hang / thay 
ddi I non di qua O va hop vdi mat phang a mol goc n khong doi. Chung ininh rang / 
luon luon mini Iren mol mat non c<> dinh. 

Bai tap 2: Trong khong gian cho nude hai diem co dinh S v;i O. Mot duoiig tlifing 
d di dong luon di qua S. Chung niinh rang d luon ihuoc mot mat non Iron xoay co 
dinh ( AO neu no ihoa mol trong cac digit sail: 

a. d luon each O mol doan hang a khong ddi. 

b. d luon hop vdi SO mol gcic it. khong ddi. 

Bai tap 3: Cho hinh non Iron xoa\ dinh S. day la mol hinh iron lam O ban ktiih R. 
chigii can cua hinh non bang 2R goi I la mot diem mini Iren mat day va each O mol 
doan bang 2R. Trong hinh Iron () kc ban kttih OA vudng goc vdi OI. IA cal dudng 
iron tai b. 

a. M la mol diem di dong tren SA, IM cal mat non tai N. Chung ininh ring N 
di dong tren mot doan thing co dinh. 

b. Cluing ininh rang hinh chieu K cua O Iren IM di dong Iren mol dudng iron 
c6 dinh di qua true tarn H cua ASAI. 

Bai tap 4: Cho hinh non dinh S. chieu cao h va ban kiiih day R. 

a. Mat phing a di qua dinh S cal hinh non tlieo mol ihiei difin la hinh gi ? 

b. Xac dinh a sao cho thiet dien co dicn itch Idn nhai. 

Bai lap 5: Cho hinh non co ban kinli day la R. dudng sinh hop vdi day mol goc a. 
Tinh ban kfnh day cua hinh Iru noi licp trong hinh non hiet lhi6i dien qua true cua 
hinh Iru la hinh vudng. 

Bai tap 6: Cho hinh non cut hai day la cac dudng iron (O), (O'), biei (O), (O’) co ban 
kmh la R va R’ (R > R'). Mol Ihiei dien di qua diem I ihuxic OO' vft song song vdi day 
cua hinh non cut. Tinh ban kinh cua ihiei dien hiet OI = 20’!. 
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bAi tAp On chltong iv 

Bai tap 1: Cho hai niira dudng th;ing Ax, By chco nhau vd vudng goc vdi nhau. 
AB = 2 la doan vudng goc chung va O la trung did'm cua AB. Trdn Ax, By Idn luot 
Idy cac dieim M, N sao cho AM = x, BN - y. Gia su MN luon luon tiep xuc vdi mot 
hinh cdu dirdng kmh AB. 

a. Tim hd thuc lidn he giua x va y. 

b. Goi H la hinh chid’u cua O trdn MN. Chung minh did’m H luon di dong trfin 
mot dudng tron co djnh (C) thuoc mat phang (a) va MN Iu6n tao vdi (a) 
mot goc khong doi. 

c. Goi cp la goc hop bdi hai dudng thing AB va MN. Chung minh rang: 

I II,, I I 

-= — + — va tg'cp = + — 

cosrp x y x' y~ 

Bai tap 2: Cho trong mat phang (P) mot goc vuong mOn. Doan SO = a vudng goc 
vdi mat phang (P) tai O. M. N chuydn dong Ian luot tren Om va On sao cho ta luon 
luon co OM + ON = a. 

a. Chung minh rang tong 3 goc phang ddinh S cua tu dien SOMN bang 90". 

b. Chung minh rang mat phang (SMN) luon luon tiep xuc vdi mot mat cau erf 
djnh. 

Bai tap 3: Cho mat c;1u tarn O ban kmh R, mat phang (a) each tarn O mot khoang 
h (0 < h < R) cat mat cAu theo dudng tron (C). A 15 mot diem co dinh tren (C), CD 
la mot dudng kmh di ddng cua (C). Dudng thang qua A vudng goc vdi a lai cat mat 
cilu tai B. 

a. Chting minh ede tong AD 2 + BC : va AC : + BD : co gia tri khong ddi. 

b. Vdi vi tri n5o cua CD thi didn tich ABCD Idn nha’t ? 

c. Tim tap hop didm H, hinh chidu vudng goc cua B tren CD. 

Bai tap 4: Mdt hinh tru co hai ddy la hai dudng trdn lSm O va O' bdn kfnh R, co 
dudng cao 2R. Goi I Id didm bdt ki trdn ddy (O’) vd M Id didm bat ki tren day (O). 

a. Tim gia trj Idn nhSt cua doan IM. 

b. Gia su I Id didm c6 dinh trdn (O’) vd O’l = — . Tim gia trj Idn nhat vd nho 

nhat ciia doan IM. Tim tap hop cac diem M hiet rang IM = / vdi / Id do ddi 
cho tnrdc. Bidn luan. 

Bai tap 5: Cho hinh non dudng sinh I va goc d dinh <p. 

a. Chung minh ring goc giua hai dudng sinh bdt ki nho hon hay b;ing <p. 

b. Gia su cp = 120". Tinh dien tich Si cua thidt didn qua true. Co thiet dien qua dinh 
nao, khac vdi thiet dien qua true, ma co dien tich bang Si khdng ? 
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CHUONG V 

DIEIM TIC II VA Tllf] TICH 

CHU DE 1 

HINH DA DlfcN VA KH6l DA DI$N 

1. KIEN THI C CO BAN 

1. HiNHDADlfeN 

f)inh nghia: Hinh da dien Id hinli gam mot so lii'fn ban cue mien da gibe tliod man 
liai linh chat salt: 

a. llai mien da gibe bat ki boat klioiig t o diem t illing boat t o mot dinb elnnig, 
boat cb mot t an li fining 

b. Mdi t anil ciia mien da gbit lido ciing Id eanb cluing cna dung bin mien da 
gibe. 

2. KH(3lDADI$N 

Trong pham vi ph<S thong chiing ta chi xet nhfrng hinh da dien thoa man dieu 
ki£n sau: 

Mol liinb da dien t Ilia khdng gian thdnb Inti mien sao cbo: 

a. Bat ki bai diem ndin trong ciing mot mien den cb the noi vdi nlian bang mol 
difdng gap kbiic mini hodn loan trong mien do. 

b. But ki difdng gap kbiic nbo noi bai diem Ihubc bai mien kbiic nlian den t o 
diem cluing vdi hinh da du n 

Khi do, mien chua loan bo mot duong lining dime goi la mien ngodi, midn con 
lai duoc goi la mien trong. 

Dinh nghia: Hinh da tlien t hug vdi mien trong ilia no goi Id khoi da dien. 

II. PHAN CHIA MOT KHOI DA DIEN THANH NHlfiC KHOI DA DIEN 
Vi du 1: Hay chia mdt khoi hop thanh nam khoi tu didn. 

Gitii 

Hinh hdp ABCD.A,B|C,D, duoc chia thanh nam khd’i 
tu di^n bai bd'n m;)t cheo tarn giac BDA,. BDC,. A,C,B, 

A,C,D. 

Khi d6, ta duoc nam khoi tu dien la: 

ABDA„ CBDC„ B,A,C B. D,A,C,D. 

Vi d|i 2: Hay chia mot khoi tu dien thanh bon khoi tu dien bang hai mat phang. 
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A 


Giai 

Lily didm H. F theo thu tu thudc canh AD va BC. 

Khi do, hai mat phang (ADF) va (BCE) chia khoi tur 
dicn ABCD thanh bon khoi tirdiCn sau: 

ABEF va DBEF 
ACEF va DCEF. 

BAI TAP NGHI 

Bai tap 1: Hay chia mot khoi hinh chop tur giac thanh hai khoi ur dicn. 

Bai tap 2: Hay chia mot khrii lang tru tarn giac thanh ba khoi tu dien. 

Bai tap 3: Mot khoi hop cd the; chia thanh toi da bao nhiihi khoi tu dien ? 

Bai tap 4: Trcn ba duang thiing song song nhung khong dong phiing a, b, c hilt 
lirot lay cac doan AA ( , BB,. CC, thoa man AA, < BB, < CC,. Hay chia hinh da di£n 
ABC.A,B,C| th;tnh mdt hinh chdp va mot hinh lang tru. 
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( HU DE 2 

THli. TICH cac kh6i da di$n 

I. KIEN THLfC CO BAN 

1. KHAI NI$M v£ THf-TICH 

Dinh nghia: The licit ctia nidi kiwi tin tlien Id mol so throng t o cac tinli chat salt: 

a. Khoi lap pliiroitg c6 canh hang 1 rlii co the ticli hang 1 Khoi lap phuang 
nhu the goi la khoi lap plnrmig don rj. 

b. The licit ctia hai khoi da dien hang nhoti I hi hang nhaic 

c. Neii mot khoi da dien dtftn ■plitin cilia ilidnli nliieii khoi da dien llti the licit 
ciiu no hang long the licit n'ta cue khoi da dien phdn chin. 

2. CONG THL/C TINH THfi TICH CAC KH6l DA Dlfi.N 

3. The licit ctia -khoi hop chitnlidt hang licit ctia ha kiclt tlnfirc. 

Nhu vay: 

■ Voi kh6’i hop chu nhat co ha ki'ch thuoe la a, b, c thi: 

V = a be. 

■ Kh6'i lap phuong co canh bang a thi: 

V = a\ 

2. The licit ctia khoi long Ini hang licit ctia dien licit day vd chieu cao. 

Nhu v|y: 

V = «h. 

3. The rich ctia khoi chop hang ^ licit ctia dien licit day vd cltieti cao. 

Nhu v3y: 

V = — #h. 

3 

4. Nett klioi chop cut co cltieti cao It vd co dien licit hai day Id B, vd B ; llti the 
licit V ctia no Id: 

Nhu v3y: 

V= - (B, + B : + ,/b^bT ).h. 

11. CAC DANG TOAN LlfeN QI AN __ 

f loan 1: Thi ti'ch cua lang tru. __ 

PHUONG PHAP CHUNG 

Su dung cong thi'fc: 

V = &.h. 


177 




Nhu viy, d6 tfnh duoc the tich cua hinh ling tru ta thudng thuc hifin theo cic 
birdc sau: 


Biff re I Xac djnh cac yeti to cua gia thiet (nhu khoang each, goc giua ducftg 

thing voi mat phing, goc giua hai mat phing ...) theo cac phuong 
phap da bie't. 

Bifire 2: Dua vao cong thiic, ta phan tich V thanh cac bifeu thuc chtfa nhung 
doan thing phai tmh. 

Bifffc 3. Tfnh nhirng doan thing iy bing each su dung cac he thuc lucrng trong 
tarn giac, tmh chit d6ng dang ... 

Burn-4: Suy ra gia trj cua V. 

Vi du 1: Cho ling tru dung ABC.A|B,C|, diy ABC la tarn giac vu6ng tai A, 
AC = a, C = 60", duerng cheo BC, cua mit ben (BCC,B,) hop vori mit ben 
(ACC,A,) m6t goc 30". 

a. Tfnh do dai doan AC,. 

b. Tinh the tich king tru. 


a. Ta c6: 


Gidi 


| BA i. AC 
[BA1AA, 


BA 1 (ACC,A|). 


Viy, ta nhin duoc goc BC,A = 30°. 
Trong A ABC vuAng tai A, ta co: 

AB = AC.tg C = a.tg60° = a>/3 . 
Trong AABC, vudng tai A, ta co: 



C, 


AC, = AB.cotg BC, A = aV3 .cotg30° = 3a. 


b. Trong AACC, vudng tai C, ta co: 

CC, = ^\C\~ AC 2 •= V9a : -a 2 = 2a>/2 . 

The tich V cua lang tru duoc cho bdi: 

V = S UBC .CC, = - AB.AC.CC, = -. aV3 .a. 2aV2 

2 2 

Vi du 2: Cho hinh hdp dirng ABCD.A,B|C,D|, day li 
hinh thoi. Bie't dien tich 2jnat cheo ACC,A, va BDD B 
la s„ s : . Bie't BA,D = 90". Tmh the u'ch hinh hop. 

Gidi 

Dit AC = a, BD = b, AA, = c, ta co ngay: 

S ACC|A| =AA|.ACoac = s,. 

Sbdd,b, = BB,.BD o be = s 2 . 
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(1) 


The ti'ch V cua hinh hdpdung ABrD.A,B|C,D, duoc cho bai: 

V = S ABt - D .AA, = — AC.BD.AA, = -abc - . 

2 2 2c 

Trong AA,BD vu6ng tai A,, la to: 

A,0 = — BD= —. 

2 2 

Ngoai ra, irong AA,AO vuong tai A, ta co: 

^ ^ b , a“ l 

A.O 2 = A,A : + AO 2 o — = c : +-—<=> c 4 = — (b 2 c 2 - a 2 c 2 ) 
4 4 4 


Thay (2) vao (1), ta duoc: 


( 2 ) 


V = • 


2 

4 


l/4(s;-s;) 


Vi dp 3: Cho lang tru tarn giac ABC.A|B,C, day ABC la tam giac d6u canh a. 
Hinh chi£u cua A, len mat phang (ABC) triing voi tam ducmg tron (ABC). Canh b£n 
AA, tao vcri mat phang day mot goc 60°. 

a. Tinh the ti'ch lang tru. 

b. Chung minh rang BCC|Bi la hinh chu nhat. 

c. Tinh di£n ti'ch xung quanh (t6ng dien ti'ch cac mat b6n) lang tru: 

Giai 

a. Goi M, N theo thu tu la trung di£m AB. BC. 

Goi H Ik tam AABC, ta c6: 

A,H X (ABC) => A^AH = 60°. 

Thfi ti'ch V cua lang tru duoc cho boi: 

V = S ubc .A,H (I) 

Vi AABC d6u canh a nfin: 
a 2 ->/3 


Sa, 


Trong AA,HA vu6ng tai H. ta co: 


( 2 ) 



a a tali o 2 «^3 2aV3 

AA, = 2AH = 2. — .-=-, 

3 2 3 

A,H = AH.tgA^AH = ^AN.tg60°= y~~ ■& =.»■ 


(3) 
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Thay (2), (3) vao (I), ta diroe: 
v _ -d 2 S . _ a*>/3 
4 4 

b. Ta co: 

[BC1AH 

{ => BC 1 (AA,H) => BC 1 AA,. 

[BC1A,H 


Mat khac, ta luon co: 

AA, // BB, BC1 BB, => BCC,B, la hinh chu nhat. 
c. Goi S,, la di£n ti'ch xung quanh lang tru, ta co: 

s «, = 2 S ABB|Ai = 2A,M.AB + BB,.BC = (2A,M + BB,)BC. 


Trong AA,HM vufing tai H, ta co: 


A.M = V A i h2 + MH ‘’ 



6 


Ttr do, suy ra: 


s„ = 




a 2 yf3(^f\2 + 2) 
3 


Vi du 4: Cho hinh h6p ABCD.A,B,C,D, co day la hinh thoi ABCD canh a, goc 
A = 60°. Chan du&ng vu6ng goc ha ttr B, xutfng day ABCD trung vdi giao di£m hai 
d trong cheo cua day. Cho BB, = a. 

a. Tinh goc giua canh bfin va day. 

b. Ti'nh th6’ ti'ch hinh h6p. 

Gidi 

a. Goi O la giao di£m cua AC va BD, ta c6: 

B,0 1 (ABCD). 

Ttr do, suy ra goc giua canh bdn va diy la B,BO. 

Vi ABCD la hinh thoi canh a, goc A = 60° nin: 

BD = a => OB = —. 

2 

Trong AOB,B vu6ng tai O, ta co: 




cosB,BO. = — = - => B,BO. =60°. 
1 BB, 2 1 


Vay, g6c giOa canh ben vi day cua lang tru bang 60°. 
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b. The tfch V cua lang tru dupe cho bdi: 

V = S abcd .B, 0 = - AC.BD B.O = - .2. — a. — = — 
2 2 2 2 4 


BA I TAP Df: nghi 

Bai tap 1: Cho lang tru deu ABCD.A,B,C,D, canh day a. Goc giua ducmg cheo 
AC, va day la 60° Tfnh the ti'ch h'inh lang tru. 

Bai tap 2: Cho lang tru tu giac deu ABCD.A,B|C|D|, duong cao h. Mat phang 
(A,BD) hop vdi mat ben (ABB,A,) mot goc a. Tfnh the’ tfch cua lang tru. 

Bai tap 3: Cho hinh hdp chu nhat ABCD. A,B,C,D, co AB = a, AB hop vdi mat 
phang (A’B'CB) mot goc a va BAC‘ = p. Tfnh the' tfch hinh hdp. 

Bai tap 4: Cho lang tru tarn giac deu ABC.A,B,C,, canh day a. Mat phang (ABC,) 
hop vcri mat phang (BCC,B,) mot goc a. Goi I, J la hinh binh chi£u cua A I6n BC va 
BC,. 


a. Chung minh AIJ = a. 

b. Tfnh the’ tfch hinh lang tru. 

Bai tap 5: Cho lang tru tarn giac deu ABC.A,B,C„ canh day bang a, duong cheo 
BC, cua mat ben (BCC,B,) hop vdi mat ben (ABB, A,) mdt goc a. 

a. Xac dinh goc a. 

b. Tfnh the tfch lang tru. Tim dieu kien cua a de lang tru ton tai. 

Bai tap 6: Cho lang tru dung ABC.A,B,C„ day ABC la tarn giac can dinh A. Goc 
giua AA, va BC, la 30° va khoang each giua chung la a. Goc gitta 2 mat ben qua 
AA, la 60". Tfnh the’ tfch lang tru. 

B&i tap 7: Cho lang tru deu ABC.A,B,C,. Mat ph«ang (A,BC) each A m6t khoang 
Vi ^ hop vdri BC’ m6t goc a biet sin a = . Tfnh the’ tfch lang tru. 


Bai tap 8: Cho lang tru dung ABC.A,B,C, co day ABC la tarn giac vu6ng tai A, 
AC = b, &= a . Ducmg cheo BC, tao vdi mat ben ACC,A, mdt gdc p. 

a. Tfnh the’ tfch lang tru. 

b. Tim mot diem each deu cac dinh cua lang tru vi tfnh khoang each Sy. 

Bai tap 9: Cho lang tru xien ABC.A,B,C, day la tarn giac deu canh a. Hinh chie'u 
cua A, ten mat phang (ABC) trung vdi tftm ducmg tron (ABC). Cho BAA, = 45°. 
Tfnh the’ tfch-lang tru. 

Bai tap 10: Cho lang tru xien ABC.A,B,C, d«ny ABC la tarn giac vudng can dinh A. 
Mat ben (ABB,A,) la hinh thoi canh a, nam trong mat phing vudng goc vdi day. 
Mat ben (ACC,A,) hop vdi day mot goc a. Tfnh the tfch lang tru. 


181 



Bai tap 11: Cho lang tru xien ABC.A,B|C| c6 day ABC la tain giac vudng tai A, 
AB = a. BC = 2a. Mat bdn ABB,A, la hinh thoi, mat bdn BCC,B, nSm trong mat 
phang vudng goc vdri day, hai mat nay hap vai nhau mdt goc a. 

b. Tinh khoang each tCr A tori mat phang (BCC,B,). Xac dinh goc a. 

c. Tt'nh the tt'ch lang tru. 


Bai toan 2: Th£ tich cua tii didn va hinh ch6p. 


PHUONG PHAPCHUNG 


Sir dung edng thtfc: 

1 


V = - 3. h. 

3 

Vi du 1: Cho tur didn ddu SABC co canh a. Dung duemg cao SH. 

a. Chting minh SA 1 BC. 

b. Ti'nh thd tich cua hinh chop SABC. 

c. Goi O la trung di£m cua SH. Chung minh rang OA, OB, OC d6i mdt vudng 
goc vai nhau. 

Giai S 

a. Goi M la trung did’m BC, ta c6: 
fBC 1 AM 

=> BC 1 (SAM) =>BC1 SA. 

BC 1 SH 


b. Ta co: 

V„ BC = -S. 
Ta c6 ngay: 


SABC - ^ S-lABC-SH. 



a“ iph 

S^abc =-, V| AABC la tarn giac ddu canh a 

4 


Trong ASHA vudng tai H, ta co: 

SH 2 = SA : -AHW-(-. a ^ 


2a z 

,3 2 J 3 
Vay, thd tich cua hinh chop SABC la 

_ I a : >/3 aV6 _ a 3 V2 
SABC " 3 ' 4 " T~ = 12 
c. Trong AOHA vudng tai H, ta co: 

OA 2 = OH 2 + AH 2 = | -SH | +| -AM | = 
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> SH = 


aV6 


\yfib 

~6~ 






:■> OA = OB = OC = - a ~" 

Tit do, nhan thay rang: 

OA : + OB : = AB : OA I. OB, 

OB' + OC ? = BC° OB . OC. 

OA : + OC' = AC : OA L OC. 

VSy OA. OB, OC doi mot vudng goc voi nhau. 

Vi du 2: Tilth the tfch hinh chop tii giac d6u S.ABCD co canh day bang a va goc 
ASB = a. 

Giai 

Goi O la t«1m ciia day ABCD va M la trung difi’m AB. 

Ta co: 

^SABCD = ~ S ABCD .SO. 

Ta co ngay: 

S a bco = a? . v * ABCD la hinh vudng c; 

Trong ASMA vuong tai M, ta co: 

SM = AM.cotg ASM = ~ cotg — . 

Trong ASOM vudng tai O, ta co: 

SO-’= SM : - OM : = f^.cotg“j - 


^ so= ^v co,g2 f _l 

Vfly, th£ tfch cua hinh chop SABCD la: 

,, 1 , a I To ~ a ' / ’a , 

Vsabcd = - a - ycotg- - - I = — ycotg- — -1 . 

VLdul; Cho hinh chop S.ABCD c6 day ABCD la hinh chu nhat c6 canh AB = 
a, canh bdn SA vudng goc vdi day, canh bdn SC hop vdi day goc a vh hop vdi mat 
bdn (SAB) mdt goc p. 

a. Tilth SC. 

b. Tinh thd tfch hinh chop. 

Giai 

Tirgia Ihidt: 

SA 1 (ABCD) => SCA = a. 

Tacd: 

BC1 AB - 

=> BC1 (SAB) BSC =p. 

BC 1 SA 
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■ a. Dal AD = b, ta co AC = Va' + b' . 

Ta di tfnh SC ldn lupt trong hai tain giac SAC va SBC, ta dupe: 


SC = 


AC 


Va 2 + b 2 


cos SC A 
/ a 2 + b 2 


=> b 2 = 


cosa sinP 
a'.sin'P 


<=> b 2 


va SC = 


I 


BC 

sin BSC 
I 


b 

sinp 


cos' a - sin' p 
Tirdo. ta dupe: 

b 2 


=> b = 


sin' P cos' a 
a.sinp 


■/cos 2 a-sin 2 P 


SC 2 = 


i 2 p cos'a-sin'P 


b. Ta co: 


trong do: 


1 — ~ Sarto-SA. 


. = a.b = ■ 


a'.sinp 


/: 0 s 2 a-sin 2 P 
SA = SC.sinSCA = 


, vi ABCD la hinh chit nhat 


/cos 2 a-sin 2 P 
V$y, thfi’ tfch cua hinh ch6p SABCD la: 

1 a 2 .sinP a.sin a 


a'sina.sinP 


3 /cos 2 a-sin 2 P /cos 2 a-sin 2 p 3(cos'a--sin P) 

Vi du 4: Cho hinh ch6p S.ABCD co day ABCD la hinh vudng canh a. Mat ten 
(SAB) la tam giac d£u va vudng gdc veri day. Goi H la trung di£m cua AB va Mia 
m6t di dpng tr£n dudng thang BC. 

a. Chung minh rang SH 1 (ABCD). Tfnh thd tich hinh chop SABCD. 

b. Tim tap hpp cac hinh chifiu vu6ng goc cua S len DM. 

c. Tfnh khoang each tit S den DM theo a va CM = x, v6i 0 < x < a. 

Gidi 

a. Ta c6: 


f(SAB) J. (ABCD) 
1 SH 1 AB 


> SH 1 (ABCD). 


Taco: 
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.= - s 
3 


'abcd-SH - — AB 


ABa/3 

2 


a ’ V 3 


b. Goi N la hinh chieu vudng goc cua S tren DM. 

Ta co: 

DM" 1 HN, thco dinh If ba ducmg vu6ng goc 

DNH = 90" « N thupc ducmg iron ducmg kinh DH. 

VAy, tap hop cac hinh chieu vudng goc cua S Icn DM la ducmg tron dudng kinh 
DH trong mat phAng (ABCD). 



Trong ASHN vudng tai H, ta co: 
SN = VsH 2 + HN 2 



L 

a(2a - x) 

J 

27a 2 + x 2 


VAy, khoang each tu S dfih DM bang 


_ l7a J - 4a'x + 4a 2 x 2 
~ V 4<a 2 Tx 2 ) 

j 7a 4 -4a' x + 4a : x 2 
\ 4(a 2 + x 2 ) 


BAI TAP nghi 

Bai tap 1: M6t hinh chop tu giac deu co cac canh day va cac canh b£n deu bang a. 
Hay tfnh thd tich va difin tich mat cheocua hinh chop. 

Bai tap 2: Cho hinh chdp tu giac ddu SABCD co ctic canh bfen tao v6i day m6t 
goc 60" va canh day bAng a. 

a. Tinh the tich hinh chop. 

b. Qua A dung mAt phAng (P) vuong gdc vdi SC. Tinh didn tich thidt dien tao 
bdi (P) va hinh chop. 

Bai tap 3: Cho hinh chop tu giac ddu SABCD co chidu cao SH = h va goc c» day 
cua mat bdn 1A a. 
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a. Tfnh the ti'ch hinh chop theo a va h. 

b. Cho diem M di dong tren canh SC. Tim tap hop hinh chieu cua S xudng mat 
phing (MAB). 

Bai tap 4: Cho hinh chop S.ABC co hai mat ben (SAB) va (SAC) vudng gdc vdi 
day. Day ABC la mdt tarn giac cSn dinh A. Trung tuye'n' AD bang a: Canh SB tao 
vdri day goc a va tao vdri mat phing (SAD) goc p. 

a. Xac djnh ede goc a va p. 

b. Chung minh ring SB 2 = SA : + AD 2 + BD 2 

c. Tmh the tich hinh chop. 

Bai tap 5: Cho hinh chop SABC co day ABC Id tarn giac can AB = AC = a. Mat 
(SBC) vudng goc vdi mat (ABC) va SA = SB = a. 

a. Chting minh ring tarn giac SBC la tarn giac vudng. 

b. Cho SC = x. Ti'nh the tfch hinh chop theo a va x. 

Bai tap 6: Cho mdt hinh chop co day Id mot tarn giac vudng can co canh g6c 
vudng bang a. Mat ben qua canh huydn vudng goc vdi ddy, hai mat ben edn lai d6u 
tao vdi ddy mdt goc 45°. 

a. Chung minh rang hinh chie'u vudng goc cua dinh hinh chop xudng ddy Id 
trung didm canh huydn cua ddy. 

b. Tfnh the ti'ch hinh chop. 

Bai tap 7: Cho hinh chop td giac ddu SABCD canh ddy bang a vl dudng cao bang 
h. Goi (P) la mat phdng di qua A va vudng goc vdi SC. (P) cat SB, SC, SD Idn luot 
tai B', C, D'. 

a. h phai thoa man dieu kidn gi de C Id mdt diem thude canh SC ? 

b. Tmh th£ tfch hinh chop SAB’CD'. 

c. Chung minh rdng tarn giac B’CD' ludn co mdt gdc tu. 

Bai tap 8: Trdn canh AD cua hinh vudng ABCD canh a ngudi ta Idy die’m M vdi 
AM = x, vdi 0 S x < a va tren nua dudng thing Ax vudng gdc tai A vdi mdt phing 
cua hinh vudng, ngudi ta Idy diem S vdi SA = y, vdi y > 0. 

a. Chimg minh ring (SBA) 1 (SBC). 

b. Tfnh khoang each tir diem M de'n mdt phing (SAC). 

c. Tmh the’ ti'ch hinh chop SABCM. 

d. Vdi gia thie't x 2 + y 3 = a 2 . Tim gia tri Idn nhd't cua the tfch SABCM. 

e. I la di^m cua SC. Tim quy tfch hinh chie'u cua I xuong MC khi M di ddng 
tr6n doan AD. 


Bai toan 3: The tfch cua chop cut. 
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MU <>N<; PHAPCHI'NC 


Sir dung cdng thuc: 

V= ^(B, + B. + V B B- ).h 

trong do: 

■ B . B : la dien tich cua hai d;i\ . 

■ h la chi£u cao ciia chop cut 

Vi du 1: Cho m 6 t hinh chop cut luc giac dcu ABCDEF.A|B,C|D|E,F| co doan 
noi tarn cua hai day la OO, = 2R. Goi I. M. M, la trung dife’m cua OO,, AB, A,B, va 
OM = x, 0,M, = y. Gia sir x, y thay d 6 i con khoang each tir 1 den cac mat b 6 n ludn 
bang R (khdng doi). 

a. Chung minh rang tich s6 diet) itch cua hai day hinh chop cut khdng ddP 

b. Tinh the tich cua chop cut theo x, y . R. Tim gia tri lcm nhat cua the tich do. 

c. Tim goc hop bcri mat ben va mat day Ion cua hinh chop cut trong cac truemg 
hop sau: 

x + y = 4R 
x — y = 2R. 

Gidi 

a. Goi B,, B : theo thu tu la dien ti'cg cua ABCDEF, 

AiB^jDiE^,, ta co: 

B| = 6 S Wjab = 6 . - OM.AB = 3x.-^= = -^=-. 

B’ = 6 S, oab = 6.-.0,M,.A,B 1 = 3y.-^ = 

2 V3 V3 

Goi H Iji hinh chidu vudng goc cua I lem MM,, suy ra: 

IH = d(I, (ABB,A,)) = R 

Dua tren tfnh chat tifi'p tuyen xuat phat tir m 6 t didm, ta co: 

MM, = MH + M,H = MO + M,0, = x + y. 

Mat khde, ta cung co: 

MMf = M,N : + MN : o (x + y) ! = 4R J + (x - y) J 
oxy = R ! . (1) 

Khi do: 

B,.B-> = .- 7 =- = 12R* --khong d 6 i. 

& S 

b. Ta c 6 : 




V= - (B, + B : + 


/B,.Bi ).h — — —=■ + 




6x 2 6y~ 

IT"IT 
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(x 3 + y 3 + xy). 


_ 4 R>/3 
3 

c. Goc giua mat bdn va day Ion chi'nh la goc M,MN. 


Trong AM,MN vudng tai N, ta c 6 : 

co S M,MN=-^-=^. 

MM, x + y 

Khi do: 

■ Vdi x + y = 4R thi kd't hop vdi (1) ta duoc: 

(x - y ) 3 = (x + y ) 3 - 4xy = I 6 R 3 - 4R 3 = I2R 3 =>: 

cosMjMN = —= — => mTmN = 30°. 

1 4R 2 


c-y = 2R S 


■ V 6 i x - y = 2R thi kd't hop vdi (I) ta duoc: 

(x + y ) 3 = (x-y ) 3 + 4xy = 4R 3 + 4R : = 8 R 3 =>x-y = 2RV2 

cos mTmN = => MLMN = 45°. 

2R>/2 2 


BAI TAP NGHI 

Bai tap 1: Mdt hinh chop cut tam giac deu co canh ddy Ion bang a, day nho bang 
b, goc giua duong cao vdi mat bdn bang a. 

a. Ti'nh tdng didn ti'ch cac mat cua hinh chop cut (tdng nay duoc goi la (lien 
rich loan phdn). 

b. Ti'nh thd ti'ch cua hinh chop cut. 

Bai tap 2: Mdt hinh chop cut tii giac d£u co chieu cao la h, goc hop bdi canh bdn 
va day lorn la a. G 6 c hop bdi dudng cheo cua hinh chop cut va day Idn Id (3. Ti'nh 
didn ti'ch xung quanh va thds ti'ch cua hinh chop cut. 

Bai tap 3: Cho mdt hinh chop cut td giac ddu co didn ti'ch xung quanh bang t 6 ng 
didn ti'ch hai day, canh ddy Ion Id a, canh day nho la b. 

a. Ti'nh chidu cao hinh chop cut. 

b. Ti'nh didn ti'ch xung quanh vd thd’ ti'ch hinh ch 6 p cut. 

Bai tap 4: Dien ti'ch day tren vd day dudi cua mdt hinh chdp cut Id a 3 vd b 3 . Hay 
ti'nh didn ti'ch cua thie't didn song song vdi hai day vd chia ddi thd’ ti'ch cua hinh 
chdp cut. 


Bai toan 4: Thd ti'ch khd'i da dien khdc. | 

PHUONG PHAP CHUNG 

Dd’ ti'nh thd ti'ch mot khoi da didn (H) phiic tap ta thudng dung hai each sau: 
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Cth h I: Phan chia (H) thanh cat khoi da dien don gian (H,), (H>), ... (hinh 
lang tru, hinh hop, hinh chop), tir do tinh the tich tirng phfin r6i cong 
lai. 


Cthh 2: Ghcp them vao (H) cac khoi don gian (H,), (H-), ... (thong thudng la 
hinh chop) de tao thanh mot khoi da dien (H’) don gian, tit do tinh the 
tich tung phSn r6i Ihuc hien phep tru. 

yi du 1: Tren ba ducmg thang (dj, (d ; ). (d,) doi mot song song vdi nhau vJi 
khong dong phang Itfy cac cap diem A va A,. B va B,. C va C,, Tinh the tich cua da 
diSn ABC.A,B|Ci, biet AA, = a, BB = b, CC, = c va mat phang a vuong goc vdi d, 
cftt da dien theo thidt dien co dien tich bang S. 

Giai A A, 


Gia sir a < b < c. Khi do: 

■ Qua A, dung thiet dien (A,B‘C’) // (ABC). 

■ Qua A| dung thiet dien thang (A,U) va goi H la 

hinh chieu vu6ng goc cua A, len IJ. B 

Nhu vfly, da di6n ABC.A,B|C| duoc chia thanh khoi 
lang tru ABC.A|B’C’ va hinh chop A,.B'C’C,B|. 

The tich V cua da dien ABC.A,B|C duoc cho boi: 

^ = ^ACH.A|BC’ + ^A|.BCB,C| 

= S-vu-AA, + — S BC B|C , A,H 



= S» 


j.AAi + - . - (B'B, + C’C,).IJ.A|H = S.a + - (b - a + c - a)S 

3 2 3 


= ^ (a + b + c)S. 

Vi du 2: Cho hinh lap phuong ABCD.AiB^D, canh a. Goi E va F I4n luot la 
trung dife’m cjja BC va CD. 

a. Dung thid’t didn tao bdi mat ph.ing (A,EF) va hinh lap phuong. 

b. Tinh th6 tich hai phdn cua hinh lap phuong do mat phdng (A,EF) cat ra. 
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V, = V 

v 2 v A,B|C,D|IEFJ ’ 

V, = V 

T > v ABEFDJA, I ' 


V = V V = V V = V 

v « V M IBE > *5“ v N DFJ * v 6 V A 


Ta co ngay: 


V t = a 3 . 




V 4 = V 5 = i S 4ibe .BM = 

— . — IB.EB.BM = - 

a 

a a 


3 2 6 

'3' 

2 2 

< 

ii 

> 

> 

II 

-AM.AN.AA, = -. 

3a 

3a 

. — .a 

3 3 

2 6 

T 

2 

3a 3 

2 a 3 _ 25a 3 



V, = V„ - 2V 4 =- 




8 

'72 “ 72 




72 ' 
3a 3 
8 


v, = v,-v, 



47a 3 

72 


VAy, mat phdng (A,EF) chia hinh lap phuong thanh hai phdn co thfi’ tich la: 


’ AiB.CiD.IEFI 


47a 3 

72 


va V 4 


25a 3 

72 


BAI TAP NGHI 

Bai tap 1: Cho hinh lap phuong' ABCD.AiB^D, canh a. E va F Idn luot la trung 
didm cua BB, va DD,. 

a. Dung thief di€n tao bdi mat phdng (A,EF) vd hinh lap phuong. 

b. Tinh thd tich hai phdn cua hinh lap phuong do mat phdng (A,EF) cdt ra. 

Bai tap 2: Trong mat phdng a cho AABC co didn tich S, trgn ba nua dudng thdng 
Ax, By, Cz song song vdi nhau va d vi cung mdt phia d 6 i vdi a lay cac did’m A,, B,, 
C,. Dat AA| = a, BB, = b, CC, = c. Tinh thd tich cua da difin ABC.A,B|C|. 

Bai tap 3: Cho hinh chop S.ABCD co day ABCD la hinh vudng canh a, SA = a va 
vudng goc vdi mat phdng (ABCD). Goi E vd F ldn luot la trung didm cua BC va CD. 

a. Dung thid't didn tao bdi mat phdng (SEF) va hinh chop. 

b. Tinh thd tich hai phan cua hinh chop do mat phdng (SEF) cdt ra. 

Bai tap 4: Cho hinh chop S.ABCD co day ABCD la hinh vu 6 ng tarn O canh a, SA = 
2a va vudng g 6 c vdi mat phdng (ABCD). Goi M, N, P Idn luot la trung difim cua BC, 
CD, SO. Tim giao tuyen cua mat phdng (MNP) vdi cdc mat phdng (SAB), (SAD), (SBC) 
va(SCD). 

a. Dung thief dien tao bdi mat phdng (MNP) va hinh chop. 

b. Tinh the’ tich hai phdn cua hinh chop do mat phdng (MNP) cdt ra. 

Bai tap 5: Cho lang tru dung ABC.A,B,C,. Goi M va N ldn luot la trung didm cua 
BB, va CC,, P la diem thudc doan AA, saocho AP = 3A,P. 
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a. Dung thte't di£n tao bdi mat phfmg (MNP) va hinh lang tru. 

b. Tmh the tfch hai phAn cua hinh lang tru do mat phAng (MNP) cAt ra. 




Bai toan 5: Tinh ti so the tfch. 


PHCONG PHAPCHUNG 

De tinh ti s6 the tieh hai phun cua mdt khoi da dien (H) dupe phAn chia bdi mot 
mat phang a ta lira chon mot trong hai each: 

Ct'n h I Ta thuc hien theo cac bu6c: 

Btfcrc I: Dung thiet dien tao bdi a va (H). 

Ruin 2 Dung phuong phap tinh the u'ch da biet de tinh cac the tfch V, 
va V,cua 2 hinh (H,) va (H-) cua (H) do a cAt ra. 

Btffrc 3: Tinh k - 

V, 

CiU h 2: Sir dung ke't qua: 

" Tien ha tia khdng dong pining Sx, Sy, Sz lay Win hrat cac cap diem 
A vd A,, B rd B,. C va C, kin do ta Inon t o: 

V SABC _ SA SB SC 
VSA.B.C, SA.SB.SC, 

Chu y\ Dua vao kd't qua (*) chung ta nhAn them dupe mpt each tmh the tfch. 

Vi rip 1: Cho hinh chop tu giac ddu S.ABCD. Goi M, N, P lAn lupt la trung di£m 
cita AB, AD va SC. 

a. Dung thiet dien tao bdi mAt phang (MNP) vA hinh chop. 

b. Tinh ti s6' th£ tfch cua hai phAn hinh chop dupe phAn chia bdi mAt phang 
(MNP). 

Giai 

a. Ta lAn lupt c6: 

■ MN cAt BC, CD theo thii tu tai E, F. 

■ PE cAt SB tai I. 

■ PF cat SD tai J. 

■ Noi IM vA JN. 

Ta nhAn dupe thie't dien la MNJP1. 

b. Dat SO = h, AB = a vA: 

= ^S.ABCD* 

V, = V 

v 2 VSMANJPI • 

V, - V 

T BCONMIPI ' 

^4 = V, B\,E> V, = V J DNF , V,, = V PCFF . 


S 
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Ta co ugay: 

I 


V, = -a 3 h. 

3 

V 4 = V, = -S iBME .IH = -. —BM.BE.IH = = — . 

5 3 E 3 2 6 2 2 4 96 


V 6 = 1WK = ' • - CE.CF.PK = 1. 3a . 3a h = 3a^h 
3 3 2 6 2 2 2 16 

V= V-2V= — - — 

6 4 16 ' 96 6 

V, = V, - V, = — a’h - . 

3 6 6 

^= 1 . 

V., 

Vuy, mat phang (A,EF) chia hinh lap phucmg thanh hai phdn co thd lich bang 
nhau. 

Vi du 2: Cho hinh chop S.ABCD co day la nua luc giac d£u vdi AB = 2a, AD = 
BC = CD = a. Canh SA = h vu 6 ng goc voi day. (P) la mat phang qua A, vudng goc 
vdi SB cat SB, SC, SD tai P, Q, R. 

a. Chung minh rang APQR la mot tir giac ndi titfp duoc. 

b. Tmh the tich hinh chop SAPQR. 

c. Tmh didn tich td gidc APQR. c 

Giai 

a. Ta c 6 : 

BC 1 AC 
BC 1 SA 

Ngoai ra, ta co: A 

SB 1 (APQR) => SB 1 AQ. (2) 

Tir (I) v& (2) suy ra: 

AQ 1 (SBC) => AQ 1 PQ. 

Ta c 6 : 

| BD 1 AD 
[BD 1 SA 
Ngo^i ra, ta co: 

SB 1 (APQR) => SB 1 AR. 

TCr(3) vd (4) suy ra: 

AR 1 (SBD) => AR 1 RP. 

VSy, tu giac APQR noi titfp trong dudng tron ducmg kinh AP. 


> BC 1 (SAC) => BC 1 AQ. (1) 



> BD 1 (SAD) => BD _L AR. 


(3) 

(4) 
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b. Ta co: 


’SAPQR 

— ^SAPQ + * SAQR- 



^SAPQ 

1 

I l/J 

! > 

SP SQ 

SP 

SQ 

v 

V SARC 

SA 

SB SC “ 

SB 

SC 

^SAQR 

<1 
on I 

11 

SQ SR 

SQ 

sk 

V SAC D 

SA 

SC SD ” 

SC 

SD 


Trong do: 
V< iRr 


I 1 „ a 2 hv3 

= — S ABrD .SA = - -3 .Svjbc.SA - - - 


1 i i „ a'hv3 

V S AB c = \ S aBC .SA = - . AC.BC.SA = — 


a'h>/3 a'h-Ji _ a~h>/3 

^SACD = Vs A BCD — ^5 ABC “ 7 7 " 19 


SP _ 

SP.SB _ 

SA 2 

li 2 

SB 

SB 2 

SA 2 + AB : 

h 2 + 4a 2 

SQ _ 

SQ.SC _ 

SA 2 

h 2 

SC 

SC 2 

SA 2 + AC 2 

” h 2 + 3a 2 ' 

SR _ 

SR SD _ 

SA 2 

h 2 

SD " 

SD 2 

SA 2 + AD 2 

h 2 + a“ 

Tif d<3: 

h 2 

h 2 

a 2 hV3 ah’V3 

^SAPQ 

h 2 +4a 

2 h 2 + 3a 2 

6 6(,h 2 +4a 2 )(h 2 +3a 2 ) 


h : h 2 a hV3_ a~h s V3 

VsAQR= h 2 + 3a 1 ' h 2 + a 1 ‘ T2~ " 72(h 2 +3a 2 )(h 2 ha 2 ) 
a 2 h 5 V3 a~h'V 3_ 

Vsapqr- 6(h ^ + 4 a 2 Xh 2 73a 2 ) + I2<h" + 3a 2 )(h 2 +a 2 ) 

a 2 h 5 V3(h 2 + 2a~) 

4(h 2 +4a : )(h : + 3a : )(h : + a') 


(*) 


c Ta co: 

V, 


S 

a 2 h 5 >/3(h 2 + 2a') 


1 c op „ o _ Jv s AHjR 
i — ~ Oapqr* 5 * o AP g K — (.p 


4(h : + 3a')(h' + a')^/(h" +4a') 
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BAI TAP dJl NGHI 

Bai tap 1: Cho hlnh lap phuong ABCD.A'B'C'D'. O la giao diem cua AC v& BD, 
M la Iriing diem cua D'C'. Tinh ti s 6 the tfch hai phin cua hinh lip phuong do mat 
pining (A'MO) cat ra. 

Bai tap 2: Cho hinh chop SABCD, day la hinh vuong canh bang a, tim la O. Duong 
cao cua hinh chop la SA = a. M la mot diem di dong tren canh SB. Dat BM = x-J 2 , 
vdi 0 < x < a. Goi a la mat phing qua OM va vuong goc vdi ABCD. 

a. Xac djnh thiet dien cua hinh chop cat bdi mat phing a. Tinh dien tfch thiet 
dien theo a va x. 

b, Dinh x de thiet dien la hinh thang vuong. Trong trudng hop do tinh ti sd’ the 
tfch 2 phin cua hinh chop SABCD chia bdi thiet dien. 

Bai tap 3: Cho hinh lap phuong ABCD-A^QD, co canh bang a. Goi M va N la 
(rung diem cac canh AD, CD, va goi P IS diem tren canh BB, co BP = 3 PB,. 

a. Tinh dien tfch thiet dien do mat phang (MNP) cat hinh lap phuong. 

b. Tinh ti so the’ tfch 2 phan cua hinh lap phuong do thiet dien cat ra. 

Bai tap 4: Tren duong thing vudng goc tai A vdi mat phang cua hinh vudng 
ABCD canh a ta lay die’m S vdi SA = 2a. Goi B\ D' la hinh chieu cua A len SB vh 
SD. Mat phang AB'D' ciit SC tai C. Tinh the tfch hinh chop SAB’C’D’. 

Bai tap 5: Cac mat phang ABC, va A,B,C, chia lang tru tarn giac ABCA,B|C| 
thanh 4 phan. Tinh ti s6 the tfch cua cac phiin do. 

Bai tap 6: Mat phang song song vdi hai canh cheo nhau cua tu dien va chia m6t 
trong hai canh kia theo ti sd 2:1. Mat phang do chia the tfch cua tu dien theo ti s 6 
nao ? 


^ Bai toan 6: Dung the tfch de chung minh cic he thuc. 



PHl/ONG PHAP CHUNG 
Ta thudng thuc hien theo cac budc sau: 

Birth' I Thiet lap ding thuc (*) giua mot s6 cac the’ tfch cd lien quan deii cac 
dai luong cin chung minh. 

Birth 2: Tinh cac the tfch co mat trong (*). 

Birth- 3: Thay vao (*), don gian, rut gon ta duoc he thdc cin tim. 

Chii y: Trong hiu het cac trudng hop chiing ta cin su dung the tfch cua hinh ban 
diu. 

Vi du 1; Qto hinh chop S.ABCD co day la mdt hinh binh hanh ABCD. Mdt mat 
phing (P) cit SA. SB, SC, SD theo thu tu tai A„ B„ C„ D,. Chung minh ring: 

SA SC SB SD 

SA, SC, SB, SD, ’ 
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Giai 



v 

' S C | B i D | 


V, 


SAj_ SBl SQ SA, SD, SC, _ SA, SB, SD, SC, SB, SD, 

^ SA SB SC SA SD SC ~ SA SB SD SC SB SD 

_ L , . . , . . . SA, SB, SC, SD, 

Chia ca hai ve cua dang thuc cho — L .—— L .— L , ta diroc: 

SA SB SC SD 

SD SB SC SA , 

—— +-=-+-, apcm. 

SD, SB, SC, SA, 


BAI TAPD^NGHI 

Bai tap 1: Chung minh rang nfi'u x,, x ? , x,, x, la khoang cdch tir I di£m tu^ y ndm 
trong tur di£n dd'n cac mat cua no, con h,. h ; , h,. h 4 la cac duong cao tuong ling cua 
ttidifin, thi: 



Bai tap 2: Tren mat phdng (ABC) cua tii dicn ABCD lay didm O va qua O dung 
cac doan thing OA,, OB,, va OC, song song voi cac canh DA, DB va DC d£n khi 
cat cac mat cua tu difcn. Chung minh rang: 

OA, OB, OC 
DA DB DC 

Bai tap 3: Gia su r D ban kinh hinh cAu n6i tiep cua tu di6n r a , r b , r c va r d 1A bdn 
kinh hinh cAu ma m6i hinh cAu tiep xuc vdi m6t mat va phAn mo r6ng cua 3 mat 
kia. Chung minh rang: 


I I I I 2 
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Bai tap 4: Cho hinh chop tur giac I6i MABCD dinh M. Mpt mat phAng cat cac 
canh MA, MB, MC va MD tai cac di6m A,, B,, C,, D, tuong ting. Chdng minh ring: 
MA_ J© « _ML 

8(70 MA, abd MC, ABC MD, ACD MB, 

Bai tap 5: Cac dp dai cua nam canh tu: di£n khong vuot qua I. Chung minh rang 

th£ ti'ch cua no khong virpt qua — . 

8 

Bai tap 6: Trdn day cua hinh chop tarn giac OABC dinh O ltfy difem M. Chung 
minh rang: 

om.s abc < OA.S mbc + OB.S mac + OC.Sy AB . 


1% 



( HU DE3 

DI$N TICH CAC HINH TRON XOAY 
THfi TICH CAC KH6l TRON XOAY 
I. KIEN THCTC CO BAN 

1. LANG TRU DlH'JG N0I TI^P HINH TRU 
Dinh nghia: Mol long ti n di'tng go: la noi tiep trong mot 
liinli ini Ichi lioi do gidc day t oo no noi tiep trong lioi day 
aia hinh ti n, khi d6 la cung noi kiwi liing ti n tirong I'nig noi 
tiep trong khdi ti n lifcnig ifng. 

2. DI$N TICH XUNG QUANH CUA HtNH TRU - THf! TICH KH«5l TRU 
Voi hinh tru co ban ki'nh day R va duong cao h. ta co: 

S iq = 2nRh. 

V = jiR ; h. 

Chit y: Xct hinh chu nhat co mot canh bang chu vi day cua hinh tru (2nR), canh 
con lai bang duong cao cua hinh tru (h). Hinh chu nhat nay duoc goi ia hinh khoi 
trien cua mat xung quanh cua hinh tru. 

3. HiNH CHOP N0I TlfiP HlNH NON 
Dinh nghia: Mot hinh chop goi Id lidi tiep trong mdt 
hinh non khi hinh chop co dinh ti ling vcti dinh aia hinh 
non >’</ do gidc day aia no noi tiep trong day aia liinli 
non, khi do ta cung noi khdi chop tifong i'nig noi tiep 
trong khdi non titcnig i'nig. 

4. DI$N TICH XUNG QUANH CUA HiNH NON - THt TICH KH0I NON 
Vdi hinh non co ban ki'nh day R. ducrng sinh / va duong cao h, ta c6: 

S„ = nRI. 

V = - nR : h. 

3 

Chd y: Xet hinh quat co ban ki'nh bang duong sing cua hinh non (/). day la cung 
tr&n co d6 d&i bang chu vi d£y cua hinh n6n (2nR). Hinh quat nay duoc goi ia hinh 
khoi trien cua mat xung quanh cua hinh non. r, 

5. HtNH NON CUT 

Vdri hinh ndn cut co ban ki'nh hai day la R, va R 
dudng sinh / va dufrng cao h, ta co: 

S XI| = ir(R, + R ,)/• 
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V = - xc( + R; + R,.R ; )h. 


6 . di£n tich MAT cAu - th£ TICH KH(5i cAu 
V di hinh cAu c6 ban kinh R, ta co: 

S = 4rcR : . 

4 

V = — rtR . 

3 


II. CAC DANG TOAN LIEN QUAN 


Bai loan 1: Dien tich xung quanh cua hinh tru - The tich khoi tru. 


PHirONC PHAP CHUNG 

Voi hinh iru co ban kinh day R va duong cao h, ta sir dung cong thurc: 
S, q = 2rtRh. 

V = rtR’h- 


Vidu 1; Mol hinh iru co ban kfnh day R va ihiet dien qua true la mot hinh vuong. 

a. Tinh dien tich xung quanh va dien tich toan phAn cua hinh Iru. 

b. Tinh thd tich cua khoi tru tircrng ung. 

c. Tinh thd tich cua khd’i lAng tru tu giac ddu noi tiep trong khdi tru da cho. 


Gitii 

a. Vi ihidt didn qua true la mdt hinh vuong ndn hinh tru 
co chidu cao bang 2R. 

Ta co ngay: 

S >q = 2nR.2R = 4 jtR-\ 

S ip = S, q + 2B = 4rtR 4 + 2nR : = 6rcR : . 

b. Ta co ngay: 



V = ttR .R = 2rcR\ 


c. Goi ABCD.A,B,C|D, la khdi lang tru tu giAc ddu noi tiep trong khdi Iru da cho, la 
co AB = R-i/2 . 

Do do, the licit V, cua dupe cho bcri: 

V, = (rV2 ) : .2R = 4R\ 

Vi du 2: Cho lang iru tam giac ddu ABC.A,B|C| co canh day bang a vi dilPng 
cao biing h. 

a. Tinh dien tich xung quanh cua hinh tru ndi tid’p trong lang tru. 

b. Goi I la irung didm cua BC. Duong lhang A,I cat hinh tru ndi tiep trong cAu 
a) ihco mol doan thAng. Tinh dd dai doan lhang nay. 


198 






Gitii 

a. Hinh try noi ticp Irony lang in. i o dirong iron day ticp xiic voi cac canh day tai 

rr 

iiv3 

(rung ducm cua mdi canh. Do do. hinh tru noi ticpco ban ki'nh day R = —— va 

chi£u cao bang h. 

Ta co ngay: 


i\y[i Jtahv3 

S„ = 2*.-— ,h=— -. 

b. Mat phing (AA,I) cit hinh tru ihco ihiet 
dipn la hinh chit nhat EE,I,I. A,1 c;it EE. laih 
J. Do do. dircnig thing A,I cit hinh try noi 
ticp trong cau a) thco mot doan thing la IJ. 

Ta co: 

IJ- = JE- + IE' = | -AA, j + ( — AI j 
U ') 1 3 .) 



=> IJ = - 


aV.3 

3 

V4h 2 +3a : 




4h- + 3a~ 
9 


A, E, 



BAI TAP D^NOHI 

Bai tap 1: Cho nipt hinh try co hai day la hai dirong iron lAm O va O', ban ki'nh R. 
cliicu cao hinh try la R-Jl . Trcn hai dutnig tron O va O' co hai diem di dong A. B 
sao cho (OA. O’B) = a khong ddi 

a. Tinh dicn tich xung quanh va dien tich loan plidn cua hinh tru. 

b. Tinh the' tich cua khoi try tuong ung. 

c. Tinh AB thco R va a. 

d. Dung doan thing vuong gdc chttng IK cua AB va 00'(I e AB). 

e. Chung minli ring khi AB di dong I luon thupc inot dufrng tron cP djnh. 

Bai tap 2: Hai dinh doi nhau cua nhau ciia hinh lap phuong trung vPi tim cua hai 
day hinh try, cPn cac dinh khac ciia no deu nim trcn mat xung quanh cua hinh try. 
Tinh ti sp I lid Itch cua hinh try va hinh lap phuong. 

Bai tap 3: Mpl hinh tru co the V khong ddi. Tilth ban kinh diy vi chiPu cao cua 
hinh try dc: 

a. Dicn tich toan phan dat gia tri nho nhat. 

b. Dicn tich xung quanh cong dicn tich mot day dat gia tri nho nhat. 
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Bai tap 4: Cho hinh ch6p S.ABCD co day la hinh vu6ng canh a va ducmg cao SA 
= 2a. MNPQ la thie't dien song song vdi day. M 6 SA va AM = x. Xet hinh tru co 
day la ducmg tron ngoai tie'p MNPQ va ducmg sinh la MA. 

a. Ti'nh dien tich MNPQ theo avax. 

b. Ti'nh the tich cua hinh lang tru theo a va x. 

c. Tim hinh lang tru co the tich Ion nhd't. 


Bai toan 2: Di6n tich xung quanh cua hinh non - The’ tich khdi non. 


PHUONG PHAP CHUNG 

Vdi hinh non co bdn kinh day R, ducmg sinh / va ducmg cao h. ta sir dung cdng 
thtrc: 

S <q = nR /. 

V = - trVh. 

3 4 

Vi du 1: Thie't dien qua true cua mdt hinh non la mot tarn giac vudng edn c6 
canh goc vudng bang a. 

a. Ti'nh dien tich xung quanh va dien tich loan phdn ciia hinh non. 

b. Ti'nh the’ tich cua khdi non tuemg ung. 

c. Mdt thie't dien qua dinh tao vdi day mdt goc 60". Ti'nh dien tich cua thiet 
dien nay. 

Giai 

a. Vi thie't dien qua true cua hinh non la mdt tarn giac vudng edn cd canh goc 

aV2 

vudng bang a. Do dd, hinh ndn co R = h = —7— va / = a. S 

Ta cd ngay: 


a>/2 *a 2 V2 

S sq = n . —,a=—. 


Sip = S, q + B = ■ 




b. Taco ngay: 


1 fa^V aV2 

V = - 71 -- .- 

3 2 2 


'A 

2 

a’V2 

12 



c. Gia sir ASAC Id thie't dien qua dinh vd tao vdi day mdt goc 60°. 
Goi M 1a hinh chie'u vudng goc cua O len AC, suy ra ShfrO = 60°. 
Trong ASOM vudng tai O, ta cd: 
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SM = 


av2 

SO _ 2 a i/d 

sin S MO sin60" 3 


OM = - SM = —— . 

2 6 

Trong AAOM vuong tai M, taco: 


=> AC = 


2aS 


a\6 

6 


> AM = 


a V3 


Khi do, dien tfch thte't didn SAC duoc cho bdi: 

S=IsM.AC=i^^ = ^. 

2 2 3 3 3 

Vi dp 2: Tinh the tich hinh non biet the tich hinh chop tam giac deu n6i tie'p 
trong hinh non la V. 

Gidi 

Gi:* sir hinh chop tam giac deu noi tie'p trong hinh non co canh day bang a vh 
chie'u cao bang h, la co: 

V = - a^/5 h _ a^hV^ =, a ’h = 4vV3 . 

3 4 12 

Khi do, hinh non co: 

2 a>/3 aV3 , .. A 

ban kinh day R = -=-va chieu cao hang h. 

3 2 3 



TCr do: 




na : h n.4vV3 4i/3n.V 


V...W. = — K.I ——— I h a-= -—-- = — 


BAITAPD^NGHI 

Bai tap 1: Tinh the tich cita hinh non trong cac tnrdng hop sau: 

a. Oirctng sinh la / va goc hop bdi dtrdng sinh va day la a. 

b. Ban kinh day Ih R, goc gifra dudng sinh va true cita hinh non la p. 

c. Thiet difin qua true la mot tam giac vuong cAn co difin rich Ih S. 

Bai tap 2: Cho hinh non iron xoay dinh S, day Ih m6t hinh trdn tAm O ban kinh R, 
chieu cao cua hinh non biing 2R. goi 1 la mot diem nAm tren mat day va each O mdt 
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doan bang 2R. Trong hinh iron O ke ban kinh OA vuong goc vdi OI. IA cut duong 
iron tai B. 

a. Tinh the Ifch va dien tfch xung quanh cua hinh non. 

b. M la mot diem di dong'tren SA, IM cat mat non tai N. Chung minh rSng N 
di dong tren mot doan thang co dinh. 

c. Chung minh rang hinh chieu K cua O trdn IM di dong tren mot duong tron 
co djnh di qua true tarn H cua ASAI. 

Bai tap 3: Mdt mat philng (P) qua dinh cua mdt hinh non cat duong tr6n day theo 
mdt cung co sd' do la a (a < n). Bie't rang (P) hop vdi mat day mdt goc (I v5 khoang 
each tu tarn cua day tori (P) bang a. Tinh the tich hinh non theo a, a va [J. 

Bai tap 4: Cho hinh chop tarn giac deu co canh day la a va mat ben co goc day la a. 
Tfnh dien tfch xung quanh va the tfch cua hinh non noi tiep hinh chop. 

Bai tap 5: Cho hinh chop tu giac ddu S.ABCD co chifiu cao h. ASB = a. 

a. Tinh dien tfch xung quanh hinh chop. 

b. Tfnh dien tfch xung quanh hinh non ngoai ti6p hinh chop. 

Bai tap 6: Tren mdt hinh tron lam day chung, ta dung hai hinh non (Hinh nay 
chua hinh kia) sao cho hai dinh each nhau mdt doan bang a. Goc d dinh cua thiet 
dien qua true cua hinh non ldn la 2a va cua hinh non nho la 2(1. Tinh the tfch cua 
phdn d ngoai hinh non nho va d trong hinh non Ion. 


Bai toan 3: Dien tfch xung quanh cua hinh non cut - The tfch khd'i non cut. 


PHlfONG PHAP CHUNG 

Vdi hinh non cut c 6 ban kinh hai day la R, va R : , duong sinh / vii duong cao h, 
ta su dung edng thtic: 

S,, = n(R, + R : )/. 

V = ijt(Rf +R; +R,.R ; )h. 


4a. 


Mot hinh non cut co chieu cao 2a va hai ban kinh day Itin luot la a va 


a. Tinh do dai duong sinh. 

b. Tinh dien tfch xung quanh va dien tfch toan ph^n cua hinh non cut. 

c. Tinh the tfch cua khd'i non cut tuong ling. 

Gidi 


Ta thSy ngay thie't dien ABCD15 hinh thang cSn va O,A = a, 0 : D = 4a, 0,0, = 2a. 
Goi H la hinh chie'u vudng goc cua A len CD, ta co: 

AH = 0,0, = 2a. 


/ = AD = VAH 2 +DH’ = -Jo,Ol + ( DO z -AO t f 
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= -yj^a 2 + (4a - a)' = av!3 . 

b. Ta co: 

S Vit = ji(a + 4a) a-s/T3 = Sna V13 . 

S lp = S, q + B, + B : = 5 tc a* VI3 + na : + I6rta = 7ca : ( 5-J\3 + 17). 

c. Ta co: 

V = - n(a : + 16a : + 4a’).2a = 14jra\ 

3 

Vi du 2; Cho hinh non cut co dirong sinh /, goc gifra dirong sinh va day Ion bang 
a va thiet dien qua true co dirong cheo vuong goc voi canh b6n. Ti'nh dien tich xung 
quanb cua hinh non cut da cho. 

Giai 

Ta thiy ngay thiet dien ABCD la hinh thang can va XdC = a, AC 1 AD. 

Goi R,, R : (R, < R.) l«in luot la ban kinh cua hai day. 

Trong AACD vuong tai A. ta co: 

CD = . AC L^ = —— => R, = — CD = — 1 —. 

cos ADC cos a 2 2cosa D 

Goi H la hinh chiS'u vuong goc cua A len CD, ta co: 

DH = AD.cos ADH = /.cosa => R, = R. - AH = —-— - /.cosa. 

2 cos a 

Khi do: 



S =n 


■ . 1 

- - l.cosa + - 


= jtl" 


2 cos a 
, ( I - cos : a 


cosa 


2 cosa 
= nl~.sina.tga. 


/ = ttl- 


BAI TAP Dfi NGHI 

Bai tap 1: M6t hinh non cut co cac dudng cheo cua thid't difin qua true vudng gdc 
vdi nhau, duemg sinh c6 dd dai 1 va tao voi day Ion mot gdc a. 

a. Tmh didn tich xung quanh va dien tich loan phiin cua hinh non cut. 

b. Tmh th£ tich cua khoi non cut tuong ung. 

Bai tap 2: Cho hinh non cut co ban kinh day Ion gSp 2 15n bdn kinh day nho, 
chidu cao hinh non cut la h. dirong chco cua thiei didn qua true vudng goc voi canh 
ben cua thidt dien do. 

a. Ti'nh dien tich xung quanh va dien tich toan ph«in cua hinh non cut. 

b. Ti'nh the tich cua khoi non cut tuong ung. 


203 



Bai loan 4: Difin tich mat cdu - Thd tich kh6'i cdu. 


PHl/ONG PHAP CHUNG 

V6i hinh cdu co b«in ki'nh R, ta sir dung cong thue: 

S = 4rtR : . 

4 

V = -nR’. 

3 

Vi du 1: Cho tir dien ABCD c6 DA = 5a va vu6ng goc vdi mat phflng (ABC), 
AABC vudng tai B va AB = 3a, BC = 4a. 

a. Xac tarn va tinh ban kinh mat cdu ngoai tid'p tu didn. 

b. Tinh didn tich mat cdu. 
d. Tinh thd tich ciia khoi cdu tuong ung. 

Giai 

a. Goi O la trung diem CD. 

Vi DA 1 (ABC) ndn: 

CD 


D 


DA 1 AC => OA = OC = OD = 


Ta co: 



CD 


BC 1 AB 

=> BC I (ABD) => BC ± BD => OB = 

BC 1 DA 2 


Vfty, ta duoc: 


CD 


CD . 


OA = OB = OC = OD = o A, B, C, Dcflng thuoc mat cdu S(0, ). 

Ta co: 

R = — CD= - V AD 2 +AC 2 = - VAD’ + AB 2 + BC : 

2 2 2 

= - V25a : +9a 2 + l6a : = ^1. 

2 2 

Vay, mat cdu c6 ban kinh R = . 


b. Tac6: 


S = 4nf^^l = 50tta\ 
2 


c. Ta co: 
V 


_ 1 (W 2 Y _ 125a'>/2 

= 3*1 2 J = 3 
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BAlTAPDfcNGHI 

Bai lap 1: Cho h'mh chop lam giac deu co canh day bang a. mat ben hop vdi day 
mot goc ((i. 

a. Xac dinh tAm ban kinh cua mat cAu ngoai tiep hinh chop. 

b. Tinh dien tich cua mat can va the tfch cua h'mh cAu do. 

Bai tap 2: Trong mill phAng (P) cho hinh vu6ng ABCD co canh biing a. Trdn 
dudng ihiing Ax vuong goc vdi (P) la lay mot diem S tuy y va dung mat phAng (Q) 
di qua A va vuong goc vdi SC. Mat phAng (Q) cdl SB. SC, SD Ian luqi tai B', C, D'. 

a. Xac dinh tarn va tinh ban kinh mat cAu ngoai tiep da dien ABCDB'CD’. 

b. Tinh dien tfch cua mAt cdu va the tfch cua hinh cAu do. 

Bai tap 3: Trong mat phang (P) cho hinh thang cAn ABCD vdi AB - 2a. BC = CD 
= DA = a. Trdn nua dudng thAng Ax vuong goc vdi mat phang (P) ta I Ay mdt didm 
di dong S. Mot mat phang qua A vuong goc vdi SB cAt SB, SC, SD tai P, Q, R theo 
thur tu do. 

a. Xac dinh tarn va tinh ban ktnh mat cau ngoai tiep khdi da dien ABCDRQP. 
Tilth dien tt’ch cua mAt cAu va the tfch cua hinh cAu do. 

b. Chung minh rang tu giac CDRQ la mot tu giac ndi tiep va dudng thAng di 
qua QR luon luon di qua mot diem co dinh khi S chay tren dudng thAng Ax. 

c. Cho SA = a-Ji . Hay tinh dien tich cua tu giac APQR. 

Bai tap 4: Trong mat phAng (a), cho dudng tron dudng kinh AB = 2R. M la mdt didm di 
ddng tren dudng tron, MH vuong goc vdi AB tai H. vdi AH = x, 0 < x < 2R. Dung dudng 
thAng vudng goc vdi (a) tai M tren do lAy MS = MH. 

a. Xac dinh tAm vA tinh ban kinh hinh cAu ngoai tiep SABM. Tinh difin tich 
cua mat cAu va th£ tfch cua hinh cAu do. 

b. Tinh x dd ban kinh do dat gia tri Idn nhat. 

Bai tap 5: Cho hinh chop td giac ddu SABCD co day bAng a va ASB = a. 

a. Xac dinh tAm va ban kinh mat cau ngoai titfp hinh chop. Tinh dien tfch cua 
mAt cAu va thd tfch cua hinh cAu do. 

b. Xac djnh tAm va bdn kinh mAt cAu noi tiep hinh chop. Tinh dien tfch cua 
mAt cau vA the tfch cua hinh cAu do. 

Bai tap 6: Cho mdt hinh cAu ban kinh R, mot hinh non ndi tidp trong hinh cAu cd 
chidu cao la x (0 < x < 2R). 

a. Tinh thd tfch V, didn tfch xung quanh S cua hinh non. 

b. Tim hd thue lidn hd giua V, S, R doc lAp ddi vdi x. 

c. Vdi gid tri nAo cua x thi V Idn nhtft ? 
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bAi tAp On chi/ong v 

Bai tap 1: Cho lang tru dung ABCD.A|B,C|D| day la hinh thoi c6 goc 
nhon A = a . Bidt ring td giac ABC,D, c6 didn tfch la S va nim trong mat phing 
hop vdi day goc p. Tfnh theo S, a, P didn tfch toan phdn va co the’ tfch lang tru. 

Bai tap 2: Trong tat ca cac lang tru tam giac ddu co cung didn tfch toan phan S, 
tim cac canh ben va canh day cua lang tru co thd tfch ldtn nhdt. 

Bai tap 3: Cho lang tru deu ABC.A,B|C,. Tam giac ABC, co didn tfch S>/3 hap 
vdi mat day goc a. 

a. Tilth thd tfch lang tru. 

b. S khong doi, a thay d6i. Tfnh a dd the tfch lang tru Ion nha't. 

Bai tap 4: Cho lang tru dung ABC.A’B'C, day ABC la tam giac vudng tai A. 
Canh AA' hop vdi BC' mot goc a va khoang each gifra chung la h. Duong tron 
ngoai tidp mat bdn BCC’B’ co ban kinh la R. 

a. Xac djnh a, h, R. 

b. Tfnh thd tfch lang tru theo R, h, a. 

c. Cho h, a khdng d6i, R thay d6i. Tim gii trj nho nha't cua didn tfch xung 
quanh hinh lang tru. 

Bai tap 5: Cho lang tru xien ABC. A'B'C co day ABC la tam giic vudng tai A, 
AB = a, BC = 2a. Mat bdn BCC’B’ la hinh thoi va nim trong mat phang vu6ng goc 
vdi day, va hap vai mat bdn ABB’A’ mot goc a. 

a. Tfnh khoang each tif A tori mat bdn (BCC’B’). 

b. Tfnh the’ tfch lang tru theo a vi a. 

c. Goi p la goc giua 2 mat bdn qua CC’, so sinh cotg a va cotg p. 

Bai tap 6: Cho lang tru td giic ddu ABCD.A’B’CD' canh day a, dudmg cao h. goi 
P la mat phang qua A va vu6ng goc vdi B’D. 

a. Chung minh P chda AC. Dinh h theo a dd’ P cat lang tru theo thidt didn 15 
m6t tam giac. Tfnh didn tfch tam giac a’y. 

b. Goi a la goc nhon hop bai p va mat phang (ADD’A'). Trnh thd’ tfch lang tru 
theo h vi a. 

Bai tap 7: Cho lang tru luc giac ddu ABCDEF. A’B’CD’E’F’. Ductng cheo AD’ 
hop vai mat bdn (CDD’C) m6t g6c a = 30°. Mat phang p qua AB vi D’E’ cat lang 
tru theo thidt dien co didn tfch Q. 

a. Chdng minh P qua cac trung didm cua CC’ v5 FF’. 

b. Tinh didn tfch xung quanh va thd tfch cua lang tru. 

c. Tinh khoang each giua AD’ v5 BD. 
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Bai tap 8: Cho lang tru dung ABCD.A'B'CD' day la nua luc giac deu noi tiep 
nong nua ducmg Iron ducmg kinh AD Duong chco AD' = a hop vdi mat ben 
ABB A' mot g(k a. 

a. Chung minh cac dinh cua lang tru trir A va D deu nhin AD' dudi mot gdc 
vuong. 

b. Tinh the tich va dien tich xung quanh cua lang tru theo a va a. 

c. a khong ddi, dinh a de dien tich xung quanh Ion nhat. 

d. Xac dinh thiet dien cua lang tru cat bdi mat phang qua AD‘ va song song 
vdi A’B. 

Bai tap 9: Trong mat phang (P) cho hinh vuong ABCD canh a. Ke cdc nua dudng 
thdng Ax, By, Cz va Dt Ian luqt vuong gdc va a ve ciing phia vdi (P). Lay B, tren By 
va D, tren Dt sao cho BB, = DD, = a. Goi Q la mat phang chua B,D, va cdt Ax, Cz 
tai A, va C, theo thu tu do. 

a. Chung minh rang AiB^D la hinh thoi. Tim dieu kien d^ A|B,C|D, la hinh 
vuong. 

b. Tinh the tich cua lang tru cut ABCD.A.B|C,D|. 

Bai tap 10: Cho lang tru xi£n ABC.A'B’C, day ABC la tarn gidc dfiu n6i tifi’p 
ductng tron tdm O. Hinh chieu cuaC len mat phang (ABC) la O. Khoang each giua 
AB va CC’ Id d va s6 do nhj dien canh CC' la 2tp. 

a. Tinh th^ tich lang tru. 

b. Goi a Id goc giSa hai mdt phdng (ABB'A') vd (ABC). Tinh <p biet a + <p = 90°. 
Bai tap 11: Cho Idng tru xien ABC.A’B’C, d«-iy la tarn giac deu. Hinh chie'u cua A' 
len (ABC) trung voi trung diem cua BC. Hai mdt ben qua AA’ vuong goc vdi nhau. 

a. Thiet dien thang 1a hinh gi ? 

b. Tinh the tich lang tru biet chu vi thiet dien thiing Id /. 

Bai tap 12: Cho lang tru xien ABC.A'B'C', day la tam giac deu. Mat ben BCC’B' 
la hinh vuong canh a. Nhj dien canh BC co so' do a (90 n < a < 180°). 

a. Chung to chdn dudng cao cua lang tru vc tit A ’ ndm tren ducmg cao AI (hoac 
keo ddi) cua day. Tinh the lich lang tru iheo a va a. 

b. Dinh a de 2 mdt ben qua AA'vudng gdc vdi nhau. 

Bai tap 13: Cho Idng tru ABCD A B C. day ABCD co A = C = 90", BD = a, 
ABD = a. CBD = p. Mat cheo (AA’CO la hinh thoi co A'AC = 60° vd vudng 
gtSc vdi day. 

a. Tinh the tich cua lang tru. 

b. Cho a c 6 djnh, a va P thay ddi. Tim gia tri ldn nhat cua the tich Idng tru. 

Bai tap 14: Cho hinh hop chu nhat ABCD.A’B'C'D'. mat A'B’C'D hop vdi day mdt 
goc a, hop vdi AC mot gdc P vd each AB mot khoang bang a. Tinh th£ tich hinh 
h6p. 
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Bai tap 15: Cho hinh hop chu nhat ABCD.A’B’CD’co AB < BC. Hai mat ACC’A' 
va BDD'B’ hop voi nhau mot goc 2a. Duong cheo B'D hop vdi mat (CDD’C) mdt 
g6c p. 

a. Chung minh COD = 2a v5 B DC = P (O 15 tarn cua day) 

b. Tfnh thd tfch cua hinh hdp. 

c. d khong ddi, a, p thay ddi sao hinh hdp ADD’A’. BCC’B’ luOn luon la I5ng 
tru deu. Chirng minh cosa = tgp. Tim gia tri Idn nhaft cua thd tfch hinh hop 
trong didu kidn do. 

Bai tap 16: Cho hinh hdp chu nhat ABCD.A’B'CD', co AC = a, AD’ = b, CD’ = c. 

a. Tfnh thd tfch ciia hinh hdp. 

b. a, b, c thay doi con chu vi tain giac ACD'khdng d6i, ludn blng 1. vdi 1>0, 
tim gia tri ldn nhlt cua thd’ tfch hinh hdp. 

Bai tap 17: Cho hinh hdp chu nhat ABCD.A’B'C'D’. Khoang each giua AB v5 B'C 
15 , giua BC va AB’ 15 > gjQ a AC v5 BD‘ la ——. Tinh thfi tfch hinh 

hdp. 

Bai tap 12: Cho hinh hop chu nhat A BCD A’B'CD’, didn tfch cac tu giac 
ACC’A’, ABC’D", BCD’A’ ldn luot 15 S„ S,, S,,. Tfnh the tfch hinh hdp. 

Bai tap 13: Cho hinh hop chu nhdt ABCD.A'B’CD', co AA’ = h, goc giua (A'BD) v5 
(ABD) 15 a v5 BA D = p. Goi K 15 hinh chidu cua A’ Ifin BD. Dat KB = x, KD = y. 

a. Chung minh ring xy = h’ cotg 2 a v5 x + y = h sina tgp 

b. Tfnh the tfch hinh hop theo h, a, p. 

Bai tap 18: Cho hinh hop ABCD, A’B’CD’ cd AB = a, AD = b, AA’ = c, 
A'AD = a, A'AB = p va BAD =y 

a. Tfnh th£ tfch hinh hdp theo a, b, c, a, P, y 

b. Chung to ring didu kien edn v5 du de’ t6n tai mdt di^m each ddu 6 mat cua 

mdt hinh hdp 15 —-— = ■ ^ - = —— 
sin a sin p sin y 

c. Didu kidn trdn duoc thoa v5 a + p + y = n, tfnh thd tfch hinh hdp theo a, b, c. 
Bai tap 19: Cho hinh hdp dung ABCD.A’B’CD', AB = a, AD = b, BAD = a. 
Ducmg cheo AC’ tao vdi day goc p, giao didm cac dudng cheo hinh hdp 15 O. 

a. Tfnh thd’ tfch hinh hop. 

b. Tfnh tong T cua cac binh phuong cac khoang each tCr didm M trong khong 
gian ddn 8 dinh cua hinh hdp theo a, b, a, p v5 x = OM. Suy ra vi trf cua M 
dd’ T bd nhlt. 

Bai tap 20: Cho l3ng tru dung ABCD. A’B’CD' dly 15 hinh thoi cd goc nhon 
A = a. Tu giac ABCD' co didn tfch Q hop vdi mat phlng (ABCD) mdt gtic P- 
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a. Tfnh theo Q, a, P thd’ tfch lang tru. 

b Goi I la trung did’m cua CD. Biel a = 60", P = 45" va Q = a : >/6 . Hay tfnh 
didn rich thiet dien tao bdi (A’Bl) va lang tru iheo a. 

Bai tap 21: Cho lang tru dung ABCD. A|B,C,D„ c6 day la nua luc giac d£u vdi AD 
= CD = BC. Mat phang (A|B,CD) hop vdi day goc 60". Mot mat phang a di dong 
qua AB, cit CC,. DD, theo thutu tai C, D’. 

a. Tu giac AB,CD‘ la hinh gi ? Chung to AB, = 2CD’. 

b. Dung thidt dien AB,CD’ co dien tfch nho nhSt. 

c. Bid! dien rich nho nhat co gia tri la Q. Tfnh the’ Itch lang tru theo Q. 

Bai tap 22: Cho lang tru dung ABC.A’B’C, day ABC vudng tai A. Khoang each tu 
AA’ tori mat ben BCC’B' la a, mat phang (ABC') each C mdt khoang b va hop vdi 
day goc a. 

a. Dung AH 1 BC (He BC), CK 1 AC’(K e AC’), chung minh rang AH = a, 
CAC’ = a, CK = b. 

b. Tfnh thd rich lang tru. 

c. Cho a = b khong ddi con a thay ddi. Dinh x dd thd tfcp lang tru nho nh& 

Bai tap 23: Cho lang tru xidn ABC.A’B’C, day la tarn giac d£u canh a, va 
AA’= A’B = A*C = b. 

a. Xac dinh dudng cao cua lang tru ve tir A’. Chung minh mat bdn BCCB’ la 
hinh chd nhat. 

b. Dinh b theo a dd mat bdn ABB'A’ hop vdi day goc 60°. 

c. Tfnh thd tfch theo a vdi gia tri b tim duoc. 

Bai tap 24: Cho lang tru xidn ABC.A’B’C, day ABC la tarn giac vudng can dinh A. 
Mat bdn (ABB’A’) la hinh thoi canh a, nam trdn mat phang vudng goc vdi day. Mat 
bdn (ACC’A’) hop vdi day gdc nhj didn co sd' do a, (0 < a < 90°) 

a. Chung minh rang A’AB = a. 

b. Tfnh thd tfch lang tru. 

c. Goi P la gdc nhon ma mat phang (BCCB’) hop vdi mat phang diy. Chung 
minh tg p = 2tg a. 

Bai tap 25: Cho hinh chop S.ABC, day la lam giac ddu canh a. Hinh chid'u cua S 
Idn mat day trung vdi tarn O cua dudng trdn ngoai tid’p day, SO = h. Mdt lang tru 
tarn giiic ddu co ddy dudi ndm trdn day hinh chop, 3 dinh cua ddy trdn thude ba 
canh bdn hinh chop. 

a. Tfnh canh day bidt lang tru co mat ben la hinh vudng. 

b. Tfnh thd’ tfch Idn nhat cua lang tru khi a. h khdng ddi. 

c. Tfnh thd tfch Idn nhat cua lang tru khi a, h thay ddi con canh bdn hinh chop 
cd do dai / khdng ddi. 


209 



Bai tap 26: Cho hinh chop S.ABCD, day ABCD la mdt hinh binh hanh, 
BAD = 60°, AB = a. Cac canh bdn SB va SD cung tao vdi ddy ABCD mdt gdc bang 
45° vi SB 1 AB, SD 1 CD. 

a. Chung minh rang mat phing (SBD) vu6ng goc vdi mat phing (ABCD). 

b. Goi M, N, K lin luot la cac trung di£m cua AB, BC, SD. Hay tinh goc tao 
bdi mat phing (MMK) va mat phang (ABCD). 

c. Mdt dudng thing d di qua giao di£m H cua BD va AC, cat AB tai E va CD 
tai F. Chung minh rang tht? ti'ch cua hinh chop SADFE bang the tfch hinh 
chop SBCFE. 

Bai tap 27: Hai hinh chdp tarn giac d£u co chung chidu cao, dinh cua mdi hinh 
chop trung vdi tarn ducmg trdn ngoai tid'p day cua hinh chop kia, cac canh bdn cua 
hinh chop nay cat cac canh ben cua hinh chop kia. Canh bdn 1 cua hinh chdp thur 
nha't tao vdi dudng cao mdt goc a. Canh ben cua hinh chdp thd hai tao vdi dudng 
cao mdt goc p. Tim thd’ ti'ch cua phin chung cua hai hinh chdp. 

Bai tap 28: Cho goc tarn didn Sxyz vdi 3 goc phang a dinh la xSy = a; ySz = P; 

zSx = y. Trdn Sx, Sy, Sz la'y theo thd tu cac di£m A, B, C va dat a = SA, b = SB, 
c = SC 

a. Vdi a = b = c = I, tinh thd’ tich cua tu didn SABC theo a, p. y. Tit dd suy ra 
the ti'ch cua td didn SABC trong trudng hop a, b, c la cic sd' tuy y. 

b. Cho a, P la cac goc nhon. Gdc nhi dien dd'i didn vdi gdc phang y co sd do 
bang 60°. Chung minh rang: 

cos y = — (cos(a + p) + 3 cos(a - P)]. 

4 

Bai tap 29: Trong mat phang (P) cho hinh chd nhat ABCD vdi AB = a, AD = b. 
Trdn cac nira ducmg thang Ax, Cy vudng gdc vdi (P) va d vd cung mdt phia vdi mat 
phang a'y, ngudi ta la'y cac didm M va N. Dat AM = x, CN = y. 

a. Tinh cdc gdc do cdc mat phang (BDM) vd (BDM) tao vd(P), tit do suy ra 
rang dd’ cdc mat phang (BDM) vd (BDN) vudng gdc vdi nhau, didu kidn cdn 

' a- \x a 2 b 2 

va du la xy = —-— 

a" + b" 

b. Vdi gia thid't cdc mdt phang (BDM) va (BDN) vudng gdc vdi nhau, hay tinh 
thd ti'ch td didn BDMN. Khi nao thi thd ti'ch dy nho nha't ? 

Bai tap 30: Trong mat phang a cho tarn giac OAB va mdt didm M di ddng trdn 
doan thang AB. Tit M dung hai dudng thing song song vdi OB, OA I in luot cit 
OA, OB tai P vd Q. Goi I Id giao di£m cua AQ vd BP. Tren dudng thing vudng gdc 
vdi mat phing a ke tit M, la'y mdt didm S khdc M. Dat OA = a, OB = b. 
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a. Chung minh rang-I-= 1. Tir do suy thfi tich cua hai hinh chop 

a a 

SOPIQ va SIAB bang nhau. 

b. Cho AOfe = 60°, a = 2b va SM = av3 . Goi <p,, tp : Idn lirpt la cac goc phang 
cua hai nhi didn tao bcri mat phang (SOA) va (SOB) vcri mat phang a. Chiing 
to rang khi M di ddng trfen d doan thing AB (nhimg kh6ng trung voi A hoac 
B) thi ta Iu6n luon c6 he thuc. 

2 I 1 

tgtp, tg<p, 2 
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